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Abstract� The boundary value problem for generalized linear di
erential equation and
the corresponding controllability problems are dealt with� The adjoint problems are given
in such a way that the usual duality theorems are valid� As a special case the interface
boundary value problems are included� In contrast to the earlier papers by the present
author the right�hand side of the generalized di
erential equation as well as the solutions of
this equation can be in general regulated functions �not necessarily of bounded variation	�
Similar problems in the space of regulated functions were treated e�g� by Ch� S� Hnig�
L� Fichmann and L� Barbanti� who made use of the interior �Dushnik	 integral� In this
paper the integral is the Perron�Stieltjes �Kurzweil	 integral�
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� � Introduction

The paper is devoted to linear boundary value problems for generalized linear
di�erential equations

x�t�� x����

Z t

�

d�A�s�� x�s� � f�t�� f���� t � ��� ��������

Mx��� 	

Z �

�

K�s� d�x�s�� � r �� R
m����
�

and the corresponding controllability problems� In particular� we obtain the
adjoints to these problems in such a way that the usual duality theory can be

�
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extended to them� In contrast to the papers �Tv��� �Tv���� �SchTv� �cf� also
�SchTvVe�� the right�hand side of the equation ����� can be in general a regu�
lated function �not necessarily of bounded variation�� Similar problems in the
space of regulated functions were treated e�g� by Ch� S� H�nig �H����� �H��
��
�H����� L� Fichmann �Fi� and L� Barbanti �Ba�� where the interior �Dushnik�
integral was used� In this paper the integral is the Perron�Stieljes integral
and� in particular� we work with the equivalent Kurzweil de�nition �cf� e�g�
�Ku���� �Ku���� �Sch��� and �SchTvVe��� Let us notice that by �Ka� and by the
relationship between the interior and the Perron�Stieljes integrals �cf� �H����
and �Sch���� the left�hand side of the additional condition ���
� represents
a general form of a linear bounded mapping of the space of functions regulated
on the closed interval ��� �� and left�continuous on its interior ��� ��� equipped
with the supremal norm� into Rn � For the direct proof of this assertion by
means of the Kurzweil integral� see Theorem �� in �Tv����

� � Preliminaries

���� Notation� Throughout the paper Rn denotes the space of real column
n�vectors� R� � R � Given a k� n�matrix M� its elements are denoted by mi�j�

i�e�

M � �mi�j�i�������k
j�������n

�

M� stands for its transposition �M� � �mj�i�j�������n
i�������k

��

jM j � max
i�������k

nX
j��

jmi�jj

is its norm� det M is its determinant and rank�M� denotes its rank� �In partic�
ular� y� � �y�� y� � � � � yn� for y � R

n �� The symbols I and � stand respectively
for the identity and the zero matrix of the proper type�

If �� � a � b ��� then �a� b� and �a� b� denote the corresponding closed
and open intervals� respectively� Furthermore� �a� b� and �a� b� are the corre�
sponding half�open intervals� Any function f � �a� b� �� Rn which possesses
�nite limits

f�t	� � lim
��t�

f��� and f�s�� � lim
��s�

f���

for all t � �a� b� and s � �a� b� is said to be regulated on �a� b�� An n�vector valued
function x � �a� b� �� R

n is said to be regulated on �a� b� if all its components
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xj�j � �� 
� � � � � n� are regulated on �a� b�� The linear space of n�vector valued
functions regulated on �a� b� is denoted by G n�a� b�� G n

L�a� b� stands for the
space of all functions from G

n�a� b� which are left�continuous on �a� b�� For
x � G

n�a� b� we put kxk � supt������jx�t�j� It is well known that both G
n�a� b�

and G n
L�a� b� are Banach spaces with respect to this norm �cf� �H���� Theorem

I������ Given f � G
n�a� b�� t � �a� b� and s � �a� b�� we put

��f�t� � f�t	�� f�t� and ��f�s� � f�s�� f�s���

Moreover� we de�ne

f�b	� � f�b�� f�a�� � f�a� and ��f�a� � ��f�b� � ��

Given M � R � �M denotes its characteristic function� BV n�a� b� denotes
the Banach space of column n�vector valued functions of bounded variation
on �a� b� �equipped with the norm

f � BV
n�a� b� �� kfkBV � jf�a�j	 varbaf�

where varbaf stands for the variation of f on �a� b��� If� moreover� �� �

c � d � � and a matrix valued function U is de�ned on �a� b� � �c� d�� then
v�a�b���c�d��U� denotes its two�dimensional Vitali variation on �a� b�� �c� d�� �For
the de�nition and basic properties� see �Hi� Section III����� Furthermore� for
given t � �a� b� and s � �c� d�� the symbols U�t� �� and U��� s� denote the func�
tions

