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Abstract

We develop approximate counting of sets definable by Boolean circuits in bounded
arithmetic using the dual weak pigeonhole principle (dWPHP(PV)), as a generalization
of results from [15]. We discuss applications to formalization of randomized complexity
classes (such as BPP, APP, MA, AM) in PV; + dWPHP(PV).

Introduction

One of the most important aspects of bounded arithmetic is its close connection to computa-
tional complexity. There is a correspondence between arithmetical theories, and complexity
classes: Buss’ theories S& and T% [6] correspond to levels of the polynomial-time hierarchy,
and various second-order theories were constructed for weak classes such as TC?%; Cook [11]
presents a uniform way of constructing “minimal theories” associated to complexity classes
below P. Consequently, fundamental problems from complexity theory are tied to similar
questions about the arithmetical theories; for instance, the hierarchy of Buss’ theories col-
lapses if and only if bounded arithmetic proves the collapse of the polynomial hierarchy.

Our main motivation for studying approximate counting is the problem whether we can
associate theories to randomized complexity classes, like BPP or AM. The problem is a loose
research program rather than an exact question. On one hand, the concept of correspondence
between theories and complexity classes does not admit a general definition; the way in
which T} corresponds to PP is rather different from the correspondence of U! to NC. On
the other hand, many probabilistic classes like BPP are “semantic classes”, which means
that attempts to characterize them as provably total functions of some kind in a recursively
axiomatized theory are bound to failure. Nevertheless, we will try to provide evidence that
PVi + dWPHP(PV) (i.e., PV} extended by the dual (surjective) weak pigeonhole principle
for poly-time computable functions) is the “right” theory for reasoning about randomized
algorithms.

*The research was done while the author was visiting the Department of Computer Science of the University
of Toronto. Supported by NSERC Discovery grant, grant ITAA1019401 of GA AV CR, and grant 1M0545 of
MSMT CR.



The connection of dWPHP(PV') to probabilistic computation was first noticed by A.
Wilkie, who proved that E?—consequences of 821 + dWPHP(PV) are witnessed by TFRP-
functions, and in particular, predicates provably A% in S} + dWPHP(PV) are in ZPP (the
result was published in Krajicek [18]). Jefabek [15] considered the converse problem of for-
malizing probabilistic algorithms in S+ dWPHP(PV), and introduced a way to define FRP-
functions in S3 + dWPHP(PV') which covered at least the witnessing functions from Wilkie’s
theorem; however, the method used was seemingly ad hoc, and it was not clear how it could
be generalized to other complexity classes like BPP.

In this paper, we will show that the dual weak pigeonhole principle is strong enough to
provide a general method of approximating probabilities. More precisely, if X is a subset
of an interval [0,a) definable by a PV-formula, we can estimate Pry«,(x € X) within a
polynomially small error in PV; + dWPHP(PV), and events of higher complexity can be
dealt with by appropriate relativization. This allows us to treat various randomized classes like
BPP, APP, AM, in a uniform and intuitive way—in fact, once we have a reasonable notion
of (approximate) probability, the usual definitions of these classes can be formalized almost
literally. As we have already mentioned, provably total functions are not an appropriate
standard for establishing correspondence of theories to probabilistic complexity classes: for
semantic classes there is no hope, and as we will see, for syntactic classes the problem is
either meaningless or trivial (with the notable exception of APP). Instead, we will show that
PVy + dWPHP(PV') proves basic properties of the relevant probabilistic algorithms, such as
amplification of success, or simulation of randomness by nonuniformity.

Estimating probabilities in uniform distributions is only a fancy name for approximate
counting of bounded sets. Approximate counting has other applications besides randomized
algorithms; most importantly, counting arguments are often used to prove various combinato-
rial theorems. We will provide basic counting tools like the inclusion-exclusion principle, but
the overall utility of our methods in this area seems rather limited. Proofs of combinatorial
statements such as the Ramsey theorem or the tournament principle typically rely on count-
ing of sparse sets, which is impossible in our setup. We can only approximate the size of a set
X C[0,2™) within a polynomial fraction of 2", whereas here we would need to approximate
it within a polynomial fraction of | X]|.

The paper is organized as follows. In section 1 we provide elementary background on basic
arithmetic, and fix notational conventions. In section 2 we introduce approximate counting of
sets defined by circuits in PV} +dWPHP(PV'), and formalize a toolbox of counting principles.
In section 3 we discuss in detail the development of several randomized complexity classes
(FRP, BPP, APP, MA, and promise variants) in PV; + dWPHP(PV). In section 4 we
indicate how to relativize our approach, and we discuss the class AM.

1 Preliminaries

We assume some degree of familiarity with first-order bounded arithmetic, however the basic
definitions are summarized below. More background can be found in [18, 8, 13].
Buss’ S§ and T4 [6] are first-order theories with equality in the language L = (0,5, +, -, <,



#,|z|, |%]), where the function |z| is intended to designate [logy(z+1)] (the number of digits
in the binary representation of x), and = # y is 2zl Bounded quantifiers are expressions
of the form

where t is a term without an occurrence of x. A bounded quantifier is sharply bounded,
if ¢ has the form |s| for some term s. A formula ¢ is sharply bounded, if all quantifiers
in ¢ are sharply bounded. The hierarchy of Eg— and H?—formulas is defined inductively:
28 = Hg is the set of sharply bounded formulas, Ei? 1 1s the closure of Hi? under bounded
existential and sharply bounded universal quantifiers, and H? .1 1s the closure of E? under
bounded universal and sharply bounded existential quantifiers. Bounded formulas capture
the polynomial-time hierarchy (PH). More precisely, for any i > 1 the class %F coincides
with sets of natural numbers definable by ¥.?-formulas in N (the standard model of arithmetic),
and dually 1Y = T1?(N), in particular NP = %4(N).

The theory Si consists of a finite list of open axioms denoted by BASIC, and the poly-
nomial induction schema

(Sb-PIND) (0) AV < alp(3]) = e(x) = ¢la),
where ¢ € Zi-’. The theory T4 is axiomatized by BASIC and the induction schema
(Z-IND) ©(0) AVz < a(p(z) — p(z + 1)) — ¢(a).

PV is a purely equational theory introduced by Cook [9]. Its language contains a few
basic function symbols, and it is inductively expanded by symbols for functions defined from
previously introduced functions by composition, and limited recursion on notation. PV is
axiomatized by equations defining all the function symbols, and a derivation rule similar to
open PIND. In the standard model, PV -functions define exactly the class of polynomial-time
computable functions (FP). We will slightly abuse the notation and denote by PV also the
language of PV (the set of all PV-functions).

PVy (also called QPV) is an extension of PV to first-order logic [19, 7, 10]. It has an
axiomatization by purely universal sentences, and it is conservative over PV. The hierarchy
of X2(PV)- and II?(PV)-formulas is defined similarly to ¥? and II%, but in the language of
PV. PVj proves IND and PIND for X3(PV)-formulas.

S3(PV) is the combination of S3 and PVj: i.e., it has the language of PV, and it is
axiomatized by PV and ¥¢(PV)-PIND. All PV-functions have well-behaved provably total
Ab-definitions in Si; it follows that Si(PV) is an extension of Si by definitions, and in
particular, S3(PV) is conservative over Si. Thus there is little practical difference between
S} and S3(PV), and we will simply identify these two theories. Buss’ witnessing theorem [6]
implies that Si is X?-conservative over PV, and in fact, we may identify PV; with ¥4 (S3).

The theories PV;4 for i > 0, introduced in [19], are defined similarly to PV}, except that
the basic functions of their language include the characteristic functions of all Ef—predicates,



thus PV;,1-functions correspond to FP¥ in the standard model. PV is a conservative
extension of T2i (contrary to popular belief, essentially the same also holds for i = 0 [16]), and
S3(PViy1) is a conservative extension of S5, Sit! is %t . 1-conservative over PV and T
by Buss’ witnessing theorem.

All these theories can be relativized. We consider the language L(a) = LU{a}, where « is
a new predicate, and define X.?(a) and I1?(a) in the same way as %2 and 11, but extended to
the new language. The theories Si(a) and Ti(«) are axiomatized by BASIC and ¥¢(«)-PIND
resp. $¢(a)-IND, with no other axioms about a. PV () and PV;(a) can be defined similarly
(the characteristic function of « is allowed to appear in functions constructed by limited
recursion on notation). PV («)-functions correspond to polynomial-time algorithms with an
oracle. We write ¢* and f® when we want to stress the dependence of an L(«a)-formula or
PV (a)-function on «; in that case, ¢¥ or f¥ denotes the result of substitution of a formula
¢ for . We may generalize L(«) by allowing an arbitrary set of new predicates and function
symbols instead of «; in the case of functions, we have to include axioms enforcing an explicit
polynomial bound on the length of the output of the function.

For any function f we define the formula

dPHP}(f) == Jv <yVu <z f(u) # v,

where f may involve other parameters not explicitly shown. The dual (or surjective) weak
pigeonhole principle for f, written as dWPHP(f), is the universal closure of the formula

zly|
x>0 - dPHPLY | \(f),

and if I" is a set of functions, dWPHP(I') denotes the schema {dWPHP(f) | f € T'}. We
will mostly work with dWPHP(PV), i.e., the dual weak pigeonhole principle for poly-time
functions. dWPHP(PV) is over S3 equivalent to the more usual schema

x> 1— dPHP%(f),

but it is not clear whether this reduction also works over PVi. dWPHP(PV') is provable in
T2 [23, 18, 21], but dWPHP(a) is not provable in S3(a) [24]. The schema dWPHP(PV) is
finitely axiomatizable: PVj proves that any PV -function is computable by a poly-size circuit
on any bounded domain, thus dWPHP(PV') is equivalent to its instance d WPHP (eval), where
eval(C, z) is a two-place PV -function which evaluates a circuit C' on an input z.

