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Abstract� The paper deals with the linear di
erential equation

�pu�	� � q
�

u � f
���
��	

with distributional coe�cients and solutions from the space of regulated functions� Our aim is to get
the basic existence and uniqueness results for the equation �
��	 and to generalize the known results
due to F� V� Atkinson �At���� J� Lig�eza �Li�����Li���� �Li���� �Li���� �Li���� R� Pfa
 �Pf�
�� �Pf����
A� B� Mingarelli �Mi���� as well as the results from the paper �PeTv��� concerning the equation
�
��	�

AMS Subject Classi�cation� �� A ��� �� F ���

Keywords� regulated function� distribution� Perron�Stieltjes integral� Kurzweil integral� general�
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� � Preliminaries

Throughout the paper R denotes the space of real numbers� ��� T � is the closed
interval � � t � T� ��� T � is the open interval � � t � T� while ��� T � and ��� T � are
the corresponding half�open intervals�

Any function f � ��� T � �� R which possesses 	nite limits

f�t
� � lim
��t�

f��� and f�s�� � lim
��s�

f���

for all t � ��� T � and s � ��� T � is said to be regulated on ��� T �� The space of functions
regulated on ��� T � is denoted by G � while G reg stands for the set of all functions f � G

such that

f��
� � f���� f�t� � �
� �f�t�� 
 f�t
�� for all t � ��� T �� f�T�� � f�T �������
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Functions ful	lling ����� are usually called regular on ��� T ��
Given f � G � t � ��� T �� s � ��� T � and r � ��� T �� we put

��f�t� � f�t
�� f�t�� ��f�s� � f�s�� f�s�� and �f�r� � f�r
�� f�r���

BV denotes the space of functions of bounded variation on ��� T �� The subspace of
BV consisting of the functions of bounded variation on ��� T � and regular on ��� T �
will be denoted by BV reg�

As usual� L� stands for the space of measurable and Lebesgue integrable func�
tions on ��� T �� L� denotes the space of measurable and essentially bounded func�
tions on ��� T � and A C stands for the space of functions absolutely continuous on
��� T ��

The integrals which occur in this paper are the Perron�Stieltjes ones� Let us
mention here some of their further properties often needed later on�

Let the functions f� g be regulated on ��� T �� If the integralZ T

�
f�s�dg�s�

has a 	nite value� then by �Ku��� Theorem ������ the function

h � t � ��� T � ��

Z T

�
fdg � R

is regulated on ��� T �� Let us note that the integralZ T

�
f�s�dg�s�

has a 	nite value if both the functions f� g are regulated on ��� T � and at least one
of them has a bounded variation on ��� T � �cf� �Tv��� Theorem 
����� In this case
the above mentioned �Ku��� Theorem ������ implies that

h�t
� � h�t� 
 f�t���g�t� and h�s�� � h�s�� f�s���g�s�

holds for all t � ��� T � and s � ��� T �� Moreover� if g � BV � then h � BV as well�

���� Proposition� �Substitution Theorem� Let f� g� h � ��� T � �� R be such that h
is bounded on ��� T � and the integralZ T

�
f�t�d�g�t��

exists� Then the integral Z T

�
h�t�f�t�d�g�t��
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exists if and only if the integralZ T

�
h�t�d

h Z T

�
f�s�d�g�s��

i

exists� and in this case the relationZ T

�
h�t�d

h Z T

�
f�s�d�g�s��

i
�

Z T

�
h�t�f�t�d�g�t��

holds�

For the proof see �Tv��� Theorem 
�����

���� Proposition� �Integration�by�parts formula� If f � BV and g � G � then both

the integrals Z T

�
f�t�d�g�t�� and

Z T

�
d�f�t��g�t�

exist andZ T

�
f�t�d�g�t�� 


Z T

�
d�f�t��g�t�

� f�T �g�T �� f���g��� ���f�����g���



X

��t�T

���f�t���g�t����f�t���g�t�� 
 ��f�T ���g�T ��

For the proof see �Tv��� Theorem 
�����

Further properties of the Perron�Stieltjes integral with respect to regulated func�
tions were described in �Tv��� and �Tv���� �See also �SchTvVe��� and �PeTv�����

Distributions considered in this paper are linear continuous functionals on the
topological vector space D of functions � � R �� R possessing for any j � N � f�g
a derivative ��j� of the order j which is continuous on R and such that ��j��t� � �
for any t � R n ��� T �� The space D is endowed with the topology in which the
sequence �k � D tends to �� � D in D if and only if

lim
k
k�

�j�
k � �

�j�
� k � �

for all non negative integers j� The space of distributions on ��� T � �i�e� the dual
space to D � is denoted by D �� Given a distribution f � D

� and a test function
� � D � the value of the functional f on � is denoted by hf� �i� For any f � L� �� the
relation

� � D �

Z T

�
f�t���t�dt
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de	nes a distribution on ��� T � which will be denoted by the same symbol f� i�e�

hf� �i �

Z T

�
f�t���t�dt for all � � D �

In this sense� the zero distribution � � D � on ��� T � is identi	ed with an arbitrary
measurable function vanishing a�e� on ��� T �� Obviously� if f � G � then f � � � D �

only if f�t�� � f�s
� � � for all t � ��� T � and all s � ��� T �� Consequently� if
f � G reg � then f � � � D

� if and only if f�t� � � for all t � ��� T �� This means
that for a given g � L�

T there may exist at most one function f � G reg such that
f�t� � g�t� a�e� on ��� T ��

Given two distributions f� g � D
�� f � g means that f � g � � � D

�� In
particular� for given functions f� g � ��� T �� R � f � g holds if and only if f�t� � g�t�
a�e� on ��� T �� Whenever a relation of the form f � g for distributions or functions
f and g �written without arguments� occurs in the following text� it is understood
as the equality in the above sense�

Given an arbitrary f � D �� f � denotes its distributional derivative� i�e�

f � � � � D �� hf �� �i � �hf� ��i�

Analogously� for j � N�

f �j� � � � D �� hf �j�� �i � ����jhf� ��j�i�

For absolutely continuous functions their distributional derivatives coincide with
their classical derivatives� of course� It is well�known that if f � D �� then f � � � if
and only if f � L� � and there exists c� � R such that f�t� � c� a�e� on ��� T � �cf�
�Ha�
� Sec����� It follows easily that if k is a non negative integer� then f �k� � � � D �

if and only if there exist c�� c�� � � � � ck�� � R such that

f�t� � c� 
 c�t
 � � �
 ck��t
k�� a�e� on ��� T ��

Let us notice that if u � G reg and v � G reg are such that u� � v� then u � A C �
Indeed� for

w�t� � u��� 


Z t

�
v�s�ds

we have �w � u�� � �� w��� � u��� and consequently �as w � u � G reg� w�t� � u�t�
on ��� T ��

���� De�nition� Let f � G and g � BV be such that

��f�t���g�t� � ��f�t���g�t� for all t � ��� T �����
�

Then we de	ne

f �g � � � D �� hf �g� �i �

Z T

�
g�t���t�d�f�t�������

and
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fg� � � � D �� hfg�� �i �

Z T

�
f�t���t�d�g�t��������

���� Remark� Let us notice that the condition ���
� is satis	ed e�g� in the following
cases �

�i� both f and g are regular on ��� T � �

�ii� at least one of the functions f or g is continuous on ��� T ��

�iii� one of the functions f� g is left�continuous on ��� T �� while the other is right�
continuous on ��� T ��

If f � L� � and g � G � then ����� implies that the product fg is given by

fg � � � D �� hfg� �i �

Z T

�
f�t�g�t���t�dt�

i�e� the product of the functions f and g is in such a case represented by the function
t � ��� T � �� f�t�g�t��

���� Lemma� Let f � G and g � BV satisfy ���
�� Then

f �g �
�Z t

�
d�f�s��g�s�

�
�

�����

and

fg� �
�Z t

�
d�g�s��f�s�

�
�

������

Proof� In virtue of Propositions ��� and ��
 we have for any � � D

hf �g� �i �

Z T

�
d
h Z t

�
d�f�s��g�s�

i
��t� � �

Z T

�

� Z T

�
d�f�s��g�s�

�
���t��

i�e� ����� is true� The formula ����� could be veri	ed analogously�

���� Remark� It follows from De	nition ��� and from the integration�by�parts for�
mula �cf� Proposition ��
� that for any couple of functions f � G � g � BV ful	lling
the condition ���
� the relation

�fg�� � fg� 
 f �g

holds�

���� Remark� It is easy to see that for � � ��� T �� f�t� � � for t � �� f��� � �
� �

f�t� � � for t � � and g � f �� we obtain from De	nition ��� fg � �
�g� i�e� De	nition