U�t� �� � � � �c� d� �� U�t� �� and U��� s� � � � �a� b� �� U��� s��

respectively� In the case �a� b� � ��� �� we write simply G
n � G n

L and BV
n

instead of G n��� ��� G n
L��� �� and BV

n��� ��� respectively� Analogously� we write
v�U� instead of v������������U�� �More details concerning regulated functions or
functions of bounded variation may be found e�g� in �Au�� �H����� �Fra� or �Hi��
respectively��

For given linear spaces X and Y� the symbol L �X�Y� denotes the linear
space of all linear mappings of X into Y� If A � L �X�Y�� then R �A �� N �A �
and A � denote its range� null space and adjoint operator� respectively� For
P � Y and A � L �X�Y�� the symbol A ���P � denotes the set of all x � X for
which A x � P� If X is a Banach space and M � X� then cl�M� stands for the
closure of M in X�

���� Integrals� The integrals which occur in this paper are the Perron�Stielt�
jes ones� For the original de�nition� see �Wa� or �Sa�� We use the equivalent
summation de�nition due to J� Kurzweil �cf� �Ku���� �Ku���� �SchTvVe��� The
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basic properties of the Perron�Stieltjes integral with respect to scalar regulated
functions were described in �Tv���� Given a p� q�matrix valued function F

and a q�n�matrix valued functionG de�ned on �a� b� and such that all integrals

Z b

a

fi�k�t� d�gk�j�t�� �i � �� 
� � � � � p� k � �� 
� � � � � q� j � �� 
� � � � � n�

exist �i�e� they have �nite values�� the symbol

Z b

a

F �t� d�G�t�� �or more simply

Z b

a

F dG�

stands for the p� n�matrix M with the entries

mi�j �

qX
k��

Z b

a

fi�kd�gk�j� �i � �� 
� � � � � p� j � �� 
� � � � � n��

The integrals

Z b

a

d�F �G and

Z b

a

F d�G�H

for matrix valued functions F� G� and H of proper types are de�ned analo�
gously� The extension of the results obtained in �Tv��� for scalar functions to
vector valued or matrix valued functions is obvious and hence for the basic
facts concerning integrals with respect to regulated functions we shall refer to
the corresponding assertions from �Tv����

���� Lemma� Let W �t� s� be an n � n�matrix valued function de�ned on
��� ��� ��� �� and such that

v�W � 	 var��W ��� �� ��������

Then for any g � G n � the function

w�t� �

Z �

�

ds�W �t� s��g�s����
�

is de�ned and has bounded variation on ��� ���

w�t	� �

Z �

�

ds�W �t	� s��g�s� if t � ��� �������

w�t�� �

Z �

�

ds�W �t�� s��g�s� if t � ��� ��������
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Proof� Let g � G
n be given� Since ����� implies that var��W �t� �� �� for any

t � ��� �� �cf� e�g� Lemma I���� in �SchTvVe��� the function ���
� is de�ned for
any t � ��� ��� Furthermore� let an arbitrary subdivision f� � t� � t� � ��� �

tk � �g of ��� �� be given� Then by Lemmas I����� and I���� of �SchTvVe� we
have

kX
j��

jw�tj�� w�tj���j �
kX

j��

var���W �tj� ���W �tj��� ���kgk � v�W �kgk�

and consequently

var��w � v�W �kgk ���

In particular� w � G n � Moreover� by �SchTvVe� Lemma I������� all the func�
tions

W �t	� �� and W �s�� ��� t � ��� ��� s � ��� ��

are of bounded variation on ��� ��� Thus the integrals on the right�hand sides
of ���� are well de�ned� As g is on ��� �� a uniform limit of a sequence of �nite
step functions and any �nite step function on ��� �� is a linear combination of
simple jump functions on ��� ��

������� ������� � � ��� ��������

it is su�cient to verify the relations ���� for the case that g is a simple jump
function of the type ������ Let g � ������� where � � ��� ��� Then for any
t � ��� �� we have

w�t� �

Z �

�

dsW �t� s� 	 �W �t� �	��W �t� ��� � W �t� �	��W �t� ���

Consequently�

w�t	� � W �t	� �	��W �t	� �� if t � ��� ��

and

w�t�� � W �t�� �	��W �t�� �� if t � ��� ���

On the other hand� we have

Z �

�

ds�W �t	� s��g�s� �W �t	� �	��W �t	� �� if t � ��� ��

and
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Z �

�

ds�W �t�� s��g�s� �W �t�� �	��W �t�� �� if t � ��� ��

This means that the function g � ������ satis�es the relations ���
� for any
� � ��� �� � Similarly we could verify that the function g � ������ satis�es ���
�
for any � � ��� ��� and this completes the proof�

� � Boundary value problem

We will consider the boundary value problem of determining a function x �
��� �� �� Rn ful�lling the generalized di�erential equation ����� and the addi�
tional condition ���
��

Throughout the paper we assume

���� Assumptions� A�t� is an n�n�matrix valued function of bounded vari�
ation on ��� ��� left�continuous on ��� ��� right�continuous at �� and such that

det
�
I 	��A�t�

�
�� � on ��� ��

�where A��	� � A���� cf� Notation ���� f � ��� �� �� Rn is regulated on ��� ��
and left�continuous on ��� ��� M is a constant m�n�matrix� K�t� is an m�n�
matrix valued function of bounded variation on ��� �� and r � Rm �

���� Remark� Assumptions 
�� ensure that

L � x � G
n
L �� x�t�� x����

Z t

�

d�A�s�� x�s��
���

de�nes a linear bounded operator on G n
L and

K � x � G
n
L ��Mx��� 	

Z �

�

K�s� d�x�s���
�
�

de�nes a linear bounded mapping of G n
L into Rm �cf� �Tv��� Proposition 
���

and Theorem 
����� Hence� by

A � x � G
n
L ��

�
L x

K x

�
� G

n
L � R

m�
��

we de�ne a linear bounded mapping of G n
L into G n

L � R
m �
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���� Remark� It is well�known �cf� �SchTvVe� Theorem III�
����� that under
our assumptions there exists a unique n � n�matrix valued function U�t� s�
such that

U�t� s� � I	

Z t

�

d�A����U��� s� for t� s � ��� ����
���

It is called the fundamental matrix solution of the homogeneous equation

x�t�� x����

Z t

�

d�A�s�� x�s� � � on ��� ���
���

and possesses the following properties

jU�t� s�j	 var��U�t� �� 	 var��U��� s� 	 v�U� � M ���
���

for t� s � ��� ���

U�t� ��U��� s� � U�t� s� for t� s� � � ��� ����
���

detU�t� s� �� � for t� s � ��� ����
���

U�t	� s� � �I 	��A�t��U�t� s� for t � ��� ��� s � ��� ����
���

U�t�� s� � U�t� s� for t � ��� ��� s � ��� ���

U�t� s	� � U�t� s��I 	��A�t���� for t � ��� ��� s � ��� ���

U�t� s�� � U�t� s� for t � ��� ��� s � ��� ���

For a given c � Rn � the equation �
��� possesses a unique solution x �
��� �� �� Rn on ��� �� such that x��� � c and this solution is given by �cf�
�SchTvVe� Theorem III�
����

x�t� � U�t� ��c� t � ��� ����
����

It is well�known �cf� �SchTvVe� Theorem III�
���� that for any f � ��� �� �� R
n

of bounded variation on ��� �� �f � BV n� and any c � Rn there exists a unique
solution x of ����� on ��� �� such that x��� � c� This solution has a bounded
variation on ��� �� and is given on ��� �� by

x�t� � U�t� ��c 	 f�t�� f��� 	

Z t

�

ds�U�t� s���f�s�� f������
����

To extend this assertion also to equations ����� with right�hand sides f �
G n

L � the following lemma will be helpful�
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���� Lemma� For a given f � G
n
L � the function

��t� � f�t�� f����

Z t

�

ds�U�t� s���f�s�� f�����
��
�

is de�ned and regulated on ��� �� and left�continuous on ��� ��� The operator

� � f � G
n
L �� � � G

n
L�
���

is linear and bounded�

Proof� The function � is obviously de�ned on ��� ��� Let us put

W �t� s� � U�t� s� if t 	 s and W �t� s� � U�t� t� if t � s��
����

Then

Z t

�

ds�U�t� s���f�s�� f���� �

Z �

�

ds�W �t� s���f�s�� f�����
����

holds for all t� � � ��� �� such that � 	 t and all f � G
n
L � Since obviously �
���

implies that

v�W � 	 var��W ��� �� ����
����

we may use Lemma �� to show that � � G
n
L for any f � G

n
L � The boundedness

of the operator � follows from the inequality

j��t�j � 
�var��W �t� ���kfk � 
�v�W � 	 var��W ��� ���kfk

�cf� �SchTvVe� Lemma I�������

���� Proposition� For any f � G n
L and any c � Rn the equation ����� pos�

sesses on ��� �� a unique solution x � G
n
L such that x��� � c� This solution

belongs to G n
L and is given by

x � �c 	�f��
����

where � is the linear bounded operator on G n
L given by �
��
� and �
��� and

� is the linear bounded mapping of Rn into G n
L given by

� � c � R
n �� U�t� �� c��
����
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Proof� Let f � G
n
L and c � R

n be given� Then by Lemma 
�� the function x

given by �
���� is de�ned on ��� �� and belongs to G n
L � Hence the integral

Z t

�

d�A�s�� x�s�

is de�ned for any t � ��� ��� Inserting �
��
� into this integral and taking into
account �
��� and �
������
���� we obtain by Theorems 
��� �substitution� and

