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For @ eny of the usuel schemes sxiomatizing Peano
erithmetic PA - e.g. the induction scheme I, the collection
scheme B, the least number principle L or the pigeonhole

principnle PHP - the followihg holds (over‘some finite part
of PA) :

(*) :_:Ic Vn, Ifchl‘— @Eyw — If

where @an denotes the theory exiomeatized by the instan-

ces of @ for En -for'nules only.

J.Paris esked whether this is alweys the cese, i.e.

whethe S ‘ § exiomatizing PA (%) _..._.
As G.Kreisel remerked, the methods of R.L.Vaught [4]

suggest 2 construction of e counterexemple.

Exemple 1

Define the scheme _()_

S 2(?()(,3') ,t) :="R(X,y) is & pertial truth definition satis-

fying Terski’s conditions for S ~-formulas".

This cen be obviously wrltten (over some finite part T of

PA) as & single formula. Now define the scheme § :

@ (r(x,v)) := VA [Q(R,t) 2 Con(Ith)]



By the usuel disgonel srgument. for onv A & Zn it

holés:

To (2 (A ne1)
Thus:

To l._ Coné Z&;>"9§§r !
1.€,

PAH@
Cn the other side there cennot be ¢ setisfying the first

vert of (%) for 211 n; tske n:=c. i.e. it would hold:
Iz3c *"@2—20 ’
but as‘ there is Cnrovebly in IEZC) gzc—r‘m"tial truth de-

finition we would slso heve:
IZZC " éch = Con (I§4c )

end so:

1Z, . +oon(1S,, )

which contredicts the knovn fects.

(Anelogical conétruction-—define the scheme é by
4 t(ﬂ(R,t)-—bCon(Ifl*f(u ))- shows thet for no recursive

function f, PA f—-'qf implies sz(n)’_%n X )

Cne can esk then f @ the property
(% ) holds. Obviously, o sufficient condition is that §
enéd I mutuelly prove one snother in e "schemstic wey"

This is the cese of 211 usuel schemes exiometizing PAT.

TIn the oresence of the full scheme of identity:
x=y =P A(x)ZTA(y) , see Exemple 2.



The =im of this note is to show thet this condition

is pleo neceesssry if (M) is revlrced by:

(‘**J 30 vﬂ’ IZ—nh?c: h @énihc h- IE.ﬂ. !

where T k;— g gtende for: "eny syiom of § ig nroveble in 7T

within st mast cC atep£(=nroof lines) ",

The rrrumert does not devend on Lhe narticulsr fact
thet d@ sriometizes PA; we shell formulste s ststement
sbout genersl schemes. We shall sleo demonsirete CEYEMEIE E)

that the condition (tl* Yis not implied by the condition

k).

£1. Preliminsaries

To meoke the paper rersonebly selfconteined we shall
recall in this gection s result of [2] which will be used
lster. We shsell not go into detezila of the definitions as
these are mostly obvious or esn be found in [2] »

Fix & firet orfer 1.!'*!‘1?1.1?;5&08 " nf* ig sn extension
sfakf b Eﬁding farmele veriszbles. Formuls veriebles mey
contein es arguments any p&ﬂ-terms

: #

A scheme 18 &n n&? ~formule. An inetence of a scheme
18 BN o‘fg-forrnu].a erising from the scheme by substituting
some o&?-d%mmulﬁﬁ for the fmrﬁula varisbles of the scheme,

(Eenerally thece substiitutions can be subjected to certsin




restrictions but wve chell omit this. Also schemes should
be formuleted with metssymbols for verisbles to get eall
elohebeticel verients of the instances but we shell omit

suchideteils here, cf. r21 .)

A schemetic system is o theory exiometized by & fini-

te number of schemes. We shell essume thet ell systems under
consideration have es en underlying logicel celculus some
fixed Hilbert-style formuletion of the predicate celculus

We sheall need some notion of a comvlexityv of = for-
mule. As the result-is quite robust w.r.t. e definition of
the comnlexity, the resder cen choose his fevourite one
the loricel depth, tifier complexity or, in the ce-
se ;Z?=the.languege of PA, the complexity in terms of the
erithmeticsl hiersrchy. Let dp(A) denote anv one of the
ebove complexities of A.

