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Abstract. We study the singular periodic boundary value problem of the form

(WP~ ) = f(tu), u(0) =u(T), '(0)=u/(T),
where p € (1,00) and f € Car([0,7] x (0,00) can have a repulsive space singularity at = = 0.
Contrary to previous results by Mawhin and Jebelean, Liu Bing and Rachunkovd and Tvrdy, we need

not assume any strong force conditions. Our main existence results rely on a new antimaximum principle
for periodic quasilinear periodic problem, which has an independent meaning.
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1. Introduction

This paper deals with singular periodic problems of the form

(1.1) (p(u) = f(t,u),

(1.2) u(0) = u(T), '(0)=u(T),

where

(1.3) 0<T <oo, pe(l,oo), ¢y = lyf~2y for y € R

and f satisfies the Carathéodory conditions on [0,77]x(0,00), i.e. f has the following
properties: (i) for each x € (0,00) the function f(.,x) is measurable on [0,7] ; (ii) for
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almost every ¢ € [0,7] the function f(¢,.) is continuous on (0,00) ; (iii) for each
compact set K C (0,00) the function mg(t) = sup,cx |f(¢,2)| is Lebesgue integrable
on [0,7].

Second order nonlinear differential equations or systems with singularities appear
naturally in the description of particles submitted to Newtonian type forces or to forces
caused by compressed gases, see e.g. [12], [15] or [16]. The mathematical interest in
periodic singular problems increased when the paper [22] by Lazer and Solimini appeared
in 1987. Motivated by the model equation v’ = au™® + e(t) with a > 0,a # 0
and e integrable on [0,7], they investigated the existence of positive solutions to the
Duffing equation u” = g(u)+e(t) using topological arguments and the lower and upper
functions method. The restoring force ¢ was allowed to have an attractive singularity
or a strong repulsive singularity at origin. The results by Lazer and Solimini have
been generalized or extended e.g. by Habets and Sanchez [18], Mawhin [27], del Pino,
Manésevich and Montero [10], Omari and Ye [29], Zhang [42] and [44], Ge and Mawhin
[17], Rachunkova and Tvrdy [32] or Rachunkova, Tvrdy and Vrkoc [37]. All of these
papers, when dealing with the repulsive singularity, supposed that the strong force
condition is satisfied. For the case of the weak singularity, first results were delivered
by Rachunkova, Tvrdy and Vrko¢ in [36]. Further results were delivered later also by
Bonheure and De Coster [2] and Torres [39)].

Regular periodic problems with ¢— or p-Laplacian on the left hand side were
considered by several authors, see e.g. del Pino, Manasevich and Murta [11] or Yan [41].
General existence principles for the regular vector problem, based on the homotopy to
the averaged nonlinearity, were presented by Mandsevich and Mawhin in [25] (see also
Mawhin [28]).

In the well-ordered case, the lower/upper functions method was extended to periodic
problems with a ¢-Laplacian operator on the left hand side by Cabada and Pouso in
[5], Jiang and Wang in [21] and Stanék in [38]. The general existence principle valid
also when lower/upper functions are non-ordered was given by Rachunkova and Tvrdy
in [34] and, for the case when impulses are admitted, also in [33].

The singular periodic problem for the Liénard type equation

(1.4) (| P2 ) + h(u)u' = g(u) + e(t)
with ¢ having either an attractive singularity or a strong repulsive singularity at x =0
was treated by Liu [24], Jebelean and Mawhin [19] and [20] and Rachunkovéd and Tvrdy
[35].

Let us recall that a function ¢ is said to have an attractive singularity at = =0 if

hggégf g(x) = —o0.

Alternatively, we say that ¢ has a repulsive singularity at the origin if

(1.5) limsup g(x) = +o00
z—0+
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and ¢ has a strong repulsive singularity at the origin if

1
(1.6) lim g(s) ds = +o0.

z—0+ /.
For a more detailed survey of the recent development we refer to [31, Section 5.