��� seems not to be contradictory to the known de	nitions of the product of measures
and regulated functions based on the sequential approach �cf� �Li�����
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� � Homogeneous equation

Let us consider the equation

�pu��� 
 q�u � ���
���

where

p� q � BV reg� p�t� �� � on ��� T � and p�� � BV ��
�
�

���� De�nition� A function u � ��� T � �� R is called a solution to the equation �
���
on the interval ��� T � if u � G reg and �pu��� 
 q�u is the zero distribution on ��� T ��

���� Proposition� A function u � G reg is a solution to the equation �
��� on ��� T �
if and only if u � A C � u� � L�� and there is v � BV reg such that the couple �u� v�
is a solution on ��� T � to the system of integral equations

u�t� � u��� 


Z t

�
p���s�v�s�ds� t � ��� T ��
���

v�t� � v����

Z t

�
d�q�s��u�s�� t � ��� T ���
���

Proof� a� Let u � G reg and v � BV reg ful	l �
��� and �
��� on ��� T �� Then obviously

u� � p��v � L���

By Lemma ��� we have

v� � �q�u�

Moreover� making use of the Substitution Theorem �cf� Proposition ���� and of
Lemma ��� we obtain

pu� �
�Z t

�
p�s�

h
d

Z s

�
p�����v���d�

i�
�

�
�Z t

�
v���d�

�
�

� v�

Hence

�pu��� 
 q�u � v� 
 q�u � ��

b� Let u � G reg be a solution to �
��� on ��� T �� Then

� Z t

�
p�s�d�u�s�� 


Z t

�

�Z s

�
d�q����u���

�
ds
�
��

� ��
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Hence there are c� and c� � R such thatZ t

�
p�s�d�u�s�� 


Z t

�

� Z s

�
d�q����u���

�
ds� c� � c�t � ��
���

holds for a�e� t � ��� T �� The left�hand side of �
��� being a regulated function which
is regular on ��� T �� the relation �
��� is true for a�e� t � ��� T � if and only if it is
true for each t � ��� T �� In particular� inserting t � � we get c� � �� Moreover�Z t

�
p�s�d�u�s�� � c�t�

Z t

�

� Z s

�
d�q����u���

�
ds

�

Z t

�

�
c� �

Z s

�
d�q����u���

�
ds for all t � ��� T ��

Let us denote

v�t� � c� �

Z t

�
d�q�s��u�s�� for t � ��� T ��

Then v � BV reg� v��� � c� and the couple �u� v� ful	ls the relations �
��� andZ t

�
p�s�d�u�s�� �

Z t

�
v�s�ds t � ��� T ���
���

In particular� Z t

�
p�s�d�u�s�� � A C �

Furthermore� di�erentiating the relation �
��� we get

pu� � v��
���

Making use of the Substitution Theorem �cf� Proposition ���� and of Lemma ��� we
obtain from �
��� that

p��v � p���pu�� � p��
�Z t

�
p�s�d�u�s��

�
�

�
�Z t

�
p���s�d

h Z s

�
p���d�u����

i�
�

�
�Z T

�
d�u�s��

�
�

� u��

i�e�

u� � p��v��
���

Consequently u� � p��v � L��� It follows that u � A C and the relation �
���
is true if and only if the relation �
��� is true� This completes the proof of the
proposition�
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���� Remark� It follows from the proof of Proposition 
�
 that for any solution u
of the equation �
��� on ��� T � there exists a function w � BV such that

u��t� � w�t� a�e� on ��� T � and p�t�w�t� � v�t� on ��� T ��

The system �
���� �
��� may be rewritten in the vector form

x�t� � x��� 


Z t

�
d�A�s��x�s���
���

where

x�t� �

�
u�t�
v�t�

�
and A�t� �

�
� �

R t
� p

���s�ds

�q�t� �

�
A � t � ��� T ���
����

Obviously� A�t� is a 
	 
�matrix valued function of bounded variation on ��� T ��
The system �
��� is a generalized linear di�erential equation considered e�g� in �Sch�
�
�cf� also �SchTvVe��� or �Sch����� Under our assumptions A��
� � A���� A�T�� �
A�T ��

det
�
I ���A�t�

�
� det

	
� �

��q�t� �



� � for t � ��� T ��
����

and

det
�
I 
��A�t�

�
� det

	
� �

���q�t� �



� � for t � ��� T ���
��
�

Hence the following assertion is an immediate consequence of �Sch�
� Proposition

�� and Theorem ���� �cf� also �SchTvVe��� Theorem III�������

���� Theorem� Let us assume �
�
�� Then for any u�� v� � R and any t� � ��� T ��
there exists a unique solution u � A C of the equation �
��� on ��� T � and a unique

function v � BV reg such that

p�t�u��t� � v�t� a�e� on ��� T �� u�t�� � u� and v�t�� � v��

���� Remark� It follows easily from the basic properties of the Perron�Stieltjes
integral that the relations

