
Abetract

Introduction

Dne of the most interesting open problems around bounded

erithmetic asks whether bounded arithmetic is finitely axioma-

tizeble. This question is be1ieved to be akin to the prob1em

~!hether ~o-hier8rChY resp. polynomial hiersrchy col1spse

(Cf'. [1, 4J) .

Another open nrob1em is ~Jhether systems of bounded arith-

metic are somehov! conservative one over anoth~r. The affirma-

tive answer would heve some interesting corollaries. For exam-

Dle, E2-conservetiveness cf' I/)o +-.0.1 over IC:1o would imply

that IDo cen prove the inf'irity of primes (cf'. [6J) and '2~-

conservativeness cf' s~ over s~ would yield e ne~! (logicel) proof'

thet linepr progremmirig is polynomial -time solveble C cf'. [2J).

DesDite the considerable effort only partial answers to

these problems are kno~!n. For example: if I[)o can prove Mati-

-'
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,
jaseviè s theoremthen it ,
14 + Exp is not I R+ -conservative over I Do (cf'. [4, 5J).
~b t " i.l. f' S i+l i " [ J " 1 1cC;i-conserva J.veness v 2 over S2 was J.n 3 equJ.va ent y

restated es certain polynomial-simulation-problems about par-

calculi.ticular propositionel

There are two basic systems of bounded arithmetic: IÓo

and 160 +Ql ' which is equi velent to 52 (cf. [1, 5J) . (Axiom

-CL1 "VX,;10g2(X)1 '

. t ..eXl.C\ .qsays that

In this note we prove that at
I

least one of the problems

above has a negative an8~ret' for these Systems: either I A. . ~o +.Ql, R+-conservative over 16 or I~f'Iis not is not finitelyo
axiomatizable. The idea of the proof +1 R -f'or-is to construct

16A.J.
such thet lE whilemuleá ...s:L. 1 )-- Ai . Formu-o

les A. will be
J.

cert8in consistency stBtements

[7JFrom Takeuti a similar result follows for 82 And

there).S2,n (defined
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§l. Prelimineries

We sha.ll ~!ork wi th I Ao def'ined in a sequentia.l f'orma-

lism similer to that cf' 52 (cf'. [lJ). Thus tJo-inauction

axioms are replaced by

--:;, ,6A , A(a+l:

~6,rA (O) , A(t)

and there ere four sDecia1 quentifier rules for introducing

bounded qusntifiers ss in 82 (Cf. [1)). Mor~Qver we heve the

substitution rule:

~6(a

where numer81,g, is substituted f'or 811 occurences of' f'ree V8-

riable 8.

1:=1,-Numer e.l s a are inductive1y defined ey: Q:=O,

and ~&:= (~ + 1) .

lt is obvious thet this definition of lIJ o is equivslent

with the f'ormerthe usuel one in the sense thet

proves the sequent ~ A iff the leter proves the formule A.

We define IE.' to be a fra gment of I AJ. - '..Jo

rule restricted to Ei-formulas only (Cf. [4J).

with induction

bthere is ethat -formuleo

def'ining exponentiation such that elementery proDerties of it
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rslIn a detai1ed forma1izBtion of

is deve10ped (cf. a1so [lJ). The notions 1ike term, formu1a,

prací, etc. are forma1ized there using extended positive ru-

dimentary formu1As: R~ (they are not Ao-formu1as, they are
b [-"" -- "2;1-formu1as of 1),

However, 811

enuivAlent to

these notions csn be defined - ss pointed

- using on.ly positive rudimentary formu.les: R+

-formu.les) . 1- ,~ --~--' , - - - -- -.60 The trouble v!ith thp.c:e l'1Pf'initions

is thet one cennot - in some obvious wey - prove in IDo their

baBic properties needed for the development of the formeliza-

"if a is a formule then 1 e is elso e formule'! then for some

j<W

" wlj ~a) exists" is an abbreviation for a sequence (a.ntecedent

of'

ti (.tJ" ( C o> ~ cI fl , . . . , 'f u.J ( c

- .

where care neVT free ver1ables.

(Which ere
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To simDlif"y the exposition v!e shali state an inf"ormal

claim

Cleim: A provebility notion def'ined in §2 cen be f'ormelized

by sn R+-formula snd io,jo< (...A.f cen be f'ound such

thAt:

for any ~property~ cf the ncticn needed in §2

there is a term tCa s.t

IE . L 1.0 r- "W(jO)(tCB») exists" , and

for any~ropertyt. T (ì of the formule IflJJ( x)~ y"

needed in §2 there is a term S(8) such that:

o

rectlv provede

It will be obvious that this Cleim cen be replaced by a finite
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§2. The construction

For i, j < u)" and A (ì )Def'inition 1: a formule with free

veriebles among e:

(denotedd is sn R(i,j

1.10 rR.7i~jJ AlB)by d

(i) all formulas occuring in d are in Ei""'" Ui

(i i) e sequent cf the fcrm:

A(a)ú.,:rCj)(tC8») exists"'~

for some term t ta)

