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Finite element method

I, ... triangulation of Q consisting of elements K

Vi, .. .finite element space approximating the space
(veH!(Q); v=00nT?"}

upy, - . . function defined on Q approximating u;, on I'?
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up € upp + Vi,

€ (Vh un, V, Vh) -+ (b -V, uh,vh) = (f, Vh) -+ (g,Vh)r‘N Vv, eV,

inappropriate if € < |b|!!!
solution globally polluted by spurious oscillations

SUPG method Brooks, Hughes, CMAME (1982)
E (Vh un, Vi Vh) —+ (b -V, uh,vh) —I—(Rh(uh), Th -V, Vh)

= (f,vn)+(gvi)py Vv, eV,

Rh(u) = —eAu+b-Vyu—f
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optimal in 1D for Py

in 2D still spurious oscillations localized in narrow regions
along sharp layers (the SUPG method is not monotone)

possible remedy: add a suitable artificial diffusion term to the
SUPG method (discontinuity capturing or shock capturing)

— for p > 1 nonlinear methods
— many various methods in the literature

— published results do not allow to draw a clear conclusion
concerning their advantages and drawbacks
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lkeda (1980), Baba and Tabata (1981), Mizukami and Hughes (1985)

Methods adding artificial diffusion to the SUPG method:
— Isotropic artificial diffusion
— crosswind artificial diffusion
— edge stabilizations

Methods based on: — convergence analysis
— maximum principle (in model cases)
— heuristic arguments
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K. (2005)

— nonlinear Petrov—Galerkin method defined for Py elements

— weighting functions obtained from standard P; basis functions
by adding constants such that local convection matrices are
of nonnegative type

Advantages:
— accurate discrete solutions
— discrete maximum principle always satisfied
— no stabilization parameters (method of upwind type)

Disadvantages:
— a generalization to other types of finite elements not clear
— Nno results on existence, unigueness and convergence of uy,
— difficult to apply to more complicated problems
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T (gvh uh7vhvh) — (fv Vh) T (g,Vh)FN \V/Vh eV

Example:
€ R \%
(& Vhun, Vivi)= (Rp(un), 02y Vivy) with  z, = ACTALY
|Vuh|2
~ Ry (up)|?
’Vl/thP
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do Carmo, Galeao (1991) o = 7(b) max { 0, l
Zj,

Almeida, Silva (1997)
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Edge stabilization methods

y / Wi () sign(tog - V(i o)) toxe - V(va| ) do
Kc.7, 0K

Burman, Hansbo, CMAME (2004)
Burman, Ern, Math. Comput. (2005)

discrete maximum principle for P; finite elements
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Modified Codina’s method: dependence on C for Ex. 1
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Convection skew to the mesh
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Convection with a source term
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Crouzeix—Raviart element
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Conclusions
— best methods:

— Mizukami, Hughes

— do Carmo, Galeao (1991)

— Almeida, Silva

— modified Codina

— modified Burman, Ern
BUT: any of the methods may fall

there is no reliable method which would provide
accurate discrete solutions at a reasonable cost

still much research needed!!!