�
� �change of the integration order� of �Tv���

Z t

�

d�A�s�� x�s� �

Z t

�

d�A�s��U�s� �� c	

Z t

�

d�A�s�� �f�s�� f����

�

Z t

�

d�A�s��
� Z t

�

ds�W ��� s�� �f�s�� f����
�

� �U�t� ��� I� c	

Z t

�

d�A�s�� �f�s�� f����

�

Z t

�

d

�Z t

�

d�A����W ��� s�

�
�f�s�� f����

� �U�t� ��� I� c�

Z t

�

ds�U�t� s�� �f�s�� f����

� x�t�� x���� f�t� 	 f���

for any t � ��� ��� Hence x is a solution of ����� on ��� ��� Obviously� x��� � c�

The uniqueness of this solution follows from the uniqueness of the zero solution
to the equation

u�t� �

Z t

�

d�A�s��u�s�

on ��� �� �cf� �SchTvVe� Theorem III������� The boundedness of the operator �
is evident and the boundedness of � has been proved in Lemma 
���

Now� by a standard technique due to D�Wexler �cf� �We�� we may prove the
normal solvability of the operator A given by �
���

���� Proposition� The operator A has a closed range in G n
L � Rm �

Proof� By �
���� a couple �f� r� � G n
L � Rm belongs to the range R �A � of the

operator A if and only if there exists a c � Rn such that

�K��c � r � �K��f�
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i�e� R �A � � ����R �K���� where

� � �f� r� � G
n
L � R

m �� r � �K��f � R
m

is obviously a continuous operator� R �K�� being �nite dimensional� it is
closed and consequently R �A � is closed as well�

���� The adjoint operator to A � By �Tv��� Theorem ��� the dual space
to G n may be represented by the space BV n�Rn � while for �y� �� � BV n�Rn

the corresponding linear bounded functional on G n
L is given by

x � G
n
L �� hx� �y� ��i �� �� x��� 	

Z �

�

y��s� d�x�s�� � R ��
����

The adjoint operator A � to A may be thus represented by the operator

A
� � BV n � R

n � R
m �� BV

n � R
m

de�ned by the relation

hA x� �y� �� ��i � � hL x� �y� ��i	 ���K x� � hx�A ��y� �� ��i�
�
��

for any x � G
n
L � y � BV

n� � � R
n and � � R

m �

The operator A � � BV n � Rn � Rm �� BV n � Rm ful�lling �
�
�� will be
called the adjoint operator to A �

Let x � G n
L � y � BV n� � � Rn and � � Rm be given� Inserting �
���

and �
�
� into �
�
�� and making use of the Substitution Theorem �cf� �Tv���
Theorem 
����� we obtain

hA x��y� �� ��i�
�
��

�

Z �

�

y��s�d

�
x�t��

Z t

�

d�A�s�� x�s�

�

	 ��
�
M x��� 	

Z �

�

K�t� d�x�t��
�

�

Z �

�

�
y��t� 	 ��K�t�

�
d�x�t��

	 ��Mx��� 	

Z �

�

d

�Z �

t

y��s� d�A�s��

�
x�t��
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Furthermore� integrating by parts �cf� �Tv��� Theorem 
����� we get

Z �

�

d

�Z �

t

y��s� d�A�s��

�
x�t��
�

�

� �
� Z �

�

y��s� d�A�s��
�
x����

Z �

�

� Z �

t

y��s� d�A�s��
�
d�x�s��

	
X
��t��

��w��t���x�t��
X
��t��

��w��t���x�t��

where

w��t� �

Z �

t

y��s� d�A�s�� for t � ��� ���

As

��w���� � �y������A��� � ��

��w��t� � �y��t���A�t� for t � ��� ��

and

��w��t� � �y��t���A�t� � � for t � ��� ���

the relation �
�

� reduces to

Z �

�

d

�Z �

t

y��s� d�A�s��

�
x�t�

� �
� Z �

�

y��s� d�A�s��
�
x����

Z �

�

� Z �

t

y��s� d�A�s��
�
d�x�t��

	
X
��t��

y��t���A�t���x�t��

Let us put B�t� � ��A�t� for t � ��� �� and B��� � �� Then B�t	� � B�t�� �
� for t � ��� ��� B��� � B��	� � B���� � B��� � � and B�t� �� � if and only
if ��A�t� �� �� Hence by �SchTvVe� Lemma I���
� or �Tv��� Corollary 
����
we have