��v��� � ��v�T � � � and �v�t� � ��q�t�u�t�� t � ��� T �

hold for any couple of functions u � A C � v � BV satisfying the system �
�����
���
on ��� T � �cf� e�g� �SchTvVe��� Proposition III�������
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���� Remark� Theorem 
�� could be obtained from Proposition 
�
 by making use
of a somewhat modi	ed version of �Mi��� Theorem I������ as well�

���� Corollary� There exists a unique system of functions fu�� v�� u�� v�g possess�

ing the following properties�

u�� u� � A C � u��� u
�

� � L��� v�� v� � BV reg��
����

v�i 
 q�ui � � and pu�i � vi �i � �� 
���
����

and

u���� � �� v���� � �� u���� � �� v���� � ���
����

��	� De�nition� The system fu�� v�� u�� v�g of functions possessing the properties
�
������
���� given by Corollary 
�� will be called the fundamental system of solutions

to �
��� on ��� T ��

��
� Corollary� Let us assume �
�
� and let fu�� v�� u�� v�g be the fundamental sys�

tem of solutions to �
��� on ��� T �� Then a function u � G reg is a solution to the

equation �
��� on ��� T � if and only if there are � and � � R such that

u�t� � �u��t� 
 �u��t� on ��� T ��

����� Proposition� Let fu�� v�� u�� v�g be the fundamental system of solutions to

�
��� on ��� T �� Then the relation

u��t�v��t�� u��t�v��t� � ��
����

holds for all t � ��� T ��

Proof� In virtue of �
���� we have

�u�v� � u�v��
� � u���pu

�

��� u���pu
�

��� u��q
�u��� u��q

�u���

Since p � BV reg and by �
���� u��� u
�

� � L��� the products u���pu
�

�� and u���pu
�

�� are
functions essentially bounded on ��� T � and they are given for a�e� t � ��� T � by�

u���pu
�

��
�
�t� � u���t�p�t�u

�

��t� and
�
u���pu

�

��
�
�t� � u���t�p�t�u

�

��t��

respectively� Furthermore� by De	nition ��� and Lemma ��� we have

u��q
�u�� � u�

� Z t

�
d�q�s��u��s�

�
�

�
�Z t

�
u��s�u��s�d�q�s��

�
�

and

u��q
�u�� � u�

� Z t

�
d�q�s��u��s�

�
�

�
�Z t

�
u��s�u��s�d�q�s��

�
�

�
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Thus �
u�v� � u�v�

�
�

� ��

i�e� there exists a c � R such that

u��t�v��t�� u��t�v��t� � c�
����

holds for a�e� t � ��� T �� As the left�hand side of the relation �
���� is a regular
function of bounded variation on ��� T � � it follows that �
���� holds for each t � ��� T ��
Inserting t � � we obtain c � �� i�e� the relation �
���� is true�

� � Nonhomogeneous equation

This section is devoted to the nonhomogeneous equation

�pu��� 
 q�u � f ��������

where p and q ful	l the assumptions �
�
� and

f � G reg ����
�

���� De�nition� A function u � ��� T � �� R is said to be a solution to the equation

����� on the interval ��� T � if u � G reg and �pu��� 
 q�u� f �� is the zero distribution
on ��� T ��

���� Remark� Let us try similarly as in the classical case to 	nd a particular solu�
tion y to the equation ����� in the form

y � �u� 
 �u�������

where u� and u� � A C are functions from the fundamental system of solutions to
the corresponding homogeneous equation