We will often work with bounded definable sets, which are collections of numbers of the
form

X ={z<alep(@)}

where ¢ is a formula. Bounded sets are not genuine objects in our arithmetical theories, but
a figure of speech: x € X is an abbreviation for x < a A ¢(z). When used in a context
which asks for a set, a number a is assumed to represent the integer interval [0, a); thus, for
example, X C a means that all elements of X are less than a. We will use simple set-theoretic
operations, whose meaning should be generally clear from the context; for example, if X C a



and Y C b, we may define

XxY:={bx+y|lrxeX,yecY} Cab,
XUY:=XU{y+a|lyeY}Ca+b.

The sets we will encounter most often will be defined by Boolean circuits: a circuit C': 2™ — 2
defines the set {z < 2" | C(x) = 1}. (Here again, 2" denotes the interval [0,2"), which may
be identified with the set of binary strings of length n; thus C is a circuit with n Boolean
input variables.)

We will use the shorthand notation

z € Log < Jyz =y,
x € LogLog <« Jyz = ||y||.

If f is a function of two variables, f(a,e) denotes the function of one variable which results
from f by fixing its first argument to a. The set of natural numbers will be denoted by w (in
the metatheory).

We will also work with rational numbers in PV, which are assumed to be represented
by pairs of integers in the natural way. The expression 2! € Log is a shorthand notation
meaning that = is a positive rational number, whose inverse is bounded from above by a
natural number n € Log.

Many of our results take place inside formal theories like PVi + dWPHP(PV). If T
is a theory, a parenthesized expression “in 7”7 after the heading of a definition or theorem
indicates that the definition is introduced in T, or that the theorem is formulated and proved
inside T'. However, we will slightly abuse this convention for reasons of compactness: when

b

we write e.g. “for every PV-function f ...” in a formalized context, it is assumed that the
quantification over PV-functions takes place in the metatheory, and only parameters of the
function are quantified inside 7. Formulas, definable sets, and other non-first-order objects
are treated similarly. Expressions like “a pair of PV-functions (f, g)” also fit in this category;

inside T', no actual pairing operation is involved.

2 Counting

Our definition of approximate counting in bounded arithmetic is based on the following ob-
servation: if X and Y are sets, and there exists a circuit which maps X onto Y, then the
cardinality of Y is at most the cardinality of X. We need to make sure that such a definition
is well-behaved, i.e., that it satisfies common properties we expect from a cardinality function.
In particular, it is conceivable that a large but complicated set X cannot be disentangled by
a polynomial-size circuit and mapped onto an interval [0, s) approaching its size; we must
show that such cases do not happen. The natural way to guarantee sufficient precision of
these counting circuits is to consider a two-sided comparison: if we find a mapping of X onto
[0,s — e), and a mapping of [0, s+ e) onto X, we know that the size of X is s within error e.

It turns out that an extra complication is necessary: rather than mapping X onto Y
directly, we will take several copies of both sets, i.e., map v x X onto v x Y for some v > 0.



With this modification, we are able to prove in PV; + dWPHP(PV') that there exists a
pair of counting circuits which estimates the size of X within a polynomially small error
(relative to the size of the ambient interval containing X), for any X defined by a circuit.
We will construct such counting circuits by analysis of the Nisan-Wigderson pseudorandom
generator [22]; formalization of the Nisan-Wigderson generator in Si + dWPHP(PV) was
already considered in [15] for a different goal. We start by overview of the relevant concepts.

Definition 2.1 (in PV}) Let f: 2 — 2 be a truth-table of a Boolean function (f is encoded
as a string of 2 bits, hence k € LogLog). We say that f is (worst-case) e-hard, written
as Hard.(f), if there does not exist a circuit C' of size at most 2°* which computes f. The
function f is average-case e-hard, written as Hard?( f), if there does not exist a circuit C' of
size at most 2°* such that

{u <28 | C(u) = f(u)}| > < 2“@)2’“.
Notice that Hard.(f) and Hard?(f) are IT}-formulas.

Lemma 2.2 ([15]) For every constant ¢ < 1/3 there exists a constant ¢ such that PVy +
dWPHP(PV) proves: for every k € LogLog such that k > ¢, there exist average-case e-hard
functions f:2F — 2.

Moreover, there exists a PV -function g: 2"™™ — 2" such that any f < 2™ outside the
range of g is average-case e-hard, where n = 2%, and m > n'=%.
Definition 2.3 ([22]) (in PV}) Let k,¢,t,m € Log, k < ¢ < t. A (k,¢,t,m)-design is
a sequence (S;)i<m of subsets S; C t, such that |S;| = £ and [S; N S| <k for all i < j < m.

Lemma 2.4 ([15]) Let 0 < v < 1. There are constants 6 > 0, ¢ > 1, and a PV -function d
such that
PViFd(z) is a (v, 0, cl,2°) -design, where { = ||z||.

Definition 2.5 ([22]) (in PV}) Let x < 2!, and X C ¢, |X|= /. Let {s;};<¢ be the increas-
ing enumeration of the set X. Then we put z | X := y, where y < 2¢ and bit(y, i) = bit(z, s;)
for all 7 < 4.

If £:20 =2, and S = (S;)i<m is a (k, £, t, m)-design, the Nisan-Wigderson generator is a
function NWyg: 28 — 2™ defined by

bit(NWys(2).1) = f(x | S)).

Definition 2.6 (in PV;) We adopt a few conventions on functions computed by circuits. Let
C: 2" — 2™ be a circuit, and X and Y definable sets. We say that C' computes a function
from X to Y, written as

C: X =Y,

if X C2" Y C 2™ and C[X] CY. We write

C: X—=Y



if, in addition, the function computed by C is injective on X.
We write
C: X —»Y

it X C 2" Y C 2™ and C[X] 2 Y. Notice that this does not imply C: X — Y. An
equivalent condition is C: X’ — Y and C[X'] =Y for some X’ C X.

(This way of introducing — is mostly a technicality, needed to overcome the annoying
fact that a non-empty set cannot be mapped onto the empty set.)

We are ready for the main theorem of this section, which guarantees the existence of
suitable counting circuits. It is an extension of proposition 4.7 in [15].

Theorem 2.7 (in PVy + dWPHP(PV)) Let C: 2" — 2 be a Boolean circuit, and e~ € Log.
Denote
X ={z<2"|C(zx) =1}.

There exist s < 2", v < poly(ne=Y|C|), and circuits Ge,He, £ = 0,1, of size poly(ne=1|C|)
such that

Go:v(s+¢e2") »vx X Hy: v x X — v(s+¢e2")

Gir:vx (XUe2") — vs Hi:vs—wvx (XUe2")
and such that

Gg o Hg =id

on their respective domains.

Proof: Let § and ¢ be the constants from lemma 2.4 for v := 1/12. Put
1
¢ := max{4[ne "], 12|n|, g\n\,él(HCH +1)},

and k=0, t := cl, v :=2t. Asn < 2% there exists a (k,¢,t,n)-design S = (Sp,...,Sn_1).
By lemma 2.2, there exists an average-case 1/4-hard Boolean function f: 2¢ — 2. We define
Y i={z<2"|C(NW;s(z)) =1},
5:=2""1Y.
(We may count |Y| directly, as ¢ € LogLog.)
For any ¢ < n, we define
M; = {(F,z) € 2" x 2" | C(f(x 1 S0),..., f(x ] Siz1)7iy. ., 1) =1}.
Notice that My = X x 2¢, and M,, = 2" x Y. Suppose we find a sequence of circuits G,
Hye ;, where { = 0,1 and i < n, such that
Goi: My U (i +1)a2" = = M; Uda2ntt=*
Ho;: M; Uia2" 8 My U (64 1)a2" T4
Gri: M; U(n —1i)a2" % - My U(n—i—1)a2nt*
Hyi: My U(n—i—1)a2" 8 — M; U (n — i)a2" ¢
GeioHey =id



where a = 23¢/4, Then we can define

Go=GoooGoro--0Gon-1 Hy= Hopn—10Hop-20--0Hpp
Gi1=Gin10Gip20---0G1g Hy=HypoHjj0---0Hyy, 1
Notice that ve2™ > na2" ¢ as ne~! < 24, For any z € X x 2! and y € 2" x Y, we can
show
((GopoGoao---0Goi)o (Hoio---0HyioH))(r) ==
(Gip—10Gip—20---0Gip-i)o (Hip—jo---0oHipo20Hin1))(y) =y
by straightforward induction on i, in particular G¢ o H¢ = id, which also implies that G¢ are
surjective, and H¢ are injective.
It thus suffices to construct G¢; and H¢;. There exists an easily computable bijection
between pairs (y,u) € 2°7¢ x 2¢, and numbers z € 2!, so that  maps to (z [ (£~ S;),z [ S;)).

If j <n,y<27 u<2f and 2 < 28 is such that (y,u) = (x| (£t~ S;),z [ S;)), we define
f;’y(u) = f(z ' Sj). Notice that f;Y(u) = f(u). Then

M; ~ 2¢ x M,
where
M= {{ris1,...,Tn_1,y,mu) € 2771 x 2=t % 2 x 2¢ |

C(f(?y(u)v cee 7fii7,y1(u)7ra Tit1ly--- 77"7171) = 1}7

and A ~ B means that there exists a bijection g of A onto B such that ¢ and ¢! are

computable by a polynomial-size circuit. In a similar way we have
Mi'i‘l ~ 21 X Mi/Jrl?
where

Mi/-i-l = {<Ti+1a sy n—1,Y,7, u> | C(féyy(u)ﬁ .. '7fii’}1(u)7f(u)ari+la .- ) = 1}

Fix y < 2=t and Titly---,Tn—1 < 2. Define

(), 7,741,y T1) = 1}
Jf (W), fu)yrigrs . Tae) = 1}
ru S 2 x 2€ | (F,y,r,u> € Mi,-i-l}?