Z �

t

y��s� d�B�s�� �

�
�y��t���A�t� if t � ��

� if t � �

wherefrom by �Tv��� Proposition 
��
� the relationZ �

�

� Z �

t

y��s� d�B�s��
�
d�x�t�� � �

X
��t��

y��t���A�t���x�t�
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follows� Consequently�

Z �

�

d

�Z �

t

y��s� d�A�s��

�
x�t��
�
�

� �
	Z �

�

y��s� d�A�s��


x����

Z �

�

� Z �

t

y��s� d�A�s	��
�
d�x�t��

where the convention A��	� � A��� is used� Finally� inserting �
�
� into
�
�
�� we obtain

hA x� �y� �� ��i �

Z �

�

�
y��t� 	 ��K�t��

Z �

t

y��s� d�A�s	��
�
d�x�t��

	
�
��M �

Z �

�

y��s� d�A�s��
�
x����

This proves the following theorem�

���� Theorem� The operator

A
� � �y����� ��� � BV

n � R
n � R

m ���
�
�� 	
y��t� 	 ��K�t��

Z �

t

y��t� d�A�s	���

��M �

Z �

�

y��s� d�A�s��



� BV
n � R

n

�where A��	� � A���� is adjoint to A �

��	� Corollary� Let y � BV
n� � � R

n and � � R
m � Then �y� �� �� � N �A ��

if and only if

y��t� � y���� 	

Z �

t

y��s� d�A�s	��� ���K�t��K�����
�
��

for t � ��� ���

y���� 	 ���K����M� � �� y���� 	 ��K��� � ���
�
��

Proof� By �
�
�� �y� �� �� belongs to N �A � if and only if

y��t� �

Z �

t

y��s� d�A�s	��� ��K�t� on ��� ���
�
��

��M �

Z �

�

y��s�d�A�s	����
�
��
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For t � � the relation �
�
�� yields y����� ��K��� � �� Thus� �
�
�� may be
rewritten as �
�
��� Furthermore� for t � � we get from �
�
��

y���� �

Z �

�

y��s� d�A�s	��� ��K�����
�
��

Since Z �

�

y��s� d�A�s	�� A�s�� � � for all y � BV
n�

the relation �
�
�� reduces by �
�
�� to

y���� � ���M �K�����

This completes the proof�

���
� De�nition� The problem of determining a function y � ��� �� �� Rn of
bounded variation on ��� �� and � � R

m such that �
�
�� and �
�
�� hold is
called the adjoint problem to the problem ������ ���
��

By �
����� Proposition 
�� and Theorem 
�� the linear operator equation

A x �

�
h

r

�
�

where h � G
n
L is given by h�t� � f�t�� f��� on ��� ��� ful�ls the assumptions

of the fundamental theorem on the Fredholm alternative for linear operator
equations �cf� e�g� �Rud� Theorem ���
��� Hence we have

����� Corollary� The problem ������ ���
� possesses a solution if and only if

Z �

�

y��t� d�f�t�� 	 �� r � ��
���

holds for any solution �y� �� of the adjoint problem �
�
��� �
�
���

����� The adjoint problem� For any � � R
m �xed� the equation �
�
�� is

a generalized linear di�erential equation which was treated in detail in Section
III�� in �SchTvVe�� Let us recall here some basic facts� For given � � Rm and
	 � Rn � the equation �
�
�� possesses a unique solution y on ��� �� such that
y��� � 	� This solution is given on ��� �� by

y��t� � 	�V ��� t�� ���K�t��K����� ��
Z �

t

�K�s��K����ds�V �s� t���

�
���
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where V is an n�n�matrix valued function uniquely determined on ��� ������ ��
by the relation

V �t� s� � I	

Z t

s

V �t� �� d�A��	��� t� s � ��� ���

The relationship of the matrix valued functions U and V is given by Theorem
III���� of �SchTvVe�� Under our Assumptions 
�� we have according to this
theorem

U�t� s� � V �t� s� 	 V �t� s���A�s� 	 ��A�t�U�t� s� for t� s � ��� ����
�
�

It is easy to verify that a couple �y� �� � BV
n � R

m is a solution to the
adjoint problem �
�
��� �
�
�� if and only if y is given by �
���� where 	� �
���K��� and � satis�es the algebraic equation

��
�
M 	

Z �

�

K�s�ds�V �s� ���
�
� ���
��

Let us put W �t� � V �t� �� � U�t� ��� Then by �
�
� W �t� � ��A�t�U�t� ��
and consequently

W ��� �W ��	� � W �t	� � W �t�� � W ���� � W ��� � �

holds for any t � ��� ��� This implies that

Z �

�

K�s�ds�V �s� ��� �

Z �

�

K�s�ds�U�s� ���

holds� i�e� the equation �
�� may be rewritten as

��
�
M 	

Z �

�

K�s�ds�U�s� ���
�
� ���
���

Inserting 	� � ���K��� and

Z �

t

K���ds�V �s� t�� � K���
�
V ��� t�� I

�

into �
��� we may now easily complete the proof of the following characteri�
zation of the adjoint problem to ���������
��

����� Proposition� A couple �y� �� � BV n�Rm is a solution to the problem
�
�
��� �
�
�� �i�e� �y� �� � N �A ��� if and only if

y��t� � ���
�
K�t� 	

Z �

t

K�s�ds�V �s� t��
�

for t � ��� ���
���
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and � veri�es the equation �
���� Moreover� for the dimension dimN �A �� of
the null space N �A �� of the operator A the relation

dimN �A �� � m� rank
�
M 	

Z �

�

K�s�ds�U�s� ���
�

�
���

is true�

Since� on the other hand� x � G n
L is a solution of the homogeneous boundary

value problem �
����

Mx��� 	

Z �

�

K�s� d�x�s�� � �

�i�e� x � N �A �� if and only if x�t� � U�t� ��c and

� Z �

�

K�s�ds�U�s� ���
�
c � ��

the following assertion follows immediately from �
����

����� Proposition� dimN �A �� dimN �A �� � n�m�

� � Controllability type problem

In addition to Assumptions 
�� let us assume

���� Assumptions� U is a linear space and B � L �U� G n
L��

We will consider the problem of determining x � G n
L and u � U such that

x�t�� x����

Z t

�

d�A�s�� x�s� 	 �B u��t�� �B u���� � f�t�� f�������

and

M x��� 	

Z �

�

K�s� d�x�s�� � r��
�

hold�

���� Remark� If m � n�

M �

�
I
I

�
� K�t� �

�
�
I

�
and r �

�
x�

x�

�
�
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then the condition ��
� reduces to the couple of conditions

x��� � x�� x��� � x�����

Furthermore� if U � L
n
� �the space of n�vector valued functions square inte�

grable on ��� ���� P and q are Lebesgue integrable on ��� ��� Q is square inte�
grable on ��� ���

A�t� �

Z t

�

P �s�ds� f�t� �

Z t

�

q�s�ds on ��� ��

and

B � u � L
n
� ��

Z t

�

Q�s�u�s�ds�

then the equation ��� reduces to the ordinary di�erential equation

x� � P �t�x	Q�t�u	 q�t�����

on ��� ��� Thus� the given problem ����� ��
� is a generalization of the control�
lability problem for linear ordinary di�erential equations� The problem �����
��
� could be also considered as a �possibly in�nite dimensional� perturbation
of the boundary value problem ������ ���
��

To obtain necessary and su�cient conditions for the solvability of the prob�
lem ����� ��
� in the form of the Fredholm alternative the following abstract
scheme will be applied�

���� Abstract controllability type problem� Let X� Y� Y� and U be lin�
ear spaces and let

h � Y� y � Y
� �� hh� yiY � R

be a bilinear form on Y � Y�� For M � Y and N � Y�� let us denote

�M � fy � Y
� � hm� yiY� � for all m �Mg

and

N� � fh � Y � hh� yiY � � for all y � Ng�

Let A � L �X�Y�� Q � L �U�Y� and h � Y be given and let us consider
the operator equation for �x� u� � X � U

A x 	 Q u � h�����
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Let us denote

N
�
A

� �
R �A � and N

�
Q

� �
R �Q ������

�obviously N �
A

and N �
Q are linear subspaces of Y���

Let us assume that

��R �A ��� � R �A � and dimN �
A

�������

In particular� we have �cf� ����

R �A � � �N �
A
�������

Furthermore� let k � dim N
�
A

and let fy�� y�� � � � � ykg be a basis of N �
A
� In

virtue of ����� the equation ���� possesses a solution in X � U if and only if
there exists a solution u � U to the equation

C u � b�����

where C � L �U�R k� and b � Rk are given by

C � u � U �� �hQ u� yjiY�j���������k � R
k

and

b � �hh� yiY �j���������k � R
k �

Since dimR �C � � k � �� it follows that ��R �C ��� � R �C � �cf� �Ru�� or� in
other words� the equation ���� possesses a solution in U if and only if

v�b � � for all v � R
k such that v��Cu� � � for all u � U������

It is easy to verify that the condition ����� is equivalent to the condition

hh� yiY � � for all y � N �
A

 N �

Q
������

This completes the proof of the following proposition�

���� Proposition� Under the assumption ����� the equation ���� possesses
a solution in X � U if and only if ����� holds�

Let us notice that up to now no assumptions on topologies in X� Y� Y�

and U and on the boundedness of the operators A � B have been needed� Of
course� the assumptions of the above proposition are ful�lled if X and Y are
Banach spaces� Y� is the dual space of Y� �h�� yiY for y � Y