�pu��� 
 q�u � �

given by De	nition 
�� and � and � � G reg are such that

��u� 
 ��u� � �������
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By the Substitution Theorem �cf� Proposition ���� and by Lemma ��� we have

py� � p��u�� 
 �u��� � p
�Z t

�
��s�d�u��s�� 


Z t

�
��s�d�u��s��

�
�

�
�Z t

�
p�s�d

h Z s

�
��s�d�u��s��

i�
�



�Z t

�
p�s�d

h Z s

�
��s�d�u��s��

i�
�

�
�Z t

�
p�s���s�d�u��s�� 


Z t

�
p�s���s�d�u��s��

�
�

�
�Z t

�
��s�d

h Z s

�
p�s�d�u��s��

i�
�



�Z t

�
��s�d

h Z s

�
p�s�d�u��s��

i�
�

� ��pu��� 
 ��pu��� � �v� 
 �v�

and

q�y � q���u� 
 �u�� �
� Z t

�
d�q�s�����s�u��s� 
 ��s�u��s��

�
�

�
�Z t

�
��s�d

h Z s

�
d�q����u����

i�
�



�Z t

�
��s�d

h Z s

�
d�q����u����

i�
�

� ��q�u�� 
 ��q�u���

Hence by �
����

�py��� 
 q�y � ��v�� 
 q�u�� 
 ��v�� 
 q�u�� 
 ��v� 
 ��v�

� ��v� 
 ��v��

i�e� the function y of the form ����� is a solution to ����� on ��� T � if and only if the
couple �� � � G reg satis	es the relations ����� and

��v� 
 ��v� � f ��������

Making use of Proposition 
��� we could show that ����� and ����� are satis	ed if

�� � �f ��u� and �� � f ��u�������

If we had p��v� and p��v� � BV reg or f were continuous on ��� T �� then the products
f �u�� � f ��p��v�� and f �u�� � f ��p��v�� would be de	ned by

f �u�� �
�Z t

�
d�f�s��p���s�v��s�

�
�

and

f �u�� �
�Z t

�
d�f�s��p���s�v��s�

�
�

�

respectively� Then we would have

f ��u� � �f �u��
� � f �u�� �

�
f �u� �

Z t

�
d�f�s��p���s�v��s�

�
�

and
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f ��u� � �f �u��
� � f �u�� �

�
f �u� �

Z t

�
d�f�s��p���s�v��s�

�
�

�

This means that we could put

� � �f �u�


Z t

�
d�f�s��p���s�v��s������

and

� � f �u��

Z t

�
d�f�s��p���s�v��s������

and after inserting ����� and ����� into ����� we would get the following formula for
a particular solution y of the given equation ������

y�t� �

Z t

�
d�f�s��p���s�

�
v��s�u��t�� v��s�u��t�

�
on ��� T �������

The distributions � and � given respectively by ����� and ����� are in general not
regular functions on ��� T �� of course� Nevertheless it may be proved that under
our assumptions the formula ����� provides a solution to ����� on ��� T � �without
assuming that p��v� and p��v� � BV reg or f is continuous on ��� T ���

���� Theorem� Let us assume �
�
� and ���
�� A function u � G reg is a solution

to the equation ����� on ��� T � if and only if there are � and � � R such that

u�t� � �u��t� 
 �u��t�������




Z t

�
d�f�s��p���s��v��s�u��t�� v��s�u��t�� on ��� T ��

where fu�� u�� v�� v�g is the fundamental system of solutions to the corresponding

homogeneous equation �pu��� 
 q�u � � on ��� T � given by De�nition rm����

Proof� a� Let the function u be given by ������� Then obviously u � G reg � Further�
more�

u� � �u�� 
 �u��



�Z t

�
d�f�s��p���s�v��s�

�
�

u� �
�Z t

�
d�f�s��p���s�v��s�

�
�

u�



�Z t

�
d�f�s��p���s�v��s�

�
u�� �

�Z t

�
d�f�s��p���s�v��s�

�
u���
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In virtue of the Substitution Theorem �cf� Proposition ���� and of Lemma ��� we
have