An(u) =C f(?y(u)?"' 7fii7_yl(u)7na Ti41y--- 7Tn—1>7

U™ = {(r,u) € 2 x 2° | C(f2¥ (u), ..., [
) € M},

’L?y

-1



where 7 < 2. As ¢ € LogLog, we can directly count the sets U™ and V™¥; an easy calculation
shows

(V7Y — [U™Y] = 2|{u | f(u) A Ax(u)}] + 2[{u | ~f(u) A Ag(w)}]
— [{u | Av(w)}| = [{u | Ao(w)}]
= [{u| f(u) A Ar(u)}] — |[{u | =f(u) A Ar(u)}]
+ [{u | = f(u) A Ao(u)}] — [{u | fu) A Ao(u)}]
= [{u] f(u) A Ar(u \+\{u\ﬂf A=A (u)}]
+ [ {u | = (u) A Ag(w) | + [{u | f(u) A —~Ag(u)}| — 2°
= {u| f(u) = Ai(w)}| = [{u| f(u) < Ao(u)}|

On the other hand, for any j # 4, f;y(u) depends only on [S; N S;| < k variables of u, and is
thus computable by a circuit of size 2. Therefore, A, and —A, are computable by circuits
of size at most

As f is average-case 1/4-hard, we have
ul Ap(u) = flu)}| =201 <2t = ¢
n f = )

thus
v

— ]U’?’yH < 2a.

We may arrange the sets U™ and V™V in increasing sequences, match their initial parts, and
pad to get functions

gg’y: U™ 2a — V7Y h(?y: VI U™ 0 2a
grv VT 20 — UTY PPV U™ o VT U 20

such that g?y o h?’y = id. As this construction is uniform in 7 and y, we may construct
polynomial-size circuits

Go: Mj Ua2" ™" M, Hg: My — MU q2n ittt
Ghi My Da2 o o o Y M s My O
and from these we obtain G¢;, H¢; as required. 0

We formally introduce the concept of approximate size comparison, as described in the
introductory paragraph of this section. Notice that the definition applies to a more general
situation than what is permitted by theorem 2.7. The main reason is that we will occasionally
need to express that a set is exponentially small, even though theorem 2.7 cannot provide
counting with exponential precision.

Definition 2.8 (in PV; + dWPHP(PV)) Let X,Y C 2" be definable sets, and ¢ < 1. We
say that the size of X is approximately less than the size of Y with error e, written as

X =Y,



if there exists a circuit G, and v # 0, such that
G:vx (YUe2") »vxX.
The sets X and Y have approzimately the same size with error €, written as
X =~.Y,

if X <.YandY <. X.
We recall that we identify a number s with the interval [0, s), thus as a special case, X = s
means that the size of X is equal to s with error e.

Remark 2.9 In this definition, “error €” is somewhat a misnomer. The counting is not exact
even if we take ¢ = 0, there is always some error present due to the fact that only the weak
pigeonhole principle is available. In fact, we will often conveniently use =< for approximate
size comparisons.

The lemma below summarizes elementary properties of definition 2.8.

Lemma 2.10 (in PVy) Let X, Y, X' Y'.Z C 2" and W,W’' C 2™ be definable sets, and
g,0 <1.

(i) X <.V, e<6= X =Y.

(i) XCY = X < Y.

(i) X =Y, Y =52 = X =g Z.

(w) If X <. X', Y =<5Y', and X' andY' are separable by a circuit, then XUY =<.,5 X'UY".
(V) X 2. X', W s W = X X W Zisie0 X x W

Proof: Exercise. 0

The next lemma exploits consequences of theorem 2.7.

Lemma 2.11 (in PV} + dWPHP(PV)) Let X,Y C 2™ be definable by circuits, s,t,u < 2",
£,6,m,6 <1, 1 € Log.

(i) There exists s < 2™ such that X ~¢ s.
(i) s % X Zgt = s <t+(c+0+&)2"
(ii)) X =Y orY =¢ X.
(iv)
)

X =Y = 2"NY =246 2" N X

(v) X=es,Yrst, XNY mypu=XUY Reysinee s+t —u.

10



Proof: (i) follows from theorem 2.7.

(3): by transitivity, it suffices to show that s <o ¢ implies s < t + £2", which follows from
dWPHP(PV).

(7i7) follows from (i), and linearity of <.

(iv): let ¢ = &/11, and choose s,t,s',t" such that X ~¢ s, ¥V ~¢ t, 2" N X ~¢ ¢,
2" NY =¢ t'. We have s < t+ (¢ +3¢)2" by (ii). Ast+t =<9¢ 2" by lemma 2.10 (iv), we
have also ¢/ < 2™ —t + 3¢2" by (ii), and in a similar way, 2" — s < s’ + 3¢2". This implies
t' <5+ (e4+9¢)2", thus 2" \Y =411 2" N X,

(v): fix r such that X \Y =/, 7. By lemma 2.10 (iv), we have X =, ¢/5 7+ u, and
X UY =5 ¢/0 7+t The former implies s &, 4¢/0 7+ u, thus s+ —u ., ¢/o 7+ ¢, and
St — U R spgse XUY. O

The definition of <. is problematic, if we wish to use it in induction formulas in more
sophisticated arguments. As it stands, it is an unbounded EIHg—formula; even if we restrict
its usage to the case covered by theorem 2.7, and include the relevant bounds, we cannot
do much better than Eg. We can solve this problem by working in a suitable conservative
extension of PV) + dWPHP(PV'), introduced in [15].

Definition 2.12 The theory HARD is an extension of PVi(a) 4+ dWPHP(PV (a)) by the
axioms
a(z) is a truth-table of a Boolean function in ||x|| variables,
x>c— Hardf/4(a(x)),
2l = llyll = a(z) = aly),

where c is the constant from lemma 2.2.

Theorem 2.13 HARD? is a conservative extension of PVi+dWPHP(PV'). More generally,
for any i > 1, HARD? + Si(a) and HARD? + Ti(«a) are conservative extensions of Sb +
dWPHP(PV) and Ts + dWPHP(PV), respectively.

Proof: This was shown in [15] with Si as a base theory. It is easy to modify the proof so
that it works over PVj. O

We note that the axiom dWPHP(PV (a)) is redundant in HARD* + S3(a); i.e., the existence
of functions hard on average implies dWPHP(PV) over S3 [15]. We do not know whether
this also holds over PVj.

Lemma 2.14 There is a PV («)-function Size such that HARDA proves: if X C 2" is defin-
able by a circuit C, then
X =, Size(C, 2", e),

where ¢ = |e|™L. The “witnessing circuits” Ge¢, He from theorem 2.7 are also constructible by
PV (a)-functions.

Proof: By inspection of the proof of theorem 2.7, we see that the only non-uniformity was
in the choice of the hard function f. 0
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We will abuse the notation and write Size(X,¢) instead of Size(C, 2", e).

The advantage of HARD* is that the complexity of approximate counting drops from XA
to PV («), which means that we can use approximate counting freely in induction, and we
can count parametric families of sets uniformly. Some of the results below illustrate these
techniques. We begin by showing that the size of the disjoint union of a sequence of sets is
the sum of sizes of the sets.

Proposition 2.15 (Disjoint union) (in PVi + dWPHP(PV)) Let {X; | i < m} be subsets
of 2", defined by a sequence of circuits. Let ,6 <1, 71 € Log, and {s; | i < m} a sequence
of numbers such that X; =<¢ s; for every i < m. Then

Z Xi Seqe Z Siy
<m <m

where the disjoint sum ) ;. Xi := J; .., (Xs x {i}) C 2" xm is considered a subset of gntiml
The same holds for = in place of <.

Proof: We may work in HARD? by theorem 2.13. First, notice that the error in < is relative
to the ambient set size, thus if we reconsider X; as a subset of 2" x m, we have X; =<, Jm Si-
Put ¢ =¢/(3m+ 1). We will show

Size (Z X;, g) 3 si+ (e/m+30)k
i<k i<k
by induction on k£ < m. Assume that the statement is true for k. We have
> X~ Size(z Xin) =5 > si,
i<k i<k i<k
where § = (¢/m + 3()k. As Xy =/, sk, we obtain
Size(z Xi, C) ¢ ZXi Se/mAC+é Zsi
i<k i<k i<k
by lemma 2.10 (iv), thus
Size(ZXi,C) 3 sit+ (e/m+3¢)(k + 1)
i<k i<k

by lemma 2.11 (i).
For k = m, we get

Z X ~¢ SlZG(Z X@,C) =et+3me Z Si. ]

<m <m <m
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We can apply proposition 2.15 only to sequences of sets encoded by a number, in particular,
the length of the sequence is in Log. We present a variant which applies to larger families of
sets, whose sizes are uniformly bounded. We can also read it contrapositively as an averaging
argument: if we have a family of at most ¢ sets, such that the size of their union is more than
st, then one of the sets must be larger than st/t = s.

Proposition 2.16 (Averaging) (in PV + dWPHP(PV)) Let X C 2" x 2™ and Y C 2™
be definable by circuits, Y <st, and Xy <. s for every y € Y, where X,y := {z | (z,y) € X}.
Then

XN(2"xY) Set4edre St

for any €' € Log.

Proof: By lemma 2.14, there are PV («)-functions f,v such that

f(y,e): v(y) x (Size(Xy,&) +£2") = v(y) x Xy.

We may easily arrange v(y) = v to be independent on y, while increasing the error slightly.
Also, if y € Y, we have Size(X,,&) < s+ (¢ + £)2", thus we obtain a function f’ such that

'y, 0):vx (s+(e+36)2") - v x X,
for every y € Y. There is a function g and number w such that
g:wx (t+02™) » w x Y,
and suitable composition of g with f’ gives a function
vw(t+92™) (s + 3£2") — vw x (X N (2" x Y)).