~ -formulaAit holds:oLemmel : For sny

{8) if IEi I- A end AG.E. \J U.
1 1

A tA ,
then I (.;)o J R ti, O)

Lb)

if' I ~o -C2.1l-Cc) A+ A ( - Athen I~o R(i,j)

for some i, j < u,)"

Proof: Use cut-eliminetion. O

Def'inition 2: R (i , j )-C on (8 ) ~R+-formalization ofis e

: I Ao
R(i,j)

Lemma Z: For any i, j <. u.;- :

RCi, j )-Con lB)
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by induction on the number of inferences in d that

: I ~ o ~R"'li:J)(,*") d 0=1

implies thet the end-sequent cf d:

~~) "t.Aj(C ) 'C t1
O" 1 , .'.., "W(Cj-l)!:Cj,t ~ 0=1t ~ Co'

is true for a.l.l eva.luations of the free variab.les of d.

We mey essume thBt t is e clo sed term (other'Arise sub-

stitute o f'or sll its f'ree vsrisbles in the whole d - they are

dlstinct from C . The value vsl(t) cf t clearly satisfies:

(..~~ ) ~ t <, d ,
vJhere \tJ_I is the 1ength of' t. As we are v'orking under the

hYDothesis ...(2. l' numbers U.J (d), . . . , (-l)" c.j)(d j exist. 80 v!e may

substitute numera1s ~~~~ f'or ck' O!:: k ~ j, to get f'rom (~~ ) :

~O=l~.9., t, tAJ' (.9.)~~i9l ", . . . . .

But by (>k >;, -K (~N. )this is a false seauent. contradicing

(~) cannot hald.Thus o
For the next lemma recall thet in §l we have fixed io,jo < u..}-

satisf'ying the claim.

Lemrna .$: For i ~ i o

Proof: Le•:Pr (x ,y ) ebbreviete the R+-formule formalizing:

":(0 R(1 ,j 0+1) y)"
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By ususl diagonalizstion there is snlR+-formuls A(s) such

that:

assume that Fr G E u Ui . Similarily below.i
-o -o

For some terms tl(B,b), t2(B) :

I ~fRcT~) ft cJjO)(tlcB,b)) exists"," c4t2(B))!: b"

~

The first part of tne antecedent comes from the claim cf' §l.

rest is s finitizetion of
.. , . .

8 Lob s condl.tl.on.

(3) :

[pr (a3, "'A(~) ")~ ':)

,..
"';:)

From (2) end (4) it follows for some term t7:

The R(i,O)-provebility cf' (1) f'ollows f'rom Lemme 1 es we may

For some terms t]tt4:

Term t4 is specif'ied by the proof' cf' (1) .

(4) For some terms t~, th i t f'oI1o\vs f'rom
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cen be turned to:

some term ta-

Assume now:

I bo ~(I:O) R (i t jo +1 -Con(s),

e1so:

From (6) and ('I; ) we get for some term t9:

I Do t"R7i:G) ) exists" -? A(a),

1.e.

(~-*; )

(es b does not occur in A, "W( t2( e»)~ b" of (6) is ebsorbed

into I' w(jo+1J( t9ca» exists" for suitable term t9) .

By the substitution rule we cen derive f'rom (*.~) sny

A(!!.)- By s simple trick (replacing t9(S)~ Co by

a=u,t9(U)!:: Co snd similsrily in Ii) we msy assume thst free

verieble a has only two occurences in the end-seouent of the

(~ "")

Thus for some r«..a.J"':

A(!1),dnd <W
n

: I 1:::.0 R(i,jo+].)

,. ,and d ~ r.n2n
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J.S

then I~ is not finitely axiomatizable.
o

Proof: Assuma I Óo=IEi' i ~ io. By Lemm8 2, 8S R(i,jo+l)-Con{8)

is en IR+-rormula, it follows from the hypothesis

of the theorem that

I 6o=IEi r- R (i, jo +1 )-Con (a)

By cut-e1imination- see Lemma 1- then

I~o I-:RGO) R U,jo+1)-Con(A.,) ., ,
This contradicts LemmA J, i.e. I Do:l:IEi' for 811 i<W. O

- . .'

J8seV1è s theorem.

~

Prací:
- ,
,è s theorem.

equivalent to

,(>I. ~. .. .
p,q polynomiels. Thus conservativeness over I~o w.r.t. for-

'implies lR+- (even rr~-,
, the formules

conserV8-

tiveness over I~o. But conservetiveness w.r.t.

of the form (~~) is obviously implied by conservativeness

~r.r.t. the negated

:t to

This implies that eny
-- --

A formule of the form:
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Thus, under t~ cf the corcllary im-

Dl.ies the hynothesis oi' the and 80 it a180 implie8 that

is not finitely exiomatizable. But (~) is knovm to imply

e (Cf. [4J). Hence (~) is
l/)o

that lb is f'inio

stent with

.0

would be if' DneThe proof' cf'

) is

~

could prove that IE.: -" BQCon(IE;) , where .
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