� are linear bounded
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functionals on Y�� R �A � is closed in Y and the null space N �A �� of the adjoint
operator A � to A has a �nite dimension� �In this case N �

A
� N �A ����

The given problem ����� ��
� reduces to the operator equation ���� if we
put X � G

n
L � Y � G

n
L � R

n � Y� � BV
n � R

n � R
m �

h�f� r�� �y� �� ��iY� �� r 	 ��f��� 	

Z �

�

y��s� d�f�s��

for f � G n
L � r � Rm � y � BV n� � � Rn and � � Rm �

Q � u � U ��

�
�B u��t�� �B u����

�

�
� G

n
L � R

m �

h�t� �

�
f�t�� f���

�

�
� G

n
L � R

m �

and if we make use of �
�� again� By Propositions 
�� and 
�� the assumptions
of the above proposition are ful�lled and hence the following assertion is true
�cf� Corollary 
����

���� Theorem� The problem ����� ��
� possesses a solution in G
n
L � U if

and only if

Z �

�

y��t� d�f�t�� 	 �� r � ����
�

holds for any solution �y� �� of the system �
�
��� �
�
�� such that

Z �

�

y��t� d��B u��t�� � � for all u � U�����

���� Corollary� The problem ����� ��
� possesses a solution in G n
L � U for

any f � G
n
L and any r � R

m if and only if the only solution �y� �� of �
�
���
�
�
�� which ful�ls ���� is the zero solution �i�e� y�t� � � on ��� ��� � � ���

���� Remark� The system ����� ��
� is sometimes �cf��Hala�� �Ma�� �La��
called completely �B �M�K��controllable� if it possesses a solution in G n

L � U

for any f � G
n
L and any r � R

m � The problem �
�
��� �
�
��� ���� adjoint
to ����� ��
� in the sense of Theorem �� is a generalization of classical ob�
servability problems for linear ordinary di�erential equations and Corollary ��
is a generalization of the well known theorem �cf� e�g� �Russ�� �Ro�� on the
duality between controllability and observability problems for linear ordinary
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di�erential equations� Often� controllability is considered for homogeneous dif�
ferential equations� In an analogous situation for the given problem ����� ��
�
�i�e� f�t� � f��� on ��� ��� we obtain that the system

x�t�� x����

Z t

�

d�A�s�� x�s� 	 �B u��t�� �B u���� � � on ��� ��������

��
� possesses a solution in G n
L�U for any r � R

m if and only if the only couple
�y� �� � BV n � Rm ful�lling �
�
��� �
�
�� and ���� is the zero one� In fact�
it follows immediately from ���
� that ������ ��
� has a solution in G n

L � U

for any r � R
m if and only if � � � holds for any couple �y� �� � BV

n � R
m

ful�lling �
�
��� �
�
�� and ����� By 
��
 this implies that y�t� � � on ��� ��
for any such couple� of course�

���� Corollary� If U � G h
L and

B � u � G
h
L ��

Z t

�

d�B�s�� u�s�� t � ��� ���

where B�s� is an n � h�matrix valued function of bounded variation on ��� ���
right�continuous at � and left�continuous on ��� ��� then the problem ����� ��
�
has a solution if and only if ���
� holds for any solution �y� �� of the system
�
�
��� �
�
�� such thatZ �

t

y��s� d�B�s	�� � � for all t � ��� ���

Proof� follows from Theorem �� and from the relationZ �

�

y��t�d

�Z t

�

d�B�s�� u�s�

�
�

�
� Z �

�

y��t� d�B�t��
�
u��� 	

Z �

�

� Z �

t

y��s� d�B�s	��
�
d�u�t��

for all u � G
h
L and y � BV

n�

which can be veri�ed analogously as the corresponding relation for the n� n�
matrix valued function A�t� in the proof of Theorem 
���

��	� Corollary� If U � G h
L and

B � u � G
h
L ��

Z t

�

B�s� d�u�s���

where B�s� is an n � h�matrix valued function of bounded variation on ��� ���
then the problem ����� ��
� has a solution if and only if ���
� holds for any
couple �y� �� � BV

n � R
m ful�lling �
�
��� �
�
�� and y��t�B�t� � � on ��� ���
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Proof� Since by the Substitution Theorem �cf� �Tv��� Theorem 
����� the
relation Z �

�

y��t� d��Bu��t�� �

Z �

�

y��t�d

�Z t

�

B�s� d�u�s��

�

�

Z �

�

y��t�B�t� d�u�t��

holds for all y � BV n and u � Gh
L� the proof follows immediately from Theorem

���

���
� De�nition� Let T � ft�� t�� � � � � t�g be such that

� 
 t� 
 t� 
 ��� 
 t� 
 �������

Then by UT we denote the subset of G n
L consisting of all functions u � G n

L

which are constant on each of the intervals

��� t��� �t�� ��� �tk��� tk�� k � �� 
� � � � � � � ��

����� Proposition� Let T � ft�� t�� � � � � t�g ful�l ����� and let UT be de�ned
by De�nition ����� Then UT is a linear space� Furthermore� if y � BV n� then
the assertion Z �

�

y��t� d�u�t�� � � for all u � UT�����

is true if and only if

y���� � � for any � � UT ������

Proof� The �rst part of the proposition is evident� Let us suppose that �����
holds� Then for a given � � T� the function ������ belongs to UT and �cf� e�g�
�Tv��� Proposition 
���Z �

�

y��t� d��������t�� � y���� � ��

Analogously� ���� � UT � whileZ �

�

y��t� d������t�� � y���� � ��

i�e� ����� is true�
On the other hand� since obviously UT � BV n� it follows from �SchTvVe�

Lemma I���
� that ����� holds for any y � BV n satisfying ����� and any
u � UT �
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����� Corollary� Let T � ftkg
�
k�� be the set of points in ��� �� such that

����� holds� and let UT be de�ned by De�nition ���� Let us put

B � u � UT �� u � G
n
L �

Then the problem ����� ��
� has a solution if and only if ���
� holds for any
couple �y� �� � BV

n � R
m ful�lling �
�
��� �
�
�� and such that y��� � � for

any � � T�

Proof� follows immediately from Theorem �� and Proposition ����

����� Remark� The case considered in Corollary ��
 is a generalization of
interface boundary value problems for ordinary di�erential equations which
are usually de�ned �see e�g� �Br�� �Co�� �Sch��� or �Ze�� as follows�

Let � 
 t� 
 t� 
 � � � 
 t� 
 t� 
 � and let T � ftkg
�
k��� Let P �t�

and an n�vector valued function q�t� be Lebesgue integrable on ��� ��� Let an
m�n�matrix valued function K�t� have bounded variation on ��� ��� letMi� Ni

�i � �� �� � � � � �� be m � n�matrices and let r � Rm � Then an n�vector valued
function x�t� is called a solution to the interface boundary value problem
������ ����� if it is regulated on ��� ��� left�continuous on ��� �� �i�e� x � G n

L�
and absolutely continuous on every interval �tk��� tk��

x��t�� P �t�x�t� � q�t� a�e� on ��� �������

and

K x ��M�x��� 	N�x��� 	
�X

i��

�Mix�ti	� 	Nix�ti��������

	

Z �

�

K��s� d�x�s�� � r�

Indeed� let us put U � UT � where UT is de�ned by De�nition ��� � Fur�
thermore� let us put

M �
�X
i��

�Mi 	Ni���
��

and

K�s� � K��s� 	
�X

i��

�Mi ����ti��s� 	Ni ����ti��s�� 	N� for s � ��� �����
��

Then

K x �M x��� 	

Z �

�

K�s� d�x�s��
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holds for any x � G
n
L and x � G

n
L is a solution of the interface boundary value

problem ������ ����� if and only if there exists u � UT such that

x�t�� x����

Z t

�

d�A�s�� x�s�� �u�t�� u���� � f�t�� f��� on ��� ��

��

�

and

M x��� 	

Z �

�

K�s� d�x�s�� � r���
�

where

A�s� �

Z t

�

P ��� d� and f�s� �

Z t

�

q��� d� for s � ��� ���

The problem ��

�� ��
� obviously veri�es the assumptions of this section�
Since by ��
�� and ��
��

K��� � K���� 	M �M� and K��� � K���� 	N��

the adjoint problem to ��

�� ��
� is given by the system �
�
���

y���� 	 ��
�
K�����M�

�
� �� y���� 	 ��

�
K���� 	N�

�
��
��

and

y��ti� � � for i � �� 
� � � � � ��

Furthermore� for any t � ��� �� we have

K�t��K��� � K��t��K���� 	
�X
i��

�Mi ����ti��t� 	Ni ����ti��t��

Thus� it is easy to see that a couple �y� �� � BV
n � R

m is a solution to the
system adjoint to ��

�� ��
� if and only if y�	��K� is absolutely continuous
on every interval ��� � such that ��� � � ��� �� n T�

��y� 	 ��K��
��t� 	 y� P �t� � � a�e� on ��� ���

�y� 	 ��K����� � ��M��

�y� 	 ��K����� � ���N��

���y� 	 ��K���ti� � ��Mi� i � �� 
� � � � � ��

���y� 	 ��K���ti� � ��Ni� i � �� 
� � � � � ��

y��ti� � �� i � �� 
� � � � � ��
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