We have
(t+02")(s +3£2") < st + (e + 6 + &6 + 6£)2" ™,

thus X N (2” X Y) j5+5+55+6£ st. ]

The next task is to formalize a suitable version of Chernoff’s bound, which is sine qua non
for development of randomized algorithms. The proof consists of two parts. The number-
theoretic part is a bound on certain sums of binomial coefficients; we reduce it to a special
case which was formalized in [15]. The combinatorial part of Chernoff’s bound relies on the
fact that we can construct counting circuits for a set X and its complement 2" . X so that
the sizes approximately add up to 2".

Lemma 2.17 There is a constant ¢ such that PV} proves: for anyn >0, x >0, y < z, and
d,e € [0,1], such that n € Log,

Z <?> (y + €$)j (J; —y+ E.%')n_j < an4n(ca—62)'

i<n(}-9)
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Proof: Put N
Ex )
b= {n(ly—i—Qa)xJ ’ b=k [n <%_6)J

We assume k > i > 0, the remaining borderline cases are left as an exercise. The left-hand
side is at most

Si= > <"> (k+1)(n— k)" (M)n <ca" <1 + ;)k (1+ 2¢)"4=%/n

n
j<hi M

by proposition A.5 in [15]. We also have

1\ %
1+—-) <4,
(1+7) <

Assume for simplicity ¢ < 1/4, and put £ := |1/(2¢)|. Then

" 1\ £n/6l
(1+2e)" < <1+> < <1+£> < 4/

4
and
ﬁ< n B 2en < den
0~ 1/(26) -1 1-2~ 7

thus (1 + 2e)" < 4 - 44,

We have
Y Y Y+ ex e(2y — x)
2 k<1 S| =14+n_——F-—<1
" = (:c (1 —|—2€)SU) +n(1+2€)a} = Ltne,
thus y y
. (Y N s (Y S 5
1>k—n (x 5) on (nx /-c) >on— (1+en),
and

_ﬁ < _(n—(1 +¢en))?

< —6%n +25(1 +en) <2 —8%n + 2en.
n n

Putting everything together, we have

S < 44cwn465n762n. 0

Proposition 2.18 (Chernoff’s bound) (in PV; + dWPHP(PV)) Let X C 2" be defined
by a circuit, m € Log, 0 <¢e,8,p <1, and X =5 p2". Then

{w S (2”)m | |{’L <m | w; € X}’ < m(p — 5)} <0 C4m(06—52)2nm

for some constant ¢, where w is treated as a sequence of m numbers less that 2", and w; is
its ith member.
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Proof: Let £ =1/m, and s = Size(X,§). There is a v > 0 and functions f, g such that

fro(s+&2") »vx X,
g:v(2" —s+£2") » v x (2" N X).

We can construct a function h by taking f and g coordinatewise so that
h(I,e): v™(s+E2")7(2" — s+ €2 ™ x {w | ={i<m|w; € X}}

for every I C m of size j. (The straightforward way of showing the surjectivity of h uses
BB El{ to collect preimages under f or g into a sequence. The choice schema BBE? is not
available in PV7, but we can avoid it as f and g have coretractions computable by poly-size
circuits by theorem 2.7.) We combine h with enumeration of small subsets of m, and obtain
a function

Y (Mererier e -
. J
j<m(p—e)
> v x {we @) | |[{i<m|w € X} <m(p—e)}.

Notice that p2™ < s+ (0 4+ 2£)2" by lemma 2.11 (¢i). We invoke lemma 2.17 with “z” = 2",
“p =5+ (0 +26)2", and “6” = 3¢ + J, which gives

> (m> (s +£2M) (2" — s 4 £2n)m—T < cgrmymBe/mtei—e®) _ gpe gnmgmcd—e?)

j<m(p—e)
O

Another widely used property of counting is the inclusion-exclusion principle, which we
formalize below. Notice that the assumptions on k and m are necessary so that the bounded
sum in the statement of the principle is well-defined; thus it is not an additional restriction
on applicability of the principle.

Proposition 2.19 (Inclusion-exclusion principle) (in PV + dWPHP(PV)) Let {X; |
i < m} be subsets of 2", defined by a sequence of circuits. Let k < m be such that k € LogLog
and (m/k)¥ € Log. Assume

m X Rep SI
el

for every I C m of size at most k, and define

s = Z (=), €= Z Er.

ICm ICm
0<|I|<k 0<|I|<k

Then
U X; te—i—f S

<m
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if k is even, and
U Xi Zeqe s

i<m
if k is odd, for any ¢~ € Log.
Proof: The sums are well-defined, as
m m i
-— <
<§ k:> : Z (z) < (4m/k)" € Log
i<k
can be shown by easy induction on k, using (1 + 1/k)* < 4. For any i < £ < m, we define
¢ X; 1</,
X’L =
U X;, i=t.
Assume k > 0 is even, the case of odd k is similar. Let n~!' € Log. We will show
l
i . n N+ q; 14
Slze<U X,,n) —|—577<S k:>2 > Z (-1) S1ze(ﬂ Xl-,n)

i<m IC+1 iel
0<|I|I<k

by induction on ¢ < m. The base case £ = 0 is trivial. Assume that the statement holds for
¢ —1. We have

(1) = 3 (=D size(( X{7) =

1Ce il

0<|I|<k
3y (—1)|I|+ISize<ﬂXi,n>— 3y (—1)‘I|+1Size(ﬂXiﬂXf:ll,n).
ICi—1 i€l ICi—1 i€l
0<|I|<k 0<|I|<k

By lemma 2.11 (v), we have

Size(ﬂXmej,n)=Size<( N x)ul Xf)’”)

el ieIU{e—1} ieIU{¢}
:Size( ﬂ Xf,n)+Size( ﬂ Xf,n)
ieTu{¢—1} eIU{¢}
— Size( ﬂ Xf, 7]) + 512",
ie1U{6—1,6}
thus
(*)+5n<;k__11>2”2 > (—1)”'“Size(ﬂxf,n)+(—1)k > Size(‘ N Xin
ICl+1 icl Ice—1 i€TU{e—1,0}
0<|I|<k |I|=k—1
> Z (—1)|I|+ISize(ﬂXf,n>.
IC041 iel
0<|I|<k
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Using the induction hypothesis, we get

-1 (-1
Size Xi,n)+5n <( ) + < >> 2" > (—1)!"1+! Size X/ .n),
(Uxem)ron((c)*(cnmn)? 2 2 (Nxt.n)
0<|I|<k

and we can easily derive
{—1 n =1\ (4
<k <k-1) \<k
from (1) = (“21) + (7).

We take ¢ = m — 1. We have

3 -yl size(ﬂ Xi,n) + (e + 2n<§mk>> M > s

ICm iel
0<|I|<k

by lemma 2.11 (4i), thus

U XZ i8+§ S,

<m
where £ < 777(22). As (gc) € Log, we can make £ arbitrarily small by choosing a suitable
n~! € Log. O

Approximate counting, and estimation of probability with respect to the uniform distribu-

tion are two sides of the same coin, thus we can introduce probabilities in PV;+dWPHP(PV)
as in the following definition. All the results of section 2 can be naturally restated in proba-
bilistic terms, which we leave to reader’s imagination.

Definition 2.20 (in PV; 4+ dWPHP(PV)) Let X be a definable subset of 2/, and 0 < &,p <
1. We define
Prooi(x € X) <. p iff XNt = pt,

and similarly for >, ~. If X is defined by a circuit and e~! € Log, we put

1
Proci(z € X). == n Size(X Nt,e).

3 Randomized algorithms

Our main application of approximate counting is in the formalization of probabilistic algo-
rithms in PV; + dWPHP(PV'). We will consider in turn the classes FRP, BPP, APP, MA,
including their promise versions (prBPP, prMA). For each class we present a natural way to
define algorithms from the class in PV, + dWPHP(PV) (and its extensions), and we prove
in PVi + dWPHP(PV') basic properties of the class (such as success amplification, or simu-
lation by circuits). We also discuss the problem whether all algorithms from the class can be
defined in PV; + dWPHP(PV): in general, algorithms from “syntactic classes” (like prBPP
or APP) are always definable, whereas “semantic classes” (like BPP) cannot be shown to be
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captured by PV; + dWPHP(PV) (or in fact, any recursively axiomatizable theory), without
nontrivial progress in their derandomization. In the case of semantic classes we pinpoint the
problem by showing that definability of any particular algorithm is equivalent to provability
of a VXY-sentence. (We show that the class APP is recursively enumerable, thus it can be
considered a syntactic class even if that is not apparent from its definition.)

3.1 NP search problems

The first class of algorithms we mention are probabilistic solvers to NP search problems.

Definition 3.1 An NP search problem S is given by a poly-time computable relation R(x,y)
such that

R(z,y) = |y| < p(|z|)

for some polynomial p. Any y such that R(z,y) is a solution of S for x, and x is called an
instance of S in this context. The search problem S is total if every instance of S has a
solution.

A deterministic algorithm solves S if it computes a solution for any given solvable instance
of S. A probabilistic algorithm A solves S if

Pr(A(z) is a solution for z) > 1/2

for every solvable instance z. (The constant 1/2 is rather arbitrary.)
The class of NP search problems solvable in probabilistic polynomial time is called FRP.
The class of total search problems from FRP is denoted TFRP.

Notice that we may require without loss of generality that an algorithm solving an NP
search problem rejects all unsolvable instances. The class of randomized poly-time algorithms
which solve NP search problems under this requirement can be defined directly, without any
reference to search problems: a probabilistic algorithm A computes an FRP-function, if for
every input z, either A(z) rejects with probability 1, or accepts and outputs a value with
probability at least 1/2. FRP can thus be thought of as a class of partial multifunctions.
Notice that a language L is in ZPP iff its characteristic function is in FRP, and L € RP iff
it is the domain of an FRP-function, thus FRP generalizes the classes ZPP and RP.