p

	�Z t

�
d�f�s��p���s�v��s�

�
�

u�




� p
� Z t

�
d
h Z s

�
d�f����p�����v����

i
u��s�

�
�

� p
�Z t

�
d�f�s��p���s�v��s�u��s�

�
�

�
�Z t

�
p�s�d

h Z s

�
d�f����p�����v����u����

i�
�

�
�Z t

�
d�f�s��v��s�u��s�

�
�

�

Analogously

p

	�Z t

�
d�f�s��p���s�v��s�

�
�

u�



�
� Z t

�
d�f�s��v��s�u��s�

�
�

�

Obviously�

p

	�Z t

�
d�f�s��p���s�v��s�

�
u��



� p

	�Z t

�
d�f�s��p���s�v��s�

�
u��




�
�Z t

�
d�f�s��p���s�v��s�

�
pu�� �

� Z t

�
d�f�s��p���s�v��s�

�
pu��

�
�Z t

�
d�f�s��p���s�v��s�

�
v� �

� Z t

�
d�f�s��p���s�v��s�

�
v��

Since by Proposition 
���Z t

�
d�f�s���v��s�u��s�� v��s�u��s�� � f�t�� f����

we have

pu� �
�
�


Z t

�
d�f�s��p���s�v��s�

�
v�������



�
� �

Z t

�
d�f�s��p���s�v��s�

�
v� 
 f �

and consequently� taking into account the de	nition of the functions u�� u�� v� and
v�� we obtain

�pu��� 
 q�u �
�
�


Z t

�
d�f�s��p���s�v��s�

�
�v�� 
 q�u��



�
� �

Z t

�
d�f�s��p���s�v��s�

�
�v�� 
 q�u��



� Z t

�
d�f�s��p���s�

�
v��s�v��s�� v��s�v��s�

���

 f �� � f ���

b� Let u and w be solutions to ����� on ��� T � and let y � u �w� Then �py���
q�y �
� and the proof of this theorem is completed by making use of Corollary 
���
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Similarly as the corresponding homogeneous equation

�pu��� 
 q�u � �

treated in the previous section the present equation can be rewritten as a system of
two linear generalized di�erential equations� as well�

���� Proposition� A function u � G reg is a solution to the equation ����� on ��� T �
if and only if there is a function v � BV reg such that

u�t�� u��� �

Z t

�
p���s�v�s�ds �

Z t

�
p���s�d�f�s��� t � ��� T ������
�

and

v�t�� v��� 


Z t

�
d�q�t��u�s� � �� t � ��� T �������

hold� For a given solution u of the equation ����� on ��� T � this function v is deter�

mined uniquely�

Proof� a� Let u � G reg be a solution to ����� on ��� T �� Then by Lemma ��� we have

	Z t

�
p�s�d�u�s�� 


Z t

�

�Z s

�
d�q����u���

�
ds� f



��

� ��

i�e� there are c�� c� � R such thatZ t

�
p�s�d�u�s�� 


Z t

�

�Z s

�
d�q����u���

�
ds� f�t�� c� � c�t � � on ��� T ��������

�The left�hand side of ������ being regular on ��� T �� it equals � for a�e� t � ��� T � if
and only if it equals � for all t � ��� T ���

In particular� we have c� � �f��� and

Z t

�
p�s�d�u�s��� f�t� 
 f��� �

Z t

�
v�s�ds� t � ��� T ��������

where

v�t� � c� �

Z t

�
d�q�s��u�s�� t � ��� T ��������

Obviously� v��� � c� and hence the equations ������ and ������ coincide� Moreover�
v � BV reg and v given by ������ is the only function in BV reg such that ������ holds�
Di�erentiating ������ we obtain

pu� � v � f ��������
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By ������ the function

r�t� �

Z t

�
p�s�d�u�s��� f�t�� t � ��� T �

is absolutely continuous on ��� T � and according to Lemma ��� we have

r� � pu� � f ��

Thus the product

p��r� � p���pu� � f ��

is by De	nition ��� well de	ned� Making use of the Substitution Theorem �cf�
Proposition ���� and of Lemma ��� we obtain

p��r� �
�Z t

�
p���s�d�r�s��

�
�

�
�Z t

�
d�u�s���

Z t

�
p���s�d�f�s��

�
�

� u� �
� Z t

�
p���s�d�f�s��

�
�

�

wherefrom by ������ the relation

u� � p��v �
� Z t

�
p���s�d�f�s��

�
�

������

follows� By Lemma ��� the relation ������ holds if and only if there is a d � R such
that

u�t��

Z t

�
p���s�v�s�ds�

Z t

�
p���s�d�f�s�� � d on ��� T ��������

�The left�hand side of ������ is regular on ��� T ��� Obviously d � u��� and hence the
equations ������ and ����
� coincide� We have shown that for any solution u � G reg

of ����� on ��� T � there is a unique v � BV reg such that ����
� and ������ hold�

b� On the other hand� if u � G reg and v � BV reg ful	l ����
� and ������� then by
Lemma ��� the relations ������ and

v� 
 q�u � ����
��

are true� It is easy to see that

p�p��v� � v�

Furthermore� by the Substitution Theorem �cf� Proposition ���� and Lemma ���

p�p��f �� � p
�Z t

�
p���s�d�f�s��

�
�

�
� Z t

�
p�s�d

h Z s

�
p�����d�f����

i�
�

�
�Z t

�
d�f�s��

�
�

� f ��
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Consequently� the relations ������ and ���
�� yield