The main goal of this paper is a new existence result, Theorem 4.4, for problem
(1.1), (1.2). As in [36, Theorem 2.5] (see also [31, Theorem 5.26]), where the classical
case p = 2 was treated, we need not to assume that [ satisfies any strong force
condition. Our main tools are the lower and upper function method and a generalization
of a classical antimaximum principle to the quasilinear periodic problem

(1.7) (6p(u)) + Ap(u) = e(t), w(0) =w(T), '(0)=u(T)

established below in Theorem 3.2.
Our main result applies, in particular, to the Duffing type model problem

(1.8) (Dp(W) + ppu’™ = aw™ +e(t), u(0) =w(T), '(0)=1u(T),

where @ > 0, > 0,1 <p <2 and p, = (m,/T)? is the least eigenvalue of a ho-
mogeneous Dirichlet problem related to (1.7) and e € L;][0,7]. In particular, we get
that problem (1.8) has a positive solution if inf ess;co7ye(t) > 0. It is worth mention-
ing that for o € (0,1) the function g¢g(x) = az™® does not satisfy the strong force
condition (1.6).

2. Preliminaries

As usual, for an arbitrary subinterval I of R we denote by C(I) the set of functions
r : I — R which are continuous on I, C'[0,7] stands for the set of functions
x € C[0,T] with the first derivative continuous on [0,7]. Further, L,[0,7] is the set
of functions z : [0,7] — R which are measurable and Lebesgue integrable on [0, 7.
AC|0,T] is the set of functions absolutely continuous on [0,7]. For x € L;[0,7] we
put
1 /T
|z]|co = sup ess |z(t)] and T = —/ x(s) ds.
t€[0,1] T Jo

If f:]0,7]x (0,00) — R satisfies the Carathéodory conditions on [0,7] x (0,00) we
write

(2.1) f € Car(]0,T] x (0,00)).

2.1. Definition. A function u : [0,7] — R is a solution to problem (1.1,) (1.2)
if ¢,(u') € AC[0,T], w >0 on [0,T], (¢,(v'(t)) = f(t,u(t)) for ae. t € [0,7],
u(0) = u(T) and /(0) = /(7).



Notice that the requirement ¢(u') € AC[0,T] implies that u € C*[0,T].
The singular problem (1.1), (1.2) will be also investigated through regular auxiliary
problems of the form

(2.2) (¢p(w)) = f(t,w),  w(0) = w(T), w'(0)=u/(T),
(2.3) (Sp(u) = flt,u), u(a) = u(b) =0,

where f € Car([0,T7] x R) and a,b € R, a < b. As usual, by a solution of problem
(2.2) we understand a function w such that ¢,(v') € ACI[0,T], (1.2) is true and

(0, (W' (1)) = flt,u(t)) for ae. t e [0,T]. Analogously, u is a solution to (2.3) if
op(u') € AC[a,b], wu(a) =u(b) =0 and (¢,(u'(t))) = f(t,u(t)) for ae. t & [a,b).

The lower and upper functions method combined with the topological degree argu-
ment is an important tool for proofs of solvability of boundary value problems. For our
purposes the following definitions of lower and upper functions associated with problems
(2.2) or (2.3) are suitable.

2.2. Definition. Let f € Car([0,T] x R). We say that a function o € C[0,T] is
a lower function of problem (2.2) if ¢,(0’) € AC([0,T]) and

{((wm» f(t,o(t) forae. t€[0,T],
(0) = o(T), o'(0) = o'(T).
Analogously, o € C[0,T] is a lower function of (2.3) if ¢,(c’) € AC(]a,b]) and

(2.5) { (qu(al(t)))/ > f(t,o(t)) fora.e.t € la,b,

(2.4)

a) <0, ob) <0.

If the inequalities in (2.4) or (2.5) are reversed, then o is called an upper function
of (2.2) or of (2.3), respectively.

The next two assertions based on the lower and upper functions method will be
useful for our purposes.

2.3 . Proposition. ([34, Theorem 3.2] or [31, Lemma 5.9]) Assume (1.3) and

fe Car([0,T] xR). Furthermore, let o1 and o9 be a lower and an upper function of
(2.2) and let there be m € L1[0,T] such that

Ft,zy) >m(t) (or f(t,x) <m(t)) for a.e. t€[0,T] and all x € R.
Then problem (2.2) has a solution wu such that

min{oy (), 02(7,)} < u(m,) < max{oi(r,),02(7,)}  for some 7, € [0,T].
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2.4. Proposition. ([6, Theorem 2.1] or [40] or [30, Lemma 3.2] or [7, Theorem 3.5])

Assume (1.3), f € Car([0,T] xR) and let a,b € R, a<b be given. Furthermore,

let o1 and oy be a lower and an upper function of (2.3) such that oy < oy on |a,b.
Then problem (2.3) has a solution u such that oy < u <oy on [a,bl.

3. Sign properties of quasilinear periodic problems

First, let us recall some basic known facts concerning initial value problems of the form
(3.1) (6p(u))" + Ap(u) = 0,
(32) U(tg) == O, u/(to) == d,

where p € (1,00), th € R, M€ R and d € R. Asin [§] (see also e.g. [1], [9], [13],
[14], [43], [45], [26]), let us put

1
m,=2(p— 1) / (1 —sP)~ VP ds.
0
Clearly, my = 7. Furthermore, it is known that
(7/p)
sin (7/p)

(See [14, Sec. 1.1.2], but take into account that our definition differs slightly from that
used in [14], where 7, = 2 fol(l — sP)71/Pds.) It is known (see [14, Theorem 1.1.1])
that for each tp € R, A€ R and d € R problem (3.1), (3.2) has a unique solution
u on R which can be, by [8, sec. 3]), expressed as

B =

T, =2(p—1)

u(t) = d A"V sin,(A\YP (t — 1)) for t€R,
where the function sin, : R — [—(p — 1)¥/? (p — 1)'/P] is defined as follows.
Let w: [0,m,/2] — [0,(p — 1)}/?] be the inverse function to
* ds 1
- _ 1)\r
velm/m [ o oy € 0.0 1)

Further, put w(t) = w(m, —t) for t € [m,/2,7,] and then w(t) = —w(—t) for
t € [-mp,0]. Finally, we define sin, : R — R as the 2m,— periodic extension of w to
the whole R. In particular, if d =0, then v =0 on R. Obviously, we have

sin,(t) =0 if and only if t =nm,, n € NU{0},

sin,(t) = (p— 1)V if and only if ¢t = (2n +1) %, n € NU{0},

and



sin, () > 0 for t € 2nm,, (2n+1)m,), n € NU{0}.

As a corollary, we immediately obtain that for given a,b € R, a < b, the corresponding
Dirichlet problem

(3.3) (6p(W) + Agp(u) =0, u(a) = u(b) =0

possesses a nontrivial solution, i.e. A is an eigenvalue for (3.3), if and only if

(3.4) Ae{(bn_mz)p: neNU{O}}.

In particular,

(3.5) = ()"

is the least eigenvalue for (3.3) with b —a = T, wherefrom the following assertion
follows.

3.1. Proposition. Let p € (1,00), a,beR, a<b, andlet N\ = p,, where p, is
given by (3.5). Then problem (3.3) has a nontrivial solution if and only if b—a > T.

It is easy to check that the function
T
G(t,s) = e sin (% |t — s|) , t,se[0,T],

is the Green function for v” + psv =0, v(0) =o(T), o'(0) = (T) and G(t,s) is
nonnegative on [0,7]x[0,T]. Hence, for classical linear second order periodic problems,
the following antimazimum principle is true:

for each h € Ly[0,T] such that h >0 a.e. on [0,T], all solutions v of the problem
V' 4+ pgv=n(t), v0)=o(T), ' (0)=1(T)

are nonnegative on [0, T].

3.2. Theorem. Let p € (1,00) and let p € Ly[0,T] be such that

(3.6) 0<u<up, ae on [0,T] and 1> 0,

and let v € C'0,T) be such that ¢,(v') € AC|0,T],

(3.7) (@p(v'(1)))" + nu(t) dp(v(t)) = 0 for a.e. t € [0, T]
and
(3.8) v(0) =o(T), o'(0)=1d(T).

Then v >0 on [0,T].
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Proof. Let v € C'0,T] be such that ¢,(v') € AC[0,T] and (3.6) and (3.7) hold.
Without any loss of generality we may assume that v is does not vanish on [0, 7.

Step 1. First, we show that
(3.9) max{v(t) : t € [0,T]} > 0.
Assuming, on the contrary, that v <0 on [0,7], we get by (3.7)

(6p(v'(1)))" = —plt) d,(v(?)) = 0 for ae. t € [0, .

Therefore, v’ is nondecreasing on [0,7 and, taking into account (3.8), we deduce that
v'=0 on [0,7]. Consequently, v(t) =v(0) <0 on [0,7]. Hence, (3.7) reduces to

—u(t) (—v(0))P~t > 0 for a.e. t € [0, 7).

However, as p >0 a.e. on [0,7] and 7 > 0, this is possible if and only if v(0) =0,
ie. v =0 on [0,7], which contradicts our assumption that v does not vanish
identically on [0, 7.

Step 2. Assume that min{v(t) : t € [0,7]} < 0. Let us extend v and p to T-
periodic functions on R. In view of Step 1, there are a, b € R such that v > 0 on
(a,b), wv(a)=wv(b) =0 and

(3.10) 0<b—a<T.

Moreover, v >0 on (a,b). Indeed, if v(7) =0 for some 7 € (a,b), then necessarily
also v'(7) =0, i.e. v=0 on R. In virtue of (3.6) and (3.7), we have

(3.11)  (8p(v' (1)) + 1y (v (1)) = (0p(v' (1)) + (1) dp(w(t)) = 0 for ae. t € [a, b].
Furthermore, put

T—0b
GQZG—TM, b0:a0+T

and
oo(t) = du;l/p sin,, (,uzl)/p (t—ag)) for teR

with d > 0 large enough, i.e. such that oy(t) > v(t) > 0 on [a,b]. We have

(3.12) (Pp(ah(t))) + pap dp(02(t)) = O for ace. t € [a,b).

Thus, o9 is an upper function for (3.3). Moreover, in view of (3.11), o = v is a lower

function for (3.3). Hence, by Proposition 2.4, where we put f(t,z) = —pp Op(x) for t,
x € R, there exists a nontrivial solution w to (3.3). This, due to (3.10), contradicts
Proposition 3.1. 0



4. Main results

First, let us recall the following a priori estimate (see [34, Lemma 2.4] or [31, Lemma
5.8]).

4.1. Lemma. Let p € (1,00) and let 1 € L1[0,T]. Then

(4.1) 1V llee < &, " (1111)
holds for each v € C0,T| fulfilling ¢,(v") € AC[0,T], v(0) =v(T), v'(0)=(T)
and (6,(v'(1)))" = () (or ($(v'(1))) < (1)) for a.e. t€[0,T].

Next, we prove an existence principle which relies on the comparison of the given
problem (1.1), (1.2) with the related quasilinear problem fulfilling the antimaximum
principle.

4.2 . Theorem. Assume (1.3), (2.1) and p € [2,00). Furthermore, let r > 0,
A>r, p,B€ L4]0,T] be such that p(t) >0 a.e. on [0,T], >0,

(4.2) B<0 and f(t,x) <B(t) forae t€[0,T] and all v € [A, B]

and

(4.3) ft,x) + p(t) pp(x —r) >0  forae t€[0,T] and all x € [r, B],

where

B—A> 6, (mlh),
m(t) = max { sup{f(t,z) : = € [r, A}, B(t),0} for a.e. t €[0,T]
and
v >0 on [0,T] holds for each v € C*0,T] such that
6,() € ACID, ),
(o0 (@) + 1u(t) By(0(2)) > 0 for ace. ¢ € [0,T),
v(0) =o(T), '(0)=(T).

(4.4)

Then problem (1.1),(1.2) has a solution u such that
(4.5) r<u<B on [0,T] and ||u']. < ¢;1(||m||1)

Proof. Part1. First, assume that (3 < 0.
Step 1. Put
f@tr) = p(t) gp(z —r) if w <,
(4.6) ft,x)y =4 f(t,z) if xel[r, B,
f(t,B) if x>B
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and consider problem (2.2). We have f € Car([0,T]xR). Furthermore, by (4.2)—(4.6),
the inequalities

(4.7) flt,x) < B) if 2> A
and
(4.8) it x) +pu(t)pp(z—r) >0 forall zeR

are valid for a.e. ¢ € [0,7]. In particular, in view of (4.6), we have
(4.9) Flt,z) > h(t) == —p(t) ¢p(B —1r) forae. te€[0,T]and all z €R,

with h € L;[0,T].

By (4.8), 0y = r is an upper function of (2.2). Further, if b=p3 — 3, then
be L1[0,T] and b =0 and it is easy to see that there is a uniquely defined oy € C*[0,T]
such that ¢,(0() € AC[0,T],

(dp(oo(t))) =0b(t) forae. t€[0,T] and o0(0)=0o(T)=0.

Now, let us choose ¢* >0 such that ¢* 4+ 09> A on [0,7] and define oy = ¢* + 0y.
By (4.7) we have

01(0) = ou(T) = ¢,
(6p(01())) = B(t) =B > B(t) > [(¢, Ul(t)) for a.e. t €0, T],

and
¢p(00(T)) — ¢p(0(0)) =Tb = 0.

Consequently, oy is alower function of (2.2). Therefore, by (4.9) and by Proposition 2.3,
the regular problem (2.2) has a solution u such that w(¢,) > r for some t, € [0,7].

Step 2. We show that
(4.10) w>ron [0,7T].
To this aim, set v =u — r. By virtue of (4.8), we have
(&, (£))) + nt) dpl(v(t)) = F(t,u(t)) + pt) dp(u(t) =) >0

for a.e. t €[0,7]. By (4.4) it follows that v(t) >0 on [0,7], i.e. (4.10) is true.
Step 3. We show that

(4.11) u < Bon [0,T].

Indeed, by the definition of m and by (4.6) and (4.7) we have

ft,x) <m(t) forae. te[0,T]andall z >r.
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Hence, we can use Lemma 4.1 to get the estimate

(4.12) [u'lloe < & " (lml]1)-

If uw> A werevalid on [0,7], then taking into account the periodicity of u' and (4.7)
we would get

oz/Tf(t,u(t))dtg /Tﬁ(t)dt:TB<0,

a contradiction. Hence,
min{u(s) : s € [0,7]} < A.
Now, assume that
u* = max{u(s): s€[0,7]} > A
and extend w to be T'-periodic on R. There are sy, sy and s* € R such that

S1 <8 <S8y, Sy—s1<T, wu(s))=u(sy)=A and wu(s")=u"> A,

In particular, due to (4.12),

* *

2 (u(s”) — A) = / " u(s)ds + / " (s)ds < T (Imlly),

S1 52

wherefrom the estimate
T _
u(t) = A < 2 6, (bmll) < B— Aon [0,7]

follows. Thus, (4.11) is true.

Step 4. The estimates (4.10) and (4.11) mean that r» < u < B holds on [0,7]. In
view of (4.6), we conclude that u is a solution to (1.1), (1.2).

Part II. Now, let 8 =0. Put ny = rnax{%, ﬁ, 3}. For an arbitrary n € N, define
( f(t,7) if o <,
f(t,x) if z € [r, A],
Fit,2) — ()6, (2 254) it x e (A, B),
| f(t,B) — u(t) &p (L BBi;Ail) if © > B.
Taking into account (4.2), we get

Fttia) = fle.a) = ooy (3 255 ) <00 - nvra, (5 )

(4.13) falt,z) =

E:U—A+1 ﬁx—A%—l

1
2n?

<00 () 0p(55) i v €A+ )

and
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1 B-A

Foltn) = 1(6.B) = (0 6y (3 520

) < B0~ D) b(55) i w > B

for a.e. t€[0,7] and all n € N such that n > ng. Thus,

(4.14) { Falt, @) < Balt) = B(t) — u(t) ¢p(5k)

' for :UZA—i—%, for a.e. t€[0,7] and all n > n,.
Clearly,
(4.15) Bn <0 and B,(t) < B(t) for a.e. t € [0,T].

Furthermore, by (4.3) and (4.13), we have

ot + a0, (s (1= 1)) 2 f(60) 20 it wefr- Lo

n
tta) 4106, (2= (0= 1)) = flt0) 4 )8y 0= 1) 20 if 2 1.4,
and, taking into account that

£+ n* < (§+mn)* holds for all {,7 >0 andeach a>1,

Fattsa) - utt) oy (2 0= 1))

n

:f(t,x)—u(t)%(l E )*““)%(x_”%)

nr—A+1
> f(ta) + ult) 6y (e —1) 20 if w € [A,B)

and
it + )6y (2= (= 1))

— 1165 = )6y (3 5y ) 0y (2= (= 1))

> f(t,B) + u(t) 6, (B 1) 20 if 2> B.

To summarize,

(4.16) Folt, ) + pu(t) bp (:L‘ — (r— %)) >0 forall x>r— %
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For a.e. t€[0,7] and all n € N, put
~ ~ 1 1
My (t) := max { sup{fu(t, ) : © € [r — E’A + ﬁ]}’ ba(t)}.

In view of (4.13) and (4.15), we have

m < .€. .
mn(t) <m(t) forae. te€[0,7] and n> g

This together with (4.14)-(4.16) means that, for each n € N large enough, Part I of
this proof ensures the existence of a solution w, to the auxiliary problem

(Sp(ur) = falt,wn),  un(0) = un(T), w},(0) = w,,(T)

which satisfies the estimates

1 1
r——<u() < B+~ on [0,T] and [u;[l< <, ([m]h)-

Now, notice that

|fult, @) — Ft,2)| < pult) o, (1) forae. t€[0,7], all z€R andall neN,

n

where
f(t,r) if z<r,

flt,x) =< f(t,x) if x€r, B
ft,B) if x> B.
Thus, in a standard way (using the Arzela-Ascoli and the Lebesgue Dominated Conver-

gence Theorem) we can show that the sequence {u,}°, contains a subsequence which
converges in C'[0, 7] to a solution u of the problem

(@)Y = Tt ), w(0) = u(T), (0) = /(T
which satisfies necessarily the estimate (4.5), i.e. solves also (1.1), (1.2). |

The next supplementary assertion concerning the case p € (1,2) follows immedi-
ately from Part I of the previous proof.

4.3. Theorem. Let all assumptions of Theorem 4.2 be satisfied, with the exceptions
that p € (1,2) s allowed and [ <0 is required in (4.2).
Then problem (1.1),(1.2) has a solution w such that (4.5) is true.

Theorems 3.2, 4.2 and 4.3 yield the following new existence criterion.



Periodic problem with quasilinear differential operator and weak singularity 13

4.4. Theorem. Assume (1.3) and (2.1). Furthermore, let p € (1,00), p, = (m,/T)?
andlet r>0, A>r, B>A and € L1[0,T] be such that (4.2), with <0, if
p € (1,2), and (4.3) hold, where

B—-A>

no| N

¢, (lmll1)
and
m(t) = max{sup{f(t,x) s x € r, A}},ﬁ(t),O} for a.e. t €10,T).
Then problem (1.1),(1.2) has a solution w such that (4.5) s true.
In particular, for the Duffing type equation (¢,(u')) = g(u) + e(t) we have

4.5. Corollary. Let p € (1,00). Suppose that f(t,x) = g(x) + e(t) for = € (0,00)
and a.e. t €0, T], where g€ C(0,00), e€ L1[0,T], and

(4.17) €+ limsup g(z) <0

and there is v > 0 such that

(4.18) e(t) +g(x) +pp (2P L =Py >0 for ae. t€[0,T] and all x> r.
Then problem (1.1),(1.2) has a solution u such that u(t) >r on [0,T].
Proof. Due to (4.17), we can find A > r such that

1
glx)+e< 5 <é+ limsupg(w)) <0 for x€[A, ).

Consequently,

ft,z) =g(x) +e(t) = (g(x) +€) + (e(t) —€) < % (E+ lim sup g(x)) +e(t)—e

r—00

for a.e. t € [0,7] and all z € [A,00). Therefore, (4.2) holds with

B(t) :==e(t) + 3 (lim sup g(x) — E) ,
B <0 and B > A arbitrarily large. Finally, by virtue of (4.18), f satisfies (4.3)
with B > r arbitrarily large. Now, the assertion follows by Theorem 4.4. 0

For the case p > 2 we have an existence result under weaker assumptions.

4.6. Corollary. Let p > 2. Assume the hypothesis of the previous result, replacing
condition (4.17) by the following one:

There is B >0 such that €+ g(z) <0 for all x > B.

Then problem (1.1),(1.2) has a solution w such that u(t) >r on [0,T].
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4.7. Example. Consider the problem
(4.19) (dp(u))" = glu) +e(t),  u(0) =w(T), o'(0)=u'(T),

with 1<p<oo; g(x):=—ka?'+% for £>0; a>0, >0, k>0; and e € L;[0,T]
essentially bounded below, i.e.

e.:= inf ess{e(t): t€[0,T]} > — oc.

We need to find conditions under which assumptions (4.17) and (4.18) are satisfied.

It is easy to see that if k>0, then the assumption (4.17) of Corollary 4.5 is satisfied
for all e€ L1[0,7T], while in the case k=0 this condition holds whenever €< 0.

Denote u= (72)",
hT(x)::i+u(x—r)p_1—kxp_1 for r>0and >r orr=0and z>r.
xa

We can see that to verify condition (4.18) it suffices to show that
(4.20) Jr>0 such that e, +h.(z) >0 forall z>r.

Since lim, oo hp(x)=—0c0 if k>p, p>1 and r>0 and also if k=pu, p>2 and
r >0, condition (4.20) can not be satisfied in these cases. It remains to consider the
following two possibilities:

(i) 1<p<2,  0<k<y,
(i) 2<p<oo, O0<k<p.

Case (i). If 1<p<2, then the inequality (z —7r)P~! > 2P~1 —rP~1 holds for all r >0
and x >r. Therefore, h.(z)>ho(z) —prP~! forall z>r, ie.

s(r) > 2(0) — prP~t for all k€l0,p),
where 3(r) stands for
»(r) .= inf{h,(z): z € (r,00)} for r>0.

It follows that condition (4.20) is satisfied provided e, + 2(0) >0 and r= (%’{(0» o
Notice that

#(0)=a <O‘+p_1) ((p_l) (’“‘_k))mt_l it kelo, ),

p—1 aa
#(0)=0 if k=p.

(4.21)
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In particular, if &=y, problem (4.19) possesses a positive solution whenever e, > 0.

Case (ii). Let p>2. First, assume that k=0. Then, for each r>0 there is exactly
one 7, € (0,00) such that (r) = h.(z,). We can check that

T
lim z, =7y = ((a—au> and  lim »(r)= lim h,.(Z,)=ho(Zo) = 5(0),

r—0-+ p—]_) r—0-+ r—0-+

where 2(0) is given by (4.21). In particular, if s(0)+e, >0, then thereis r >0 such
that s(r) 4+ e, >0, which means that (4.20) and hence also (4.18) are satisfied.

Now, assume that 0 <k <p and let e, >0. Denote

() =p(x—r)Pt—ka?™' for r>0 and x>7.

1
We have ¢/ (z)=0 if and only if x=2z,, where %::T(l_(E) ”72> and
U

p—1

G0(F) = pr ! (1 _(E)PIQ)”’ ((%)—k) = inf {G.(2): z € (0,00)} .

Furthermore, g, is strictly increasing on [z,,00) and g,.(x) >0 for all x>¢&,., where
A= e -

fr::r(l— (—) 1) € (zy,00). Thus, e, +h,(z)=e.+ % +g.(2) >0 for 2>¢.. On
1

the other hand, for z€[r,&] we have e, + h.(z) Ze. + = + g,(Z,). Consequently,

condition (4.20) is satisfied whenever

(4.22) e. + 5% +3,(3,) > 0.
Now, since lim, o, T, = lim,_oy & =0, we have

a
lim §,(7,)=0 and lim — = oc.
ri%l%»g (:E ) an ri%i fra >

Thus, we can see that (4.22) and hence also (4.20) hold.

Finally, let us consider the case that p>2, 0<k<p and e, = —n, <0. We want
again to show that (4.20) is true. To this aim let us rewrite the inequality e, + h,.(z) >0

as follows

~ M« a r

p—1
(@) i= =+ (1 . E> > k.

First, notice that lim,_ . h.(z)=p >k and thereis 6 >0 such that

%r(r):ﬂZk‘ for all r€(0,0).

Ta—l—p—l
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Indeed, it suffices to choose 6 >0 in such a way that both inequalities

a+p—1 < i (e% < E
) ST and M. 0% < 5
hold. Furthermore, ?L;(:L‘) =0 if and only if
(1.23) or(2) =0 (2)

holds, where

pr(x):=7rp(p—1) (1—2)17_2 and o(x):= a(;:f_zl) - 77*1(5_—21)'

We can see that, for each r >0, the function p, is strictly increasing on [r,o0), while
pr(r)=0 and lim, .. p.(z)=7u(p—1)>0. On the other hand, o'(z)=0 if and only
if x=¢,, where

1
¢ = (a (a+p—1) (a—l—p—2)) o
) n. (p—1) (p—2) '
Furthermore, o is strictly decreasing on (0, &,], strictly increasing on [y, 00), o(&,)<O0,
lim, .o 0(z)=0 and o(z)=0 if and only if z=¢, where

- (555

As a result, for each r€(0,£) there is exactly one point =, € (r,£) such that (4.23)
holds for z=7z,. Consequently, h,.(z,)= inf{h,(x): z€[r,o00)}. Now, we can show
that

a+p—1
T =y T aa ns(p—1) \
1 = - —
i Bl =Tl = - () (D)
Therefore, if
a+p—1

aa N« (p—1) o
4.24 k> ,
424 8 (p—l) (a(@+p—1i>
then there exist r € (0, min{d,&}) such that h,(z) >k holds for each z>r. In other
words, provided (4.24) is true, condition (4.20) is satisfied. Now, it is a question of rou-

tine, to verify that condition (4.24) is equivalent to condition (0)+ e, >0 with 2(0)
given by (4.21).

To summarize, by Corollary 4.5 problem (4.19) has a positive solution if:

1 A==
k=0, 1<p<oo,e<0 and e,>—a (a+p )((p ),u>
p—1 aa

or
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or

-1 —1) (u— Fp=1
O<k<p, 1<p<2 and e, > —a <a+p ) ((p ) (w k‘))
p—1 aa

O<k=pu, 1<p<L2 and e, >0.

In particular, if k=p and 1<p<2, then problem (4.19) has a positive solution
whenever e, > 0.
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