Formalization of FRP in PV) + dWPHP(PV') was studied in [15]. We can restate the
main definition of [15] in the present notation as follows.

Definition 3.2 (in PV; + dWPHP(PV)) A [3-definable randomized algorithm is given by a
pair of PV-functions (A, r) such that

Jw < T(f) A(f¢w) 7é * = Prw<r(f)(A(f7w) = *) =0 67

where * is a special symbol signalling a rejecting computation, and 0 < 8 < 1. If unspecified,
we take = 1/2.
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Various properties of FRP were proved in PV} +dWPHP(PV) in [15]. We will not repeat
these here, but instead we will concentrate on the question of which FRP-algorithms are
definable in PV; + dWPHP(PV'). This is actually two questions: Which FRP-functions are
provably 1/2-definable in PV + dWPHP(PV'), and which TFRP-functions are provably total
in PVi + dWPHP(PV'). We begin with the latter.

For any NP search problem .S, the statement “S' is total” is a VE?—sentence. Conversely,
for any V¥Y-sentence o, we can construct an NP search problem S, such that ¢ holds iff
S is total, thus description of provably total NP search problems of a theory is equivalent
to characterization of its ¥.3-consequences. Wilkie’s witnessing theorem (see [18]) states that
provably total NP search problems of PVi + dWPHP(PV) (or Si + dWPHP(PV)) are in
TFRP, and it was shown in [15] that these witnessing TFRP-functions are definable and
provably total in PV, + dWPHP(PV):

Theorem 3.3 ([15]) Assume Si + dWPHP(PV) + Va 3y p(x,y) with o € Xb, and let S
be the corresponding search problem. There exists a probabilistic algorithm A such that PV
proves

(i) A is 1/2-definable,
(i1) A solves S,
and PVy + dWPHP(PV') proves that A is total.

It is not clear whether all TFRP-functions are provably total in PV; + dWPHP(PV'), or
in any its r.e. extension for that matter, even if we restrict ourselves to univalued functions
with values in {0, 1}, i.e., ZPP-predicates. On one hand, such a result cannot be shown by
a relativizing technique: it would imply that ZPP has a complete language due to Thapen
26], and there exist oracles A such that ZPP# has no complete language [5]. On the other
hand, TFRP is widely believed to coincide with FP, in which case all TFRP-functions (but
not necessarily all TFRP-algorithms) are trivially definable in PV}.

We can obtain a more precise characterization of provably total search problems of PV} +
dWPHP(PV), if we consider “nonintensional” representations instead of particular TFRP-
algorithms.

Definition 3.4 A PV-formula ¢ represents a search problem S, if the following hold (in the
standard model):

(i) if o(x,y), then y is a solution of S for z,
(ii) if x is a solvable instance of S, then Jy p(x,y).

WPHPWIT is the following NP search problem: given a pair of circuits G: 2" — 22" and
H: 2% — 2" find an 2 < 22" such that G(H(z)) # .

Let S and S” be NP search problems. S is reducible to S’, if there are poly-time functions
f and g such that:

(7) if = is a solvable instance of S, then f(x) is a solvable instance of S,
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(i) if y is a solution of S’ for f(x), then g(x,y) is a solution of S for x.

Theorem 3.5 Let S be an NP search problem. The following are equivalent:
(i) S has a provably total representation in PVy + dWPHP(PV).

(@) S is reducible to WPHPWIT.

Proof: (i) — (it) follows from Thapen’s proof of Wilkie’s witnessing theorem [27].

(1i) — (7): assume that S is given by a poly-time relation R(z,y), and f and g form a
reduction of S to WPHPWIT. We may easily modify f so that its output f(z) = (G, Hz)
consists of a pair of circuits as in definition 3.4, provably in PV; + dWPHP(PV'). Put

e(z,y) = R(z,y) V (Go(Hy(y)) # y A —R(z, 9(z,y))).

The second disjunct never holds in the standard model by the definition of reduction, thus ¢
represents S. PVi+dWPHP(PV) proves Va 3y o(x,y), as G (H(y)) # y implies p(z, g(x,y))

or ¢(z,y). O

As noticed in [15], WPHPWIT can also be used as an axiomatic description of ¥¢-theorems
of PVy + dWPHP(PV), which is again implicit in Thapen’s proof of Wilkie’s witnessing
theorem.

Proposition 3.6 The statement “WPHPWIT is total” axiomatizes VE?—consequences of
PVi + dWPHP(PV') over PV;.

We return to the question which F'RP-algorithms (not necessarily total) are definable in a
given theory T'. Perhaps surprisingly, this question is essentially equivalent to a VEI{—sentence,
it thus reduces to the problem of the provably total TFRP-functions discussed above. (The
constants 1/2 and 2/3 below are arbitrary.)

Theorem 3.7 Let A be a FRP-algorithm with error 1/2. There exists a true ¥4 -sentence
¢ such that PVy + dWPHP(PV') proves

(i) if ¢, then A is 2/3-defined,
(i) if A is 1/2-defined, then .

Moreover, the (total) NP search problem S, associated with ¢ is in TFRP: there exists a
randomized algorithm B such that PVy + dWPHP(PV') proves

(#1) if A is 1/2-defined, then B is 1/2-defined, total, and solves S,.
Proof: The idea is to consider the PV («)-formula

U (z,y) = (y < (@) ANA@,Y) # * = Prycr @) (Alz,w) = *)1/50 < 5/8),
where * is as in definition 3.2. Clearly, HARD* proves

Va,yy*(z,y) — Ais 2/3-defined,
A is 1/2-defined — Vz,y¢*(z,y).
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We need to eliminate « from the formula. In the proof of theorem 2.7 (resp. lemma 2.14), the
exact choice of the function f is not relevant: the behaviour of Pr(...); /59 is preserved if we
replace o by any average-case 1/4-hard Boolean function f in the right number of variables.
We thus define

ey, f) = ((f+ 29 = 2) AHard)y(F) — ¥ (2,9),

where ¢(z) € LogLog is chosen as in theorem 2.7. Then ¢’ is a X¢-formula, and PV; +
dWPHP(PV') proves

Va,y, f ¢ (x,y, f) — Ais 2/3-defined,
Ais 1/2-defined — Vz,y, f ¢'(x,y, f).

We use a witnessing argument to show that S, is solvable in randomized polynomial
time. Notice that the only non-sharply bounded existential quantifier in ¢’ is the one from
- Hardf/4(f). PVy + dWPHP(PV) proves the ¥5-formula

(f,g: 2@ S 2) A Pr{uq(x)(A(m,w) = *)1/50 > 5/8 ANPrY _

(@) (A(z,w) = *)1/50 < 9/16
— ﬁHardfM(f) Y —|Hardi4/4(g).

By Wilkie’s witnessing theorem there exists a probabilistic algorithm h(z,y, f,g) € TFRP
such that

(f,9g: PAC 2) APr!

w<r(q;)(A(maw) = *)1/50 > 5/8 ANPrY _

@) (A(z,w) = *)1/50 < 9/16

- Wlt—. Hardf/4(f) (h(SU, Y, fa g)) \ Wlt—| Hardf/4(g) (h(ﬂj‘, Y, fv g))
holds with high probability. As A has error at most 1/2, the implication

y <r(x)NAlx,y) #*A Hardf/4(g) — PrZKT(I)

(A(z,w) = *)1/50 < 9/16

is true. Let B(x,y, f) be the probabilistic algorithm which generates a random function g,
and applies h(z,y, f,g). As most Boolean functions are average-case 1/4-hard, we have

y <r(@) AAe,y) #xA(f: 20 = 2) A Pri,q(x)(A(%w) =*)1/50 > 5/8
- Wit—'Hard‘l“M(f)(B(xvyaf))

with high probability. This construction can be easily formalized in PV; + dWPHP(PV),
using theorem 3.3 and lemma 2.2. O

3.2 The classes BPP and promise BPP

BPP, introduced by Gill [12], is arguably the most popular randomized complexity class. It
is generally considered a good approximation to the class of problems which are efficiently
solvable in practice.
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Definition 3.8 A language L is in BPP, if there exists a probabilistic poly-time decision
algorithm A such that for every x,

x € L= Pr(A(z)) > 3/4,
z ¢ L= Pr(A(z)) <1/4.

A promise problem is a pair L = (LT, L™) of disjoint languages. An ordinary language L is
identified with the promise problem (L,{0,1}<“ ~. L). A promise problem L is in promise
BPP (L € prBPP for short), if there exists a probabilistic poly-time algorithm A such that

for every =,

€ LT = Pr(A(x)) > 3/4,
r €L = Pr(A(z)) <1/4.

Formalizing the definition of prBPP in PV) + dWPHP(PV) is a straightforward applica-

tion of the approximate counting machinery.

Definition 3.9 (in PVi + dWPHP(PV)) Let 8 be a PV-function with values in (0,1/2),
A a PV-predicate, and r a PV-function. The pair (A,r) [-defines the prBPP problem
Layg= <ng,r,ﬁ’ Ly, ), where

zeLl,; M Pryo(-Alz,w) 2o B(z),

z < L/_l,r,ﬁ iff Prw<r(:v) (A(xaw)) =0 /B(x)
More generally, if LT, L™ are disjoint definable sets, the promise problem L = (L™, L™) is
B-defined by (A,r) if LT C L:r,@ and L~ C Ly, 5.

The pair (A, r) B-defines a BPP language if Vx (z € LJAfTﬁ Ve eLy, )
If unspecified, we take g = 1/4.