�pu��� 
 q�u �
�
p�p��v� 
 p�p��f ��

�
�

� v�

� v� 
 f �� � v� � f ���

i�e� u is a solution to ����� on ��� T ��

���� Remark� Results analogous to Theorem ��� and Proposition ��� for a system
similar to ����
�������� and corresponding to the case that f � � BV and f � is right�
continuous on ��� T � were given in �Mi��� Theorem I������

The system ����
�������� may be rewritten in the vector form

x�t�� x��� �

Z t

�
d�A�s��x�s� � g�t�� g���� t � ��� T ��

where

x�t� �

	
u�t�

v�t�



� g�t� �

�
�
R t
� p

���s�d�f�s��

�

�
A � t � ��� T �

and the 
	 
�matrix valued function A�t� is given by �
����� i�e�

A�t� �

�
� �

R t
� p

���s�ds

�q�t� �

�
A � t � ��� T ��

A has a bounded variation on ��� T ��

det
�
I ���A�t�

�
� �

�cf� �
���� and g is regulated and regular on ��� T �� Moreover� A and g are regu�
lar on ��� T �� Consequently� �Tv��� Proposition 
��� �whose assumption on the left�
continuity of A�t� and f�t� on ��� T � was not exploited in the proof� ensures the
existence and uniqueness of solutions of the corresponding initial value problems�
This enables us to prove the following assertion�

���� Theorem� Let us assume �
�
� and ���
� and let fu�� u�� v�� v�g be the funda�

mental system of solutions to the corresponding homogeneous equation �pu���
q�u �
� on ��� T � given by De�nition 
��� Then for any u�� v� � R there exists a unique

solution u � G reg of ����� on ��� T � and a unique function v � BV reg such that �������
u��� � u� and v��� � v� hold� This solution u�t� is given by ������� where � � u�
and � � v�� Furthermore�

v�t� �
�
u� 


Z t

�
d�f�s��p���s�v��s�

�
v��t����
��


 �v� �

Z t

�
d�f�s��p���s�v��s�

�
v��t�

���f�t�p���t���q�t� for all t � ��� T ��
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Proof� It remains to show that in the formula ������ for u�t� we may put � � u�
and � � u� and that the formula ���
�� is true� By �
��
� we have u���� � � and
u���� � �� Hence ������ implies that u��� � � � u�� Furthermore� by ������ and
������

v�t� � w��t�v��t� 
 w��t�v��t� a�e� on ��� T �����

�

where

w��t� � u� 


Z t

�
d�f�s��p���s�v��s�� t � ��� T ����
��

and

w��t� � � �

Z t

�
d�f�s��p���s�v��s�� t � ��� T �����
��

It is easy to see that under our assumptions w� and w� � G reg and hence �cf� also
�
��
�

v��� � v��
� � w����v���� 
 w����v���� � �v���� � ��

i�e� we may put � � v� in ���
��� Furthermore� by ���

�����
�� we have

v�t�� � w��t�v��t�� 
 w��t�v��t�����f�t�p���t��v��t��� v��t���

for all t � ��� T ��

Analogously

w�t
� � w��t�v��t
� 
 w��t�v��t
� 
��f�t�p���t��v��t
�� v��t
��

for all t � ��� T ��

Since ��f�t� � ��f�t� on ��� T � �f is regular on ��� T ��� it follows that

v�t� � �
� �v�t�� 
 v�t
�� � w��t�v��t� 
 w��t�v��t�


�
��

�f�t�p���t�
�
v��t��v��t�� v��t��v��t�

�
for all t � ��� T ��

Furthermore� we have

�v��t� � �u��t��q�t� and �v��t� � �u��t��q�t�

on ��� T � �cf� Remark 
��� and

u��t�v��t�� u��t�v��t� � �

on ��� T � �cf� Proposition 
����� Hence the relation

v�t� � w��t�v��t� 
 w��t�v��t��
�
��

�f�t�p���t��q�t�

and consequently also the formula ���
�� hold for any t � ��� T �� �Let us recall that
the regularity of q implies that �q�t� � 
��q�t� holds for all t � ��� T ���

Obviously� v�T � � w��T �v��T � 
 w��T �v��T �� which completes the proof�
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� � Example

In this section we will consider the boundary value problem

u�� 
 q�u �

NX
j��

gj�
�

�j
������

u��� � u�� u�T � � uT ����
�

where

� � �� � �� � � � � � �N � T� u� � R � uT � R

and functions gj �j � �� 
� � � � � N� continuously di�erentiable on ��� T � are given�
��j � h��j � j � �� 
� � � � � N� and h�j � j � �� 
� � � � � N� stand for the regular Heaviside
functions with jumps at t � �j� i�e�

h�j �t� �

���

���

� for t � �j�

�
� for t � �j�

� for t � �j�

A special case of the problem ���������
� �with q� � b� where b � L�� is piecewise
continuous and N � �� was treated in �Ho���� where a procedure of its numerical
solution was suggested�

Let us put

f�t� �

NX
j��

	Z t

�
gj�s�d�h�j �s���

Z t

�

� Z s

�
g�j�	�d�h�j �	��

�
ds



�����

for t � ��� T �� It is easy to verify that

f � �
NX
j��

�
gj��j �

Z t

�
g�j�s�d�h�j �s��

�
and f �� �

NX
j��

gj�
�

�j
�

It means that the equation ���
� is a special case of the equation ����� treated in the
previous section�

Let fu�� u�� v�� v�g be the fundamental system of solutions to the corresponding
homogeneous equation u��
 q�u � � on ��� T � de	ned by De	nition 
��� By Theorem
���� for any u�� v� � R there exists a unique solution u � G reg � v � BV reg of the
system

v� 
 q�u � �� u� � v � f ������
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on ��� T � such that u��� � u� and v��� � v� hold� �The function u�t� is then
a solution to the equation ������ of course�� Inserting ����� into ������ and ���
���
where p�t� � � on ��� T �� we obtain that this solution is given for t � ��� T � by

u�t� �
�
u� 
 a�t�

�
u��t� 


�
v� � b�t�

�
u��t� on ��� T ������

and

v�t� �
�
u� 
 a�t�

�
v��t� 


�
v� � b�t�

�
v��t� 
 
�t� on ��� T ������

where

a�t� �

NX
j��

h�j �t�
�
gj��j�v���j� 
 g�j��j�u���j�

�
�

b�t� �

NX
j��

h�j �t�
�
gj��j�v���j� 
 g�j��j�u���j�

�
and


�t� �

NX
j��

�h�j �t�g
�

j��j����h�j �t�gj�t��
�q�t���

In particular� it is easy to see that �u�t� � � for t �� f��� ��� � � � � �Ng� Furthermore�
it follows from ����� and ����� that �u��k� � gk��k� for k � �� 
� � � � � N� Moreover�
we have

��v��� � ��v�T � � � and �v�t� � ��q�t�u�t� for all t � ��� T ��

Obviously� the function ����� ful	ls ����� if and only if v� � R is such that

u��T �v� � uT �
�
u� 
 a�T �

�
u��T � 
 b�T �u��T ��

Hence under the assumption that u��T � �� � for any u� � R and any uT � R the
function u�t� given on ��� T � by

u�t� �
�
u� 
 a�t�

�
u��t������



�u� � �u� 
 a�T �

�
u��T �

u��T �


�
b�T �� b�t�

��
u��t�

is the unique solution of the boundary value problem ������ ���
��

The formula ����� enables us to get respectively precise or approximate values
of the solution u�t� of the boundary value problem ������ ���
� once the precise or
approximate values u��t�� u��t�� t � ��� T � and v��j�� j � �� 
� � � � � N are available�
For example� the following graph and numerical values of the solution u�t� were
obtained from the formula ����� by means of the software system Mathematica in
the case N � �� u� � u� � �� �� � ���� T � ���� g��t� �M� � ���� and

q��t� �

� ��
��	�������

�
 if t � ����
��

���������
�
 if t � ����
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Figure ��
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This example �with the same values of parameters as those chosen above� was
numerically treated in �Ho���� Acording to �Ho��� the solution u�t� of the boundary
value problem ���������
� with

q��t� � P
E�t�I�t� � u� � u� � � and f �� � M��

�

�

describes the binding moment in the beam of the length � subjected to the pressure
�or pull� P at the ends t � � and t � � and to the revolution moment M� at the
point t � ��
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