Fect 1 ([2] ): For eny s 2 there is a

constent C/A> O such thet if d is an /A -
proof with k stevs then there exists & se-

o yo %
quence d*k-:_Bl,...,Bk of éz? -formules

setisfying
(i) ¢ )& cp t Ky For i=l,...,k ,
(ii) @ is & substitution instence of a %

K

(iii) eny fipstsnceloﬁ é iteble"

substitution is en A -proof. D

The term "suiteble" substitution mesns that the substitution

evoids & clesh of verisbles - cf. [2] . The sequence d* is



called a8 proof-scheme.

Fect 2 ([2:]) Uncer the hvnothesis of FPeet 1, if & is en

//A\—fvr'e':f' of' o formule A then there is =
(sui,teble) substitution-instence d'=Al, Ay,
Ak=A, of the proof-scheme d * given by Fect 1
such thet

<?D(Aj)£<3/A~ kK o+ c‘p(A) , for i=1,...,k

O

§2. The stetement

A a schematic system let A‘\k denote the set of
instences of /A\ for x-formulas of the comnlexity et most
(I.e. if the complexity is defined in the terms of -the

erithmeticel hiererchy then IMNk = Izk )

Theorem: lLet //A\, /B be two schemeatic systems. Then the

following three conditions are equivalent:

(i) Bc,/A"‘C‘ I3 /
(ii) SCV‘;{,/A[\mcl-;lBh/

(iii) there is e finite number of proof-schemes dyyee
..,dr such theat for any ag—formula A there is
i§r and @ "suiteble" substitution & such thest
b (d)i() is en A—nroof of /8 (a) .
Gi)a(i) ie triviel.
(i)=(iii): From Fect 1 it follows thet for env A -proof

d of en /8 -instence with ¢ steps there is & proof-



* . e . ‘
scheme ¢ with ¢ ste; o 1t *-?;ﬁwixy

of the etens
are é»c + ¢. Obviouslx ere is only 1irite number
R N
»f such oroof-schemes vhich rre essentially differern
Ly . . s 4
(11)=(i3): This fo fronm Fr t 2 vith

. . . . X
c = (Ln& me~ inel rumber of steps in s me di ). []

N
Netursl question srires vhether concition like Ok) ,e.g.:

(xxx) e Vo, Al = IR}
imnlies the conditions of the theorem. As evpected, the an-

swer is negetive.

Exemnle 2

For, this evamvole consider the formuletion of the »re-

dicete celculus vwithout the full scheme of identity ('a“v~

ced bv g firite nunter of iﬁentity-axioms)

Let be t*e lengusre of PA, L be i"e svetem epxid-
? d

metlzed over PA by the leest number

3)( Ax )= g:« V"c.\', A(y) e 7] al~)

ené I be PA vlus the usuel scheme of induction:
[A(O) & V\ (A(w‘ ) = A(P(,\t)))] %VF AG)

Obviously (% % % )holds for L,I:

-3@ V}:, L[\l{er-}- Il\;«:

Assume now thet the conditions of the theorem hold for L,I:

(t) Jde. b 1.

As incependently cbserved by D.Richerdeon snd T.Yukemi:




(1"*) E}cf tfi,n, I'r:7~ (f{C)« s‘“?()i‘ Gn‘n%cj,

e (L (A1) e

(H) 3o Vo 1 bz Frorenme oy

But by the recults of M,Borez [1] ,(ﬁr) would imrly that
L [—-— V‘ pA :‘(n)((f‘) 3 X, X4X=N

for some n. A contred ct on

As M.Beez_ hes observed, the noint why (T') coes rnot
hold@ is thet in the usual derivetion of I from L one usges
the full scheme of iclent Ir »nerticuler, e following

two snecisl coses of sre neecde
@1 x=C =P al(x») = 4(0) , enc
&2 xze(PE¥)) =3 ACGD) = A(s (r (x )))

It is not known whether de,L ’T 951 or

;Jc,L f;— dgz but by the example sbove at most one
of these statements may hold.,
It is easy to see that ;]c,I };— 4;1 (apply induct-
ion to the formule (x=0-—>A(x) =A(0)) ) but it is not
known whether Hc,I ]7 @2 .

If the lenfusge of AZ\ is e2llowved@ to be s nroner

extension of the lesnguere of AZ? e verietyv of similer

'T p(x) 1is the vredecessor function.



exemples cen be cornstructed using the recsults of [}j .
Teke e.r. QS’;: I in the lenguere ;zi of" PA end nut /?\

to be some finite exiometizetion of ACA

,}fg'plus set veriebles. Then the sgme‘argument works-cf
ERLNE
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