Lemma 3.10 (in PVi + dWPHP(PV)) Let L be a definable prBPP-problem, and n € Log.
There exists a Boolean circuit C: 2™ — 2 such that
re LT = C(x)
xe L = C(x)

)

1
0,

for every x < 2",

Proof: Work in HARD#. By lemma 2.14, there is a PV («a)-predicate P(x) such that

r €Lt = P(x),
x €L = -P(z).

We may compute P on a bounded interval by an oracle-free circuit, as «(x) only depends on
the length of x. OJ
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Proposition 3.11 (in PVi+dWPHP(PV)) Lett, s be PV -functions such that t(x), s(x) > 0,
and 1/s(x)+1/|t(z)| <1/2. Let L = (L™, L™) be a promise problem. The following are equiv-
alent.

(i) L is a (1/2 — 1/|t|)-definable prBPP-problem,
(i) L is a 1/4-definable prBPP-problem,
(#i) L is a 1/s-definable prBPP-problem.

Proof: The only interesting implication is (i) — (i24). Assume that L is (1/2 — 1/]t])-
defined by (A,7). Let ¢ be the constant from proposition 2.18, put m(z) = |t(z)[?|es(z)],
' (z) = r(z)™®), and

Al(z,w') = ({i <m(@) | A, wi)} = m(z)/2),

where w' < r'(z) is viewed as a sequence (w; | i < m(z)) of numbers less than r(x). Then L
is 1/s-defined by (A’,7") due to Chernoff’s bound (proposition 2.18). O

Notice that prBPP is defined by a purely syntactic condition: in other words, every pair
(A,r) of PV-functions (provably) defines a prBPP-problem.

Corollary 3.12 Every prBPP-algorithm is definable in PV, + dWPHP(PV).

Definable BPP-languages are essentially “provably total” prBPP-problems. As in the case
of TFRP, we do not know whether all BPP-languages are definable in PV, +dWPHP(PV') or
its r.e. extension; again, relativizing techniques cannot work, as Thapen’s result is applicable
to BPP, and an oracle with respect to which BPP does not have a complete language was
constructed in [14]. We show that the totality of a BPP-algorithm is essentially equivalent
to a VE?—sentence, thus the characterization of the BPP-languages definable in a particular
theory can be reduced to the characterization of its provably total TFRP-functions.

Theorem 3.13 Let A be a BPP-algorithm. There exists a true Y4-sentence ¢ such that
PV, + dWPHP(PV') proves

(i) if ¢, then A 1/3-defines a BPP-language,
(i) if A 1/4-defines BPP-language, then ¢.

Moreover, the NP search problem S, associated with ¢ is in TFRP. There is a randomized
algorithm B such that PVy + dWPHP(PV') proves

(#1) if A 1/4-defines BPP-language, then B is 1/2-defined, total, and solves S,.
Proof: We define

o =VaVf ((f: 2°7) — 2) AHard{),(f)
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with suitably chosen ¢(x) € LogLog, and proceed as in the proof of 3.7.

There is a minor complication in the construction of the probabilistic solver to S,: the
algorithm cannot directly decide which of the disjuncts in ¢ should hold, as we do not know
whether BPP = ZPP. The solution is to try both possibilities, and check whether either of
them leads to a correct witness for — Hardf/4( f). O

A similar argument can be used to prove that prBPP lies on the second level of the
polynomial hierarchy. The original result (formulated for BPP only) is due to Sipser and
Gécs [25], and it was simplified by Lautemann [20]. We follow an alternative proof due to
Nisan and Wigderson [22].

Proposition 3.14 Let A be a PV -predicate, and r a PV -functions. There are Eg—formulas
ot (z),07 () and I§-formulas 7+ (), 7~ (x) such that PVy + dWPHP(PV) proves

:CELZTI/4—>7T+(Q:)—>U+(:C)—>:E€L

Ar1/3

rel, 1/4—>777(a:)—>07(x)—>m€LAT1/3

In particular, any definable BPP-language is in Eg N Hg.

Proof: It suffices to define

mt(z) =Vf (f: 2l@) 5 9 /\Hard1/4(f) Pr{u<r(x)(ﬁA(x,w))1/5o < 7/24),
ot (@) =3f (f: 2°®) — 2 A Hard} (f) Priq (@) (" A@,w))1/50 < 7/24),
o (x) =3f (f: 2"®) — 2 Hard1/4(f) A Prw<r($)(A(33,w))1/5o < 7/24).
The quantifiers over f are bounded as f < 22“ and (x) = O(||x]]). O

To complete the picture we mention an elegant alternative description of definable BPP-
languages, based on implicit definability in (extensions of) HARD#. The intuition behind
this characterization stems from the well-known result BPP = almost-P (cf. [3, 22]).

Definition 3.15 Let T be a simple extension of PV; + dWPHP(PV), and T () := T +
HARDA. A PV (a)-predicate P*(z) is a T -definable implicitly poly-time predicate, if

TT(a) +TH(B) F P¥(x) — PP(x).
Theorem 3.16 Let T' be a simple extension of PVy + dWPHP(PV).

(i) Ewvery T-provably total BPP-language is in T™ equivalent to a T -definable implicitly
poly-time predicate.

(i1) Every T -definable implicitly poly-time predicate is in T equivalent to a T-provably
total BPP-language.
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Proof: (i): let L be a definable BPP-language. By lemma 2.14, there exists a PV («)-
predicate P® such that
TH(a) F P*(x) < x € L.

Then clearly
T* (o), T*(B) - P*(x) = PP(a).
(7i): assume that

T (), TT(3) F PY(z) — PP (x).

Let ¢ be a constant such that P®(x) only accesses the value of a(y) for ||y|| < ¢||z||. Work
in Tt (a). Fix z, let f = (f; | i < ¢||z||) be a sequence of average-case 1/4-hard functions
fi: 2" — 2, and define

g@):{ﬂwjlegdmm

a(y), otherwise.

Then (3 defines a (parametric) interpretation of T (3) in T (), and consequently P%(x)
Pf(z).
We thus have

TH () - Vi < c|la]| (fi: 20— 2 A Hardﬁ4(fi)) — (P%(z) < P/(x)).

Let A be the formalization of the following randomized algorithm: on input x, generate a
random sequence f = (f; | i < ¢||z||) of functions f;: 2¢ — 2, and output P7(z). By lemma
4.10 in [15], PV} + dWPHP(PV') proves

Pry (=i < clla]| Hardfly(£:)) =0 1/4,

thus
T"(a) b Pry(A(z, f) < —P*(z)) =0 1/4.

In particular,
T*(a) - Prs(Az, f)) =0 1/4V Prs(=A(z, )) <o 1/4,

i.e., Ais a1/4-defined BPP-algorithm in 7" («), and by theorem 2.13, also in T'. If L denotes
the BPP-language defined by A, clearly

TH(a)F P*(z) >z €L

as required. I

3.3 The class APP

The class APP is a generalization of BPP introduced by Kabanets, Rackoff, and Cook [17].
It comprises a representative class of algorithms which can be derandomized using the current
methods for proving P = BPP (viz. hardness-randomness tradeoffs), and unlike BPP, it is
known to have a complete problem. A unique feature of APP is that it does not consist of
languages (or promise problems), but functions with real values in the interval [0, 1].
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Definition 3.17 A real-valued function f: w — [0, 1] is in APP, if there exists a probabilistic
poly-time function g(z,y) with values in [0, 1]g such that

Pr(|f(2) - gla, 29 < 1/k) > 3/4
for all x and k.

We cannot directly talk about real numbers in bounded arithmetic, we thus have to
formalize A PP-algorithms without an explicit reference to the functions which they compute.
The idea is similar to methods used in constructive analysis (cf. [4]).

Definition 3.18 (in PV + dWPHP(PV)) Let 3(z,y) be a PV-function with rational values
in (0,1/2). A B-definable APP-algorithm is given by a pair of PV-functions g(z,y,w) and
r(z,y), where r has positive integer values, g has rational values in [0, 1], and
VxVk, ¢ € Log Ja € [0, 1] (Prw<r(w,2k)(|g(x,2k,w) —al| > 1/k) <o B(z,2")
A Prw<r(ac,2e) (\g(a:, QZa U}) - a| > 1/6) =0 IB(CC, 28))

When unspecified, we take § = 1/4.
Let (¢/,r") be a #'-definable APP-algorithm. We say that (g,r) and (¢',r') compute the
same function if

VaVk € Log Ja € [0,1] (Pry,cp0m (l9(2, 2% w) —a| > 1/k) <o B(x,2%)
A Prw<r’(a:,2k) (\g’(w, 2k7 w) - a| > 1/k) =0 ﬁ/(xa 2k))

Proposition 3.19 (in PVy + dWPHP(PV)) Let t(z,y) and s(x,y) be PV -functions with
positive integer values. If (g,r) is a (1/2 — 1/|t|)-definable APP-algorithm, there ezists a
1/s-definable APP-algorithm (¢',r') which computes the same function as (g,r).

Proof: Let ¢ be the constant from proposition 2.18, and let m(x,y) := |es(z, y)||[t(z,v)|? €
Log. Put

v (x,y) = r(z,y)"Y,
g/(‘/'[:7 y? w,) = Media’n(g('iv’ y’ wo)? tt ’g(m7 y? wm*l))7

where w' < r/(z,y) is considered as a sequence of m = m(x,y) numbers w; < r(z,y). Fix z,
k € Log, and a € [0, 1] such that

Pro<r(lg(z, 2", w) —al > 1/k) =0 1/2 = 1/[t|.
By proposition 2.18 (Chernoff’s bound), we have
Prw/<7,/<

The median of a set of numbers falls into the interval I = [a — 1/k,a + 1/k] whenever more

{i<m| l9(z, 28, w;) — a| > 1/k}| > m/2) <o 4™/ < 1/s.

than half of the numbers are in I, thus

Pry < (|9 (2,25, w') — a| > 1/k) <0 1/s. O
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Definition 3.20 An APP-function f: w — [0, 1] is representable in a theory T, if there exists
a pair of PV-functions (g,r) which, provably in 7', 1/4-defines an APP-algorithm, and for
any x and k,

Prw<r(:1:,2k) (|g(x, 2k7 U)) - f(fl,’)’ > 1/k) < 1/4
is true in N.
We want to show that all APP-functions are representable in PV} + dWPHP(PV'). No-
tice that for any reasonable model of computation (such as APP), the class of algorithms
representable in a given recursively axiomatizable theory is recursively enumerable. We thus

need to establish recursive enumerability of APP as a necessary prerequisite (it was left as
an open problem in [17]).

