Periodic Problems with ϕ-Laplacian Involving Non-Ordered Lower and Upper Functions

Irena Rachůnková^∗ and Milan Tvrdý^†

February 15, 2005

Abstract. Existence principles for the BVP (ϕ(u^′))^′ = f(t, u, u^′), u(0) = u(T ), u^′(0) = u^′(T ) are presented. They are based on the method of lower/upper functions and on the Leray-Schauder topological degree. In contrast to the results known up to now, we need not assume that they are well-ordered.

Mathematics Subject Classification 2000. 34B37, 34B15, 34C25 Keywords. ϕ-Laplacian, lower/upper functions, periodic solutions, topological degree

1 . Formulation of the problem and the fixed point operator

This paper is devoted to the periodic problem with a one-dimensional ϕ-Laplacian

(ϕ(u^′))^′ = f(t, u, u^′),

(1.1)

u(0) = u(T ), u^′(0) = u^′(T ),

(1.2)

where

(1.3) � 0 < T < ∞, f is an L_1-Carathéodory function on [0, T ] × R^2,

ϕ : R → R is an increasing homeomorphism such that ϕ(R) = R.

A typical example of a function ϕ is the p-Laplacian ϕ_p(y) = |y|^{p−2} y, p > 1.

Recently, the problem (1.1), (1.2) in special cases, when ϕ is a p-Laplacian or the right hand side does not depend on u^′, have been investigated by several authors. Existence and multiplicity results for the non resonance case have been presented e.g. by M. Del Pino, R. Manásevich and A. Murúa [4], J. Mawhin and Manásevich [9],

∗Supported by the grant No. 201/04/1077 of the Grant Agency of the Czech Republic and by the Council of Czech Government J14/98:153100011

†Supported by the grant No. 201/04/0690 of the Grant Agency of the Czech Republic 1

Liu Bing [8] and Yan Ping [17], while the resonance case has been considered e.g. by C. Fabry and D. Fayyad [5] or Liu Bin [7]. A nice survey of the subject with an exhaustive bibliography has been provided by J. Mawhin in [10].

The papers which are devoted to the lower/upper functions method for the problem (1.1), (1.2) mostly assume well-ordered σ_1/σ_2, i.e. σ_1 ≤ σ_2 on [0, T ]. We can refer to the papers by A. Cabada and R. Pouso [1], by M. Cherpion, C. De Coster and P. Habets [3] and by S. Staněk [15]. While [1] and [3] concerned the problem (1.1), (1.2) under the Nagumo type two-sided growth conditions, in [15] only one-sided growth conditions of the Nagumo type were needed. Making use of the lower/upper functions method P. Jebelean and J. Mawhin in [6] and S. Staněk in [16] obtained the first existence results also for singular periodic problems with a ϕ-Laplacian. The paper [2] by A. Cabada, P. Habets and R. Pouso is, to our knowledge, the only one presenting the lower/upper functions method for the problem (ϕ(u^′))^′ = f(t, u), (1.2) under the assumption that σ_1 ≥ σ_2 on [0, T ], i.e. lower/upper functions are in the reverse order. If ϕ = ϕ_p the authors get the solvability for 1 < p ≤ 2, only.

Our aim is to offer existence principles for the problem (1.1), (1.2) in terms of lower/upper functions which need not be well-ordered (see Theorem 3.2). Moreover, we will not impose any additional restrictions on ϕ.

As usual, we denote by C the set of functions continuous on [0, T ], C^1 is the set of functions u ∈ C with the first derivative continuous on [0, T ], L_1 is the set of functions Lebesgue integrable on [0, T ] and AC is the set of functions absolutely continuous on [0, T ]. For x ∈ L_1, we put

‖x‖_∞ = sup ess_{t∈[0,T ]} |x(t)|, ‖x‖_1 =

�_T 0 |x(t)| dt and x = 1 T �_T 0 x(s) ds.

It is well known that C^1 becomes a Banach space when equipped with the norm ‖x‖_C1 = ‖x‖_∞ + ‖x^′‖_∞. For R ∈ (0, ∞) we define B(R) = {u ∈ C^1 : ‖u‖_C1 < R}. The set of L_1-Carathéodory functions on [0, T ] × R^2 is denoted by Car, i.e. Car is the set of functions f : [0, T ] × R^2 → R having the following properties: (i) for each x ∈ R and y ∈ R the function f(·, x, y) is measurable on [0, T ]; (ii) for almost every t ∈ [0, T ] the function f(t, ·, ·) is continuous on R^2; (iii) for each compact set K ⊂ R^2 there is a function m_K ∈ L_1 such that |f(t, x, y)| ≤ m_K (t) holds for a.e. t ∈ [0, T ] and all (x, y) ∈ K.

If Ω is an open bounded subset of a Banach space X and the operator F : cl(Ω) → X is completely continuous and such that F(u) ≠ u for all u ∈ ∂ Ω, then we can define the Leray-Schauder topological degree deg(I − F, Ω). Here I is the identity operator on X and cl(Ω) and ∂Ω denote the closure and the boundary of Ω, respectively.

For a homeomorphism ψ : R → R and q ∈ R we denote

(1.4) {q}_ψ := max{−ψ(−q), ψ(q)}.

1.1 . Definition. A solution of the problem (1.1), (1.2) is a function u ∈ C^1 such that ϕ(u^′) ∈ AC, (ϕ(u^′(t)))^′ = f(t, u(t), u^′(t)) for a.e. t ∈ [0, T ] and (1.2) is satisfied. 1.2. Remark. Notice that the condition (1.2) is equivalent to the condition u(0) = u(T ) = u(0) + u^′(0) − u^′(T ).

1.3 . Definition. A function σ ∈ C^1 is an upper function of (1.1), (1.2) if ϕ(σ^′) ∈ AC, (ϕ(σ^′(t)))^′ ≤ f(t, σ(t), σ^′(t)) for a.e. t ∈ [0, T ],

(1.5) σ(0) = σ(T ), σ^′(0) ≤ σ^′(T ).

(1.6) If the inequalities in (1.5)–(1.6) are reversed, σ is called an upper function.

To transform the problem (1.1), (1.2) into a fixed point problem in C^1, we will make use of some ideas from [9] (see also e.g. [1], [10], [17] or [13]). Having in mind Remark 1.2, let us consider the quasilinear Dirichlet problem (1.7) (ϕ(x^′(t)))^′ = h(t) a.e. on [0, T ], x(0) = x(T ) = d, with h ∈ L_1 and d ∈ R. A function x ∈ C^1 is a solution of (1.7) if and only if

x(t) = d +

�_t 0 ϕ^{−1} � ϕ(x^′(0)) +

�_s 0 h(τ) dτ � ds for t ∈ [0, T ] and �_T 0 ϕ^{−1} � ϕ(x^′(0)) +

�_s 0 h(τ) dτ � ds = 0.

Since ϕ is increasing on R and ϕ(R) = R, for each fixed ℓ ∈ C the equation �_T 0 ϕ^{−1} � a + ℓ(t) � dt = 0

has exactly one solution a = a(ℓ) in R for each ℓ ∈ C. So, we can define an operator K : L_1 → C^1 by

(1.8) (K(h))(t) =

�_t 0 ϕ^{−1} � a � �^τ 0 h(s) ds � + �_τ 0 h(s) ds � dτ for a.e. t ∈ [0, T ].

Furthermore, let N : C^1 → L_1 and F : C^1 → C^1 have the form

(N (u))(t) = f(t, u(t), u^′(t)) for a.e. t ∈ [0, T ] and (F(u))(t) = u(0) + u^′(0) − u^′(T ) + (K(N (u)))(t) for t ∈ [0, T ].

(1.9) It follows from the definition of K that x ∈ C^1 is a solution to (1.7) if and only if x = d + K(h). Consequently, u ∈ C^1 is a solution to (1.1), (1.2) if and only if F(u) = u. Taking into account [9, Proposition 2.2], we can summarize: 1.4 . Lemma. Let F : C^1 → C^1 be defined by (1.9). Then F is completely continuous and u ∈ C^1 is a solution to (1.1), (1.2) if and only if F(u) = u.

2 . Well-ordered case

The main result of this section is Theorem 2.1 which determines the Leray-Schauder degree of the operator representing the problem (1.1), (1.2) in the case that it has a couple of well-ordered lower/upper functions.