Definition 3.21 Let f,g: w — [0, 1] be real-valued functions. We say that f is (poly-time
many-one approximately) reducible to g, if there is a poly-time function r such that for every
x and k,

|f (@) = g(r(z,2))] < 1/k.

The Circuit Acceptance Probability Problem (CAPP) is the real-valued function fcapp such
that for every Boolean circuit C': 2™ — 2,

foapp(C) = Prycon (C(u) = 1).
Theorem 3.22 ([17]) A function f is in APP if and only if f is reducible to fcapp.

Theorem 3.23 The class APP is recursively enumerable. Ie., there exists a recursive se-
quence {A. | e € w} such that

e cach A, is a description of an APP-algorithm approximating a function fe,
e for every f € APP, there is an e such that f = f..

Proof: Let {g. | e € w} be a recursive enumeration of all clocked poly-time algorithms g(z, y),
such that the output of g(z,y) is a description of a Boolean circuit. Let Cut] be the cut-off
function

Cutf(z) = max(p,min(q,z)) = ¢z, p<z<gq,
p, = <p.

Let A.(z,2%) be the algorithm described in figure 1. Clearly, A, is a probabilistic poly-time
algorithm. Fix e and z, and define

Ci = g€(xa2i)7
a; := Pr,(Ci(u) = 1),

k
-2
b = Cuth (a1 + > Cut’ ) (@ — ain) ).
=2
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input: x, 2
fori=1,...,k do:
Ci — Ge ((IZ, 2i>
whp, compute ¢; such that |¢; — Pr, (C;(u) = 1)| < 1/(4k?) by random sampling

k
output Cut} (01 + > Cu t1/1(/25222)(c Ci— 1))
i=2

Figure 1: the APP-algorithm A,

For any k < ¢, we have

¢ 0o
1/(2i2) ‘ 1 1 LI
— bl < E i—1)| < E : =5 T2k
[be — b ’Z k+1c " 1/(212)( ~ ) R 127;2 B 2i:§k:1 (i=1)i 2k

thus the sequence {by, | k € w} is Cauchy, and converges to a number f.(x) :=b € [0, 1] such

that
& 1

= 2k
Fix k, and consider a computation of A, on input (z,2*). For alli =1,...,k, let ¢; € [0,1]

|b—by| = hm ]bg —by| <

be as in figure 1. With high probability, we have

|Ci—ai| < m

for every i. Let

1=2
be the output of the algorithm. Addition, subtraction, and the cut-off function are 1-Lipschitz,
thus

k
|d = bg| < ler — ar| + > _[(ei — cim1) — (a; — ai1))|

=2

k
<l —ai] + Z(!Cz — ai +|ci-1 — ai-1])
=2
1 1
Qk—l —

and
|d —b] < |d—bg|+|bp —b| <

| =

This means that A, is an A PP-algorithm for f,.
Let f be an arbitrary A PP-function. By A PP-completeness of CAPP, there is a poly-time
function g such that for any z and k, C := g(x, 2¥) is a Boolean circuit satisfying

[f(z) = Pru(C(u) =1)| <

=
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Choose e such that
ge(x, 2l~c) _ g<m7 24(k+1)2).

Fix z, and define the sequences C;, a;, and b; as above. We have

| < st e <
— | €yt
U= g2 a2 T 2
thus
k
b, = Cut(l) (al + Z(ai - aiﬂ)) = CUt(l)(ak) = ak,
=2

which means
fe(x) = klim by = klim ar = f(x).

As x was arbitrary, f. = f. O

Lemma 3.24 CAPP is representable in PVy + dWPHP(PV).

Proof: Let {g,r) be the formalization of the following algorithm: given C' and 2*, choose a
random Boolean function f in a suitable number of variables, and output Pr/(C/(u) = 1), /(3k)-
Fix C: 2" — 2, k < ¢ € Log, and let { = 1/(3(), Pr,(C(u) = 1) =¢ a. As PV; +
dWPHP(PV') proves
Pr(~ Hards), (£)) =0 1/4

(lemma 2.2), we have
and
Pry(|g(C, 2", f) —al > 1/(30) + £ +€) <o 1/4
by lemma 2.11 (). O

We remark that the combinatorial core of theorem 3.22 can also be formalized in PV; +
dWPHP(PV) with no difficulty. However, we do not know how to sensibly formulate the
statement of theorem 3.22 in PV; + dWPHP(PV'), due to absence of real numbers in bounded
arithmetic.

Theorem 3.25 FEvery APP-function f is representable in PV, + dWPHP(PV').

Proof: The basic idea is to partially formalize theorem 3.23 in PV} + dWPHP(PV).
As in theorem 3.23, choose a PV-function h(x,y) such that for every x and k we have

[f (@) = Pro(C(u) = 1)] < 1/(8K%),

where C' = h(z,2%). Let (gcapp,Tcapp) be the representation of CAPP from lemma 3.24,
amplified by proposition 3.19 so that the error on input (C, 2¥) is at most 1/k. We may assume
that roapp(x,2F) is always a power of 2. Define g(z, 2, w) as in figure 2, and let r(z,2"%) be
a power of 2 large enough to accommodate all calls to goapp inside g. The functions (g, r)
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input: x, 2%, w
fori=1,...,k do:
C; « h(z,2%)
ci — geapp(Ci, 2Y ) (w mod roapp(Cy, 2/ CK))))

k .
output Cut} (61 + > Cutl_/l(/Q(Z;??)(ci — ci_1)>
i=2

Figure 2: the function g, formalizing A,

represent f by the proof of theorem 3.23, it remains to prove in PV; + dWPHP(PV') that
(g,r) is a 1/4-defined APP-algorithm.
Work in HARD#. Fix z, and k < ¢ € Log. Define

Ci = h(:L',Qi),
a; == Pry(Ci(u) = 1)1/(10@)

a = Cut} <a1 - Z Cu tl/l/ZZQ)z)( ai—l))>

= Cut} <a1 + Z Cu tl/l/%zz)z)( —a;_ 1))

for every i < £. Consider first the computation of d := g(z, 2¢,w) on a random input w, and
let ¢; be as in figure 2. For every ¢ < ¢ and suitably chosen small £, we have

1

+ +§_4£2

1
gl <
i —ail < g + o

with probability at least 1 — 1/(8¢?), thus
Vi < lle; — a;] < 1/(40%)

with probability 1 — £/(8¢2) — ¢ > 3/4 by proposition 2.15. When this happens, we have

14

|d—a| <c1 —a1| + Z(!Cz — ail + |eio1 —aiq]) <
i=2

20 -1 < 1
402 20

as in theorem 3.23, thus
Pry (|g(z, 2%, w) — a| > 1/£) =g 1/4.

Now consider the computation of d' := g(z, 2¥, w). We have

1
2k

with probability at least 3/4 by the same reasoning as above. Moreover,

L
1/(2i2%) 1/1 1
la’ —a| < g |Cut 1/22 —ai-1)| < g Z—l 2(1{:—£)7

i=k+1 i=k+1

jd' —d] < o
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where the last equality follows by induction on ¢. Consequently

lg(z, 2 w)—a\<i+i—i<l
g2 =2k T2 20" k&
holds with probability at least 3/4. O

3.4 The classes MA and promise MA

Babai [1] (cf. [2]) introduced a hierarchy of complexity classes based on public-coin random-
ized interactive proof systems, Arthur-Merlin games. The game is played by the omniscient
but untrustworthy wizard Merlin, and king Arthur, who may flip coins, but otherwise his
computational power is polynomially limited. The players exchange messages in turn, and
the goal for Merlin is to convince mistrustful Arthur to accept the input string. MA is the
lowest level of the hierarchy, where the game is restricted to one round, with Merlin playing
first.

Definition 3.26 A promise problem L is in promise MA (prMA for short), if there exists a
probabilistic poly-time algorithm A(x,y) such that

A(z,y) = |yl < p(lz()
for some polynomial p, and
r € Lt = Jy Pr(A(x,y)) > 3/4,
re L™ =VyPr(A(z,y)) <1/4.

A language is in MA if the corresponding promise problem is in prMA.
Definition 3.27 (in PV; + dWPHP(PV)) Let 8 be a PV-function with values in (0,1/2),
A a PV-predicate, and ¢, PV-functions. The triple (A, q,r) [-defines a prMA-problem
L=(L*,L7)if L* D LY, gand L™ D L7 ; where

ze Ll s M 3y <q(@) Prycm)(—A(,y,w)) <o Bz),

we Ly’ 5 i ¥y <q(@) Prycym)(Alz,y,w) <o B().
(A,r,s) B-defines an MA-language, if Va (z € Ljfr,s,ﬁ Ve LZ’VT,S’B). If unspecified, we take
B =1/4.

Corollary 3.28 (in PVy + dWPHP(PV)) Let t and s be as in proposition 3.11, and let
L= (L",L™) be a promise problem. The following are equivalent.

(i) L is a (1/2 —1/|t])-definable prMA-problem,

(ii) L is a 1/4-definable prMA-problem,
(ii1) L is a 1/s-definable prMA-problem.
Moreover, every definable prMA-problem is in (the natural formalization of ) prNP /poly.
Proof: This follows from proposition 3.11 and lemma 3.10, as the definable prMA-problems
are just existentially quantified definable prBPP-problems. O
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Trivially, every prMA-problem is representable in PVi+dWPHP(PV'). For MA-languages,
we again have a reduction to a Ell’—problem.

Proposition 3.29 Let A be an MA-algorithm. There exists a true VE?—sentence © such that
PVi + dWPHP(PV) proves

(i) if ¢, then A 1/3-defines an MA-language,
(i) if A 1/4-defines an MA-language, then .

Proof: We may take the formula

¢ =VaVfVy3z (- Hardf/4(f) vV Prf(A(z,y,w))1 /50 < 7/24
\Y Pr{u(—\A(:E,z,w))l/m < 7/24)

as in theorem 3.13. O

We do not know whether the NP search problem associated with ¢ is solvable in proba-
bilistic polynomial time. It holds at least for languages from NPPFP C MA.

Proposition 3.30 Let A,q and r be PV -functions. There are ¥4-formulas o (x),0~ (z) and
15 -formulas 7+ (x), 7~ (x) such that PVy + dWPHP(PV) proves

L+3

+3
re Ly Aug,r,1/30

A,q,r,1/4

T € LyGay =T (@) 2o (@) mw €LY

t(z)—2e€
In particular, any definable MA-language is in ¥4 N I15.
Proof: Similar to proposition 3.14. The extra quantifiers do no harm:

=Vf (= Hard1/4(f) Vv dy < q(x) Prwq(x)(ﬁA(:v,y,w))l/m <7/24),
ot(z) =3f Iy < q(x (Hard1/4 ) A Prﬁjq(g&)(—'A(x,y,w))lﬁo < 7/24),
T () =VfVy < q(z) (- Hard1/4 )V Prwq(x)(A(m, Y, w))1/50 < 7/24),
= Elf (Hard1/4(f) /\vy < q( ) Prw<r(x) (A(xava))l/BO < 7/24)a

where f is bounded as in proposition 3.14. ]

4 Relativization and AM

The content of section 2 can be relativized in a straightforward way: we work with PV (R)
instead of PV, where R is a new predicate, and we replace circuits with oracle circuits. The
relativized version of theorem 2.7 then provides approximate counting of sets defined by oracle
circuits in PVi(R) + dWPHP(PV(R)). The other results relativize in a similar way.

In particular, counting of sets higher in the polynomial hierarchy may be achieved by
substitution of Ei-’—predicates for R. Namely, approximate counting of P _definable sets (or

32



more generally, sets defined by circuits with %2 oracles) is possible in T4 + dWPHP (szf) C
T2i+2. Relativization of section 3 provides the formalization of FRPZ?, pTBPPEZl?, APPE?,
and prMA™ in T + dWPHP(FP™).

Approximate counting of NP sets also permits formalization of Babai’s class AM [1],
which is defined by one-round Arthur-Merlin games where Arthur plays first.

Definition 4.1 A promise problem L is in promise AM (prAM for short), if there exists a
probabilistic poly-time algorithm A(x,y) such that

Az, y) = ly| < p(|z])
for some polynomial p, and

r € LT = Pr(3y A(z,y)) > 3/4,
x €L = Pr(IyA(z,y)) <1/4.

A language is in AM if the corresponding promise problem is in prAM.

Definition 4.2 (in T) + dWPHP(FPZlf)) Let § be a PV-function with values in (0,1/2). A
pair (p,r), where ¢(x,w) is a El{—formula, and r is a PV-function, 3-defines a prAM problem
L=(L"L7)if LT DL sand L~ D L_ 5 where

z € LIJ’,B it Prw<r(z)(_‘90(x7 w)) j(1) ﬂ(x),

wel,, s il Pryo(plew) <5 6),

and <! denotes <. relativized with a Ef-complete oracle. The pair (p,r) B-defines an AM -
- + +
language, if Ve (x € L), sV a € L, 5).
If unspecified, we take 5 = 1/4.

Proposition 4.3 (in T, + dWPHP(FPE?)) Let t and s be as in proposition 3.11, and let
L= (L%, L™) be a promise problem. The following are equivalent:

(i) Lis a (1/2 — 1/|t|)-definable prAM -problem,
(ii) L is a 1/4-definable prAM -problem,
(ii1) L is a 1/s-definable prAM -problem.

Proof: As prAM C prBPPN? | the result follows from relativization of proposition 3.11,
observing that the formula ¢'(z,w) defined by

i <m(x) | oz, w)}| > m(z)/2
is El{, as it is equivalent to

31 C m(z) (1| = m(z)/2 AVi € I o(z,w)). O
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Babai’s Collapse Theorem [1] states that AM coincides with the class of languages rec-
ognized by an Arthur-Merlin protocol with a bounded number of rounds. It is not clear how
to define general Arthur-Merlin games in bounded arithmetic; the next theorem shows that
prMAM = prAM , which implies that any class obtained by a constant number of applications
of the 4 and BP operators to prP is contained in prAM.

Theorem 4.4 (in T%—i—dWPHP(FPZ?)) Let L = (L*,L™) be a 1/4-definable prAM -problem,
and q a PV -function. Define a promise problem L7 = (L*3, L™7) by
ze L iff Jy<q(x)(ay) €L,
re L™ iff Yy<q(x)(z,y) L.
Then L7 is a 1/4-definable prAM -problem.
In particular, every definable prMA-problem is a definable prAM -problem.
Proof: By proposition 4.3, there exists a 1/(4¢(x))-definition (¢, r) of L. Define

¢ (z,w) iff Fy < q(z) o(z,y, w).
Then (¢',7) is a 1/4-definition of L¥: if x € L*3, there exists a y < g¢(x) such that
Pry(—p(x,y,w)) j%) 1/(4q(x)), and a fortiori
Pr(=3y < 4(z) o, 9, w)) <} 1/(4q(x)) < 1/4.

Assume x € L7, Then Pry,(p(z,y,w)) =} 1/(4¢(z)) for every y < g(x), and we would like
to argue that
Pry,(Jy < q(@) oz, y,w)) =g 1/4.
We cannot do it directly (say, by application of proposition 2.19), as g(x) ¢ Log in general,
but we can explore the fact that the proof of proposition 4.3 is sufficiently uniform.
We work in the relativized version of HARD#, which we denote HARD*(X%). Let (¢, s)
be a 1/6-definition of L, and we assume that (p,r) was constructed from (¢, s) as in proposi-

tion 4.3. Keep z fixed. By the relativization of lemma 2.14 there exist v and FP*®1_functions
f, g, h such that

fly) < 1/6,
9(y,®): v(1/50 + f(y))s(x) — v x {w < s(z) | P(z,y,w)},
h(y,e): v(1/50 +1 = f(y))s(z) —» v x {w < s(z) [ Y (z,y,w)}
for all y < ¢(z). By the proof of proposition 4.3 and the relativization of proposition 2.18
there exists a v’ and an FP*>1_function g’ such that

g'(y,0): v'(r(2)/(4q(x))) » o' x {w <r(z) | p(z,y,w)}
for all y < g(x). We define ¢"(u) = ¢’(u mod ¢(x), LﬁJ ), and observe that

7

9" ' (r(x)/4) = o' x {w < r(z) | Iy < q(z) p(z,y,w)},
thus
Pry,(Jy < q(z) p(z,y,w)) <5 1/4. O
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Proposition 4.5 (in T} + dWPHP(FPElf)) 1/4-definable prAM -problems are in prNP /poly.
Le., if L= (L",L™) is a 1/4-definable prAM -problem, and n € Log, then there exists a poly-
size nondeterministic circuit C': 2™ — 2 such that

re Lt = C(x)
xe L = C(x)

L,
0

for every x < 2",

Proof: Let (¢, r) be a 1/4-definition of L. Using twice the relativized version of lemma 3.10,
there exists a circuit D: 2" — {0,1, %} with an NP-oracle such that

+ _ +
re Ly, 14— D(z)=1—zc¢€ Ly 13

rel,, 1, D(z)=0—2x¢€ L i3

for every o < 2". Let (1, s) be a 27 *"-definition of L, ; /3, available by proposition 4.3. For
simplicity, we may assume that s(x) = s is constant for all x < 2". Then

Proc, ((D(z) = 1A () V (D(@) = 0 A (e, w))) <4 272"
for every x < 2™. Using the uniformity of the proof of propositions 4.3 and 2.18, we obtain
Pr,(3z < 2" (D(z) = 1 A (z,w)) V (D(z) = 0 A(z,w))) <5 1/2
by the same reasoning as in theorem 4.4. By dWPHP(FPZZf) there exists w < s such that
D(@) =1 — h(a, w),
D(z) =0 — —p(z, w)

for every x < 2", and then it suffices to define C(x) < (z,w). O

As AM C BPPMP | the relativized version of proposition 3.14 implies that every definable
AM-predicate is in Eg N Hg. We will formalize the stronger result AM C coRPNFI C Hg
from [1]. The proof is based on [20].

Theorem 4.6 (in T%—i—dWPHP(FPZ?)) Let L = (L*,L™) be a 1/4-definable prAM -problem.
There exists a X8 -formula o(z,y) and a PV -function r(x) such that for every x,

ze Lt =y <r(z)o(x,y),
rel” = Prygr(z) (go(x,y)) j(1) 1/2

Proof: In proposition 4.3, the number of random bits increases polynomially in the number
of iterations, but the probability of error decreases exponentially. Thus there exists (¢, s)
which is a 1/(4|s(x)|)-definition of L. We may assume s(z) is a power of two. We define

r(z) = s(z)*),
p(2,y) = Fw < s(x) Vi < |s(@)[(z, 0 S i),
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where y is decomposed as a sequence of |s(z)| numbers y; < s(x), and @ is bitwise XOR.
Let 2 € L, and fix y < r(z). We have Pr