Beside (1.3), we will work with the following assumptions:

σ_1 and σ_2 are respectively lower and upper functions of (1.1), (1.2),

(2.1)

σ_1 < σ_2 on [0, T ]

(2.2)

and with the following class of auxiliary problems:

(2.3) (ϕ(v^′))^′ = η(v^′) f(t, v, v^′), v(0) = v(T ), v^′(0) = v^′(T ),

where η may be an arbitrary continuous function mapping R into [0, 1].

For ρ > 0 we define

(2.4) Ω_ρ = � u ∈ C^1 : σ_1 < u < σ_2 on [0, T ] and ‖u^′‖_∞ < ρ � . 2.1. Theorem. Assume that (1.3), (2.1) and (2.2) hold. Furthermore, suppose that there exists r^∗ ∈ (0, ∞) such that

(2.5) � ‖v^′‖_∞ < r^∗ for each continuous η : R → [0, 1] and for each solution v of (2.3) such that σ_1 ≤ v ≤ σ_2 on [0, T ].

Finally, let F : C^1 → C^1 and Ω_ρ be defined by (1.9) and (2.4), respectively. Then

deg(I − F, Ω_ρ) = 1 for each ρ ≥ r^∗ such that F(u) ≠ u on ∂Ω_ρ.

Proof. We will start with the following ”maximum principle” assertion: Claim. Assume (1.3), (2.1), (2.2) and let ~f ∈ Car and d ∈ R be such that

(2.6)

� � � � � � � � �

~f(t, x, y) < f(t, σ_1(t), σ′_1(t)) for a.e. t ∈ [0, T ], all x ∈ (−∞, σ_1(t))

and all y ∈ R such that |y − σ^′_1(t)| ≤ σ_1(t) − x σ_1(t) − x + 1 , ~f(t, x, y) > f(t, σ_2(t), σ′_2(t)) for a.e. t ∈ [0, T ], all x ∈ (σ_2(t), ∞)

and all y ∈ R such that |y − σ^′_2(t)| ≤ x − σ_2(t) x − σ_2(t) + 1 and (2.7) σ_1(0) ≤ d ≤ σ_2(0).

Then any solution u of the problem

(2.8) � (ϕ(u^′(t)))^′ = ~f(t, u(t), u^′(t)) a.e. on [0, T ], u(0) = u(T ) = d satisfies the estimate (2.9) σ_1 ≤ u ≤ σ_2 on [0, T ].

Proof of Claim. Let u be a solution of (2.8) and v = u − σ_2 on [0, T ]. Assume that (2.10) sup_{t∈[0,T ]} v(t) > 0.

Due to (1.6) and (2.7), we have v(0) = v(T ) ≤ 0 and hence there are α ∈ (0, T ) and β ∈ (α, T ] such that v(α) = sup_{t∈[0,T ]} v(t), v^′(α) = 0, and

(2.11) v(t) > 0 and |v^′(t)| < v(t) v(t) + 1 for t ∈ [α, β].

Using (1.5) and (2.6), we obtain (ϕ(u^′(t)))^′−(ϕ(σ^′_2(t)))^′ = ~f(t, u(t), u^′(t))−(ϕ(σ^′_2(t)))^′ > f(t, σ_2(t), σ^′_2(t)) − (ϕ(σ^′_2(t)))^′ ≥ 0 for a.e. t ∈ [α, β]. Hence 0 < �_t α � ϕ(u^′(s)))^′ − (ϕ(σ^′_2(s))^′ � ds = ϕ(u^′(t)) − phi(σ^′_2(t))

for all t ∈ (α, β]. Therefore v^′(t) = u^′(t)−σ^′_2(t) > 0 for all t ∈ (α, β]. This contradicts the fact that v has a maximum at α, i.e. u ≤ σ_2 on [0, T ].

If we put v = σ_1 − u on [0, T ] and use the properties of σ_1 instead of σ_2, we prove that u ≥ σ_1 on [0, T ] by a similar argument and so we complete the proof of Claim.

Let r^∗ be such that (2.5) is true and let Ω = � u ∈ C^1 : σ_1 < u < σ_2 on [0, T ] and ‖u^′‖_∞ < r^∗ � (2.12) and F(x) ≠ x for each x ∈ ∂Ω.

(2.13) Furthermore, let R^∗ = r^∗ + ‖σ^′_1‖_∞ + ‖σ^′_2‖_∞,

(2.14)

η(y) = � � � � �

1 for |y| ≤ R^∗, 2 − |y| R^∗ for R^∗ < |y| < 2 R^∗, 0 for |y| ≥ 2 R^∗

(2.15)

and g(t, x, y) = η(y) f(t, x, y) for a.e. t ∈ [0, T ] and all (x, y) ∈ R^2.

(2.16) Then σ_1/σ_2 are lower/upper functions for the modified problem (2.17) (ϕ(u^′))^′ = g(t, u(t), u^′(t)), u(0) = u(T ), u^′(0) = u^′(T ) and there is an m ∈ L_1 such that |g(t, x, y)| ≤ m(t) for a.e. t ∈ [0, T ] and all (x, y) ∈ [σ_1(t), σ_2(t)] × R^2. Put

ω_i(t, ζ) = sup

z∈R, |σ^′_i(t)−z|≤ζ

|f(t, σ_i(t), σ^′_i(t)) − f(t, σ_i(t), z)| for i = 1, 2 and (t, ζ) ∈ [0, T ] × [0, ∞) and

~f(t, x, y) =

� � � � � � � � � g(t, σ_1(t), y) − ω_1(t, σ_1(t) − x σ_1(t) − x + 1

) if x < σ_1(t),

g(t, x, y) if x ∈ [σ_1(t), σ_2(t)],

g(t, σ_2(t), y) + ω_2(t, x − σ_2(t) x − σ_2(t) + 1

) if x > σ_2(t).

Then ~f ∈ Car, (2.18) ~f(t, x, y) = g(t, x, y) for a.e. t ∈ [0, T ] and all (x, y) ∈ [σ_1(t), σ_2(t)] × R, there is ~m ∈ L_1 such that (2.19) | ~f(t, x, y)| ≤ ~m(t) for a.e. t ∈ [0, T ] and all (x, y) ∈ R^2, and the relations (2.6) are valid if f is replaced by g. Define

(2.20) α(x) = � � � σ_1(0) for x < σ_1(0), x for σ_1(0) ≤ x ≤ σ_2(0), σ_2(0) for x > σ_2(0).

Consider an auxiliary problem (2.21) (ϕ(u^′))^′ = ~f(t, u, u^′), u(0) = u(T ) = α(u(0) + u^′(0) − u^′(T )). By Lemma 1.4, (2.21) is equivalent to the operator equation ~F(u) = u, where ~F : C1 → C1 is a completely continuous operator defined by ~F(u) = α(u(0) + u^′(0) − u^′(T )) + K( ~N (u)) (2.22) with K : L_1 → C^1 given by (1.8) and ~N : C^1 → L_1 of the form

( ~N (u))(t) = ~f(t, u(t), u^′(t)) for a.e. t ∈ [0, T ].

(2.23) Due to (2.19), (2.22) and (2.23), we can find R_0 ∈ (0, ∞) such that Ω ⊂ B(R_0) and ~F(u) ∈ B(R_0) for all u ∈ C^1.

In particular, ‖u‖_C1 < R_0 for each λ ∈ [0, 1] and each u ∈ C^1 such that u = λ ~F(u). So, the operator I − λ ~F is a homotopy on cl(B(R_0)) × [0, 1]. Hence, (2.24) deg(I − ~F, B(R_0)) = deg(I, B(R_0)) = 1. Let (2.25) ~Ω = � u ∈ Ω : σ_1(0) < u(0) + u^′(0) − u^′(T ) < σ_2(0) � . Then ~F = F on cl(~Ω) (2.26) and � F(u) = u and u ∈ Ω � =⇒ u ∈ ~Ω.

(2.27) We will prove that the following complementary implication is true as well: (2.28) ~F(u) = u =⇒ u ∈ ~Ω. Indeed, let u ∈ C^1 be a fixed point of ~F. In particular, we have (2.29) σ_1(0) ≤ u(0) = u(T ) = α(u(0) + u^′(0) − u^′(T )) ≤ σ_2(0). By Claim, this implies that (2.30) σ_1 ≤ u ≤ σ_2 on [0, T ]. In accordance with (2.18), we have (2.31) ~f(t, u(t), u^′(t)) = g(t, u(t), u^′(t)) for a.e. t ∈ [0, T ] Now, we will show that u satisfies also the second condition from (1.2), i.e. that u^′(0) = u^′(T ) holds. Obviously, this is true whenever (2.32) σ_1(0) ≤ u(0) + u^′(0) − u^′(T ) ≤ σ_2(0). If (2.33) u(0) + u^′(0) − u^′(T ) > σ_2(0), then, by (1.6), (2.20) and (2.29), u(0) = u(T ) = σ_2(0) = σ_2(T ) and u^′(0) > u^′(T ). This together with (2.30) and (2.33) may hold only if σ^′_2(0) ≥ u^′(0) > u^′(T ) ≥ σ^′_2(T ), which contradicts (1.6). Similarly we would prove that the relation u(0) + u^′(0) − u^′(T ) ≥ σ_1(0) is true as well. This means that (2.32) and hence also u^′(0) = u^′(T ) hold. To summarize, u satisfies (2.21), (2.31) and (1.2) and, consequently, it is a solution to (2.17). Now, by (2.30), (2.15), (2.16) and (2.5), the relation ‖u^′‖_∞ < r^∗ ≤ R^∗ follows. Therefore u ∈ cl(Ω) and, due to (2.26) and (2.13), we obtain

u ∈ Ω and F(u) = u.

Finally, by (2.27), we conclude that u ∈ ~Ω, which completes the proof of (2.28).

Making use of (2.27), (2.28) and (2.24) and taking into account the excision property of the degree, we get

deg(I − F, Ω) = deg(I − F, ~Ω) = deg(I − ~F, ~Ω) = deg(I − ~F, B(R_0)) = 1.

Finally, since according to (2.5) all the fixed points u of F such that σ_1 < u < σ_2 on [0, T ] belong to Ω, we can conclude that

deg(I − F, Ω_ρ) = deg(I − F, Ω) = 1

holds for each ρ ≥ r^∗ such that F(x) ≠ x on ∂Ω_ρ.

2.2. Remark. Let us emphasize that up to now for the problem (1.1), (1.2) no result giving the degree of the related operator with respect to the set determined by the associated lower and upper functions like Theorem 2.1 is known to us. Implementing an arbitrary condition ensuring the existence of r^∗ ∈ (0, ∞) with the property (2.5) and making use of the standard approximation technique, we could complete alternate proofs of already known existence results (see e.g. [1, Theorem 3.1] or [15, Theorem 1]) valid when the existence of a pair σ_1/σ_2 of lower/upper functions associated with the given problem and such that σ_1 ≤ σ_2 on [0, T ] is supposed. Usually, conditions of the Nagumo type are used to this aim. To our knowledge, the most general version of such conditions which covers also the case with ϕ-Laplacian is provided by [15, Lemma 2.1] due to S. Staněk. For the purpose of Section 3 the following simple a priori estimate will be sufficient.

2.3. Lemma. Let ϕ : R → R be an increasing homeomorphism such that ϕ(R) = R and let h ∈ L_1. Then there is r^∗ ∈ (0, ∞) such that ‖u^′‖_∞ < r^∗ holds for each u ∈ C^1 fulfilling (1.2) and such that ϕ(u^′) ∈ AC and

(2.34) (ϕ(u^′(t))^′ > h(t) (or (ϕ(u^′(t))^′ < h(t)) for a.e. t ∈ [0, T ].

Proof. First, we will prove the following claim:

Claim. Let h ∈ L_1. Then ‖v‖_∞ < ‖h‖_1 holds for each v ∈ AC such that v(0) = v(T ), v(t_v) = 0 for some t_v ∈ (0, T ) and v^′(t) > h(t) (or (v^′(t) < h(t)) for a.e. t ∈ [0, T ].

Proof of Claim: We shall restrict ourselves only to the case that v^′(t) > h(t) for a.e. t ∈ [0, T ]. (The latter case can be proved by a similar argument.) We have

v(t) > −

�_t

t_v

|h(s)| ds ≥ −‖h‖_1 for t ∈ (t_0, T ]

(2.35) and v(t) < +

�_{tv} t |h(s)| ds ≤ +‖h‖_1 for t ∈ [0, t_0).

(2.36)

In particular,

(2.37) −‖h‖_1 ≤ −

�_T

t_v

|h(s)| ds < v(0) = v(T ) <

�_{tv} 0 |h(s)| ds ≤ ‖h‖_1.

On the other hand, (2.35)–(2.37) imply also

v(t) > v(0) −

�_t 0 |h(s)| ds > −

�_t 0 |h(s)| ds −

�_T

t_v

|h(s)| ds ≥ −‖h‖_1 for t ∈ [0, t_v) and v(t) < v(T ) +

�_T t |h(s)| ds <

�_{tv} 0 |h(s)| ds +

�_T t |h(s)| ds ≤ ‖h‖_1 for t ∈ (t_v, T ].

To summarize: we have −‖h‖_1 < v(t) < ‖h‖_1 for all t ∈ [0, T ] and this completes the proof of Claim.

Now, let u ∈ C^1 be such that ϕ(u^′) ∈ AC, (1.2) and (2.34) are true. By (1.2), we have ϕ(u^′(0)) = ϕ(u^′(T )). As a result, there is t_u such that ϕ(u^′(t_u)) = ϕ(0). Therefore, the assertion of the lemma follows by Claim if we set v = ϕ(u^′) − ϕ(0) and r^∗ = {‖h‖_1+|ϕ(0)|}_ϕ−1 , where we are using the notation introduced in (1.4)).

3 . Non-ordered case

Our main result is Theorem 3.2 which is the first known existence principle for periodic problems with a general ϕ-Laplacian and non-ordered lower/upper functions. We shall start this section with the following auxiliary assertion which will be helpful for its proof.

3.1 . Lemma. Let σ_1, σ_2 ∈ C and u ∈ C be such that (3.1) u(t_u) < σ_1(t_u) and u(s_u) > σ_2(s_u) for some t_u, s_u ∈ [0, T ].

Then there exists τ_u ∈ [0, T ] such that (3.2) min{σ_1(τ_u), σ_2(τ_u)} ≤ u(τ_u) ≤ max{σ_1(τ_u), σ_2(τ_u)}. Proof. If u(0) < min{σ_1(0), σ_2(0)} while (3.2) does not hold, then necessarily u(t) < min{σ_1(t), σ_2(t)} on [0, T ] which contradicts (3.1). If u(0) > max{σ_1(0), σ_2(0)} while (3.2) does not hold, then u(t) > max{σ_1(t), σ_2(t)} on [0, T ] which again contradicts (3.1).

3.2 . Theorem. Assume (1.3), (2.1), and (3.3) σ_1(τ) > σ_2(τ) for some τ ∈ [0, T ]. Furthermore, let h ∈ L_1 be such that

f(t, x, y) > h(t) (or f(t, x, y) < h(t)) for a.e. t ∈ [0, T ] and all x, y ∈ R. Then the problem (1.1), (1.2) has a solution u satisfying (3.2) for some τ_u ∈ [0, T ].

Proof. Assume e.g. that (3.4) f(t, x, y) > h(t) for a.e. t ∈ [0, T ] and all x, y ∈ R is the case and put ~h(t) = −(|h(t)| + 2) for a.e. t ∈ [0, T ]. By Lemma 2.3, there is r^∗ ∈ (0, ∞) such that

(3.5) � ‖u^′‖_∞ < r^∗ for each u ∈ C^1 fulfilling (1.2), ϕ(u^′) ∈ AC and (ϕ(u^′(t))^′ > ~h(t) for a.e. t ∈ [0, T ].

Furthermore, put (3.6) c^∗ = ‖σ_1‖_∞ + ‖σ_2‖_∞ + T r^∗ and define

(3.7) ~f(t, x, y) =

� � � � � � � � � � �

−(|h(t)| + 1) if x ≤ −(c^∗ + 1), f(t, x, y) + (x + c^∗) (|h(t)| + 1 + f(t, x, y)) if − (c^∗ + 1) < x < −c^∗, f(t, x, y) if − c^∗ ≤ x ≤ c^∗, f(t, x, y) + (x − c^∗) |h(t)| if c^∗ < x < c^∗ + 1, f(t, x, y) + |h(t)| if x ≥ c^∗ + 1.

Let us consider an auxiliary problem (3.8) (ϕ(u^′))^′ = ~f(t, u, u^′), u(0) = u(T ), u^′(0) = u^′(T ).

The functions σ_1 and σ_2 are respectively a lower and an upper function of (3.8). Furthermore,

~f(t, x, y) > ~h(t) for a.e. t ∈ [0, T ] and all x, y ∈ R. (3.9) Moreover,

~f(t, x, y) < 0 for a.e. t ∈ [0, T ] and all x ∈ (−∞, −c^∗ − 1], y ∈ R, (3.10)

~f(t, x, y) > 0 for a.e. t ∈ [0, T ] and all x ∈ [c^∗ + 1, ∞), y ∈ R. (3.11)

In particular, σ_3(t) ≡ −c^∗ − 2 and σ_4(t) ≡ c^∗ + 2 are respectively a lower and an upper function for (3.8). Let us denote

Ω_0 = {u ∈ C^1 : σ_3 < u < σ_4 on [0, T ], ‖u^′‖_∞ < r^∗}, Ω_1 = {u ∈ Ω_0 : σ_3 < u < σ_2 on [0, T ]}, Ω_2 = {u ∈ Ω_0 : σ_1 < u < σ_4 on [0, T ]} and Ω = Ω_0 \ cl(Ω_1 ∪ Ω_2).

Clearly, Ω is the set of all u ∈ Ω_0 for which the relations ‖u^′‖_∞ < r^∗ and (3.1) are satisfied.

By Lemma 1.4, the problem (3.8) is equivalent to the operator equation ~F(u) = u in C^1, where

(3.12) ~F(u) = u(0) + u^′(0) − u^′(T ) + K( ~N )(u)

and K : L_1 → C^1 and ~N : C^1 → L_1 are given respectively by (1.8) and (2.23) (with ~f defined now by (3.7)). Next we will prove the following two assertions: Claim 1. If ~F(u) = u and u ∈ cl(Ω_0), then u ∈ Ω_0.

Proof of Claim 1. Let ~F(u) = u and u ∈ ∂Ω_0. Since, by (3.5) and (3.9), we have ‖u^′‖_∞ < r^∗, this can happen only if

(3.13) u(α) = max_{t∈[0,T ]} u(t) = c^∗ + 2 or u(α) = min_{t∈[0,T ]} u(t) = −(c^∗ + 2)

for some α ∈ [0, T ). In the former case, we have u^′(α) = 0 and u(t) > c^∗ + 1 on [α, β] for some β ∈ (α, T ]. Due to (3.11), we have also (ϕ(u^′(t)))^′ = ~f(t, u(t), u^′(t)) > 0 for a.e. t ∈ [α, β], i.e. u^′(t) > 0 on (α, β], a contradiction. Similarly we can prove that the latter case in (3.13) is impossible.

Claim 2. If ~F(u) = u and u ∈ cl(Ω), then ‖u‖_∞ < c^∗.

Proof of Claim 2. Let ~F(u) = u and u ∈ cl(Ω). By (3.5) and (3.9) we have ‖u^′‖_∞ < r^∗ and, by Lemma 3.1 and Claim 1, ‖u‖_∞ < ‖σ_1‖_∞ + ‖σ_2‖_∞ + T r^∗ = c^∗.

Now, there are two cases to consider: either ~F(u) = u for some u ∈ ∂Ω or ~F(u) ≠ u on ∂Ω. If ~F(u) = u for some u ∈ ∂Ω, then, by Claim 2, ‖u‖_∞ < c∗ must

12 Irena Rachůnková, Milan Tvrdý

hold, i.e. F(u) = ~F(u) = u. Hence, by Lemma 1.4, u is a solution to (1.1), (1.2). If ~F(u) ≠ u on ∂Ω, then, as ∂Ω = ∂Ω_0 ∪ ∂Ω_1 ∪ ∂Ω_2, we can apply Theorem 2.1 to get

deg(I − ~F, Ω_0) = deg(I − ~F, Ω_1) = deg(I − ~F, Ω_2) = 1.

Furthermore, by (3.3) we have Ω_1 ∩ Ω_2 = ∅. Therefore

deg(I − ~F, Ω) = deg(I − ~F, Ω_0) − deg(I − ~F, Ω_1) − deg(I − ~F, Ω_2) = −1

and there exists u ∈ Ω such that ~F(u) = u. By Claim 2, we have ‖u‖_∞ < c^∗ which, by virtue of (3.7) and (3.12), yields ~F(u) = F(u) = u, i.e. u is a solution to (1.1), (1.2).

3.3 . Remark. Theorem 3.2 combined with techniques introduced e.g. in [14] enables one to prove some existence results to certain problems with singularities. In particular, we can derive results similar to those by P. Jebelean and J. Mawhin [6], but without restricting ourselves to p-Laplacians. This will be the content of some of our forthcoming papers. For an extension to impulsive periodic problems with ϕ-Laplacian, see our preprints [13].

References

[1] A. Cabada and R. Pouso. Existence result for the problem (ϕ(u^′))^′ = f(t, u, u^′) with periodic and Neumann boundary conditions. Nonlinear Anal., Theory Methods Appl. 30 (1997), 1733–1742.

[2] A. Cabada, P. Habets and R. Pouso. Lower and upper solutions for the periodic problem associated with a ϕ-Laplacian equation. EQUADIFF 1999 - International Conference on Differential Equations, Vol. 1, 2 (Berlin, 1999), 491–493, World Sci. Publishing, River Edge, NJ, 2000.

[3] M. Cherpion, C. De Coster and P. Habets. Monotone iterative methods for boundary value problems. Differ. Integral. Equ. 12 (3) (1999), 309–338.

[4] M. Del Pino, R. Manásevich and A. Murúa. Existence and multiplicity of solutions with prescribed period for a second order quasilinear O.D.E. Nonlinear Anal., Theory Methods Appl. 18 (1992), 79–92.

[5] C. Fabry and D. Fayyad. Periodic solutions of second order differential equation with a p-Laplacian and asymmetric nonlinearities. Rend. Ist. Mat. Univ. Trieste 24 (1992), 207–227.

[6] P. Jebelean and J. Mawhin. Periodic solutions of singular nonlinear perturbations of the ordinary p-Laplacian. Adv. Nonlinear Stud. 2 (2002), 299–312.

[7] Bin Liu. Multiplicity results for periodic solutions of a second order quasilinear ODE with asymmetric nonlinearities. Nonlinear Anal., Theory Methods Appl. 33 (2) (1998), 139–160.

[8] Bing Liu. Periodic solutions of dissipative dynamical systems with singular potential and p-Laplacian. Ann. Pol. Math. 79 (2)(2002), 109–120.

[9] R. Manásevich and J. Mawhin. Periodic solutions for nonlinear systems with p-Laplacian-like operators. J. Differ. Equations 145 (1998), 367–393.

[10] J. Mawhin. Periodic solutions of systems with p-Laplacian-like operators. Grossinho, M. R.

(ed.) et al., Nonlinear Analysis and its Applications to Differential Equations (Papers from the autumn school on nonlinear analysis and differential equations), Lisbon, Portugal, September 14-October 23, 1998, Birkhäuser, Prog. Nonlinear Differ. Equ. Appl. 43, 37-63 (2001).

[11] I. Rachůnková and M. Tvrdý. Nonlinear systems of differential inequalities and solvability of certain nonlinear second order boundary value problems. J. Inequal. Appl. 6 (2001), 199- 226.

[12] I. Rachůnková and M. Tvrdý. Existence results for impulsive second order periodic problems, Nonlinear Anal., Theory Methods Appl. 59 (2004) 133-146.

[13] I. Rachůnková and M. Tvrdý. Second order periodic problem with ϕ-Laplacian and impulses - Parts I, II. Mathematical Institute of the Academy of Sciences of the Czech Republic, Preprints 155/2004 and 156/2004 [available as \http: //www.math.cas.cz/ ~

tvrdy/lapl1.pdf and \http: //www.math.cas.cz/ ~tvrdy/lapl2.pdf].

[14] I. Rachůnková, M. Tvrdý and I. Vrkoč. Resonance and multiplicity in periodic BVP’s with singularity. Math.Bohem. 128 (2003), 45–70.

[15] S. Staněk. Periodic boundary value problem for second order functional differential equations. Math. Notes, Miskolc 1 (2000), 63–81.

[16] S. Staněk. On solvability of singular periodic boundary value problems. Nonlinear Oscil. 4 (2001), 529–538.

[17] Ping Yan. Nonresonance for one-dimensional p-Laplacian with regular restoring. J. Math.

Anal. Appl. 285 (2003),141–154.

Irena Rachůnková, Department of Mathematics, Palacký University, 779 00 OLO- MOUC, Tomkova 40, Czech Republic (e-mail: rachunko@inf.upol.cz) Milan Tvrdý, Mathematical Institute, Academy of Sciences of the Czech Republic, 115 67 PRAHA 1, Žitná 25, Czech Republic (e-mail: tvrdy@math.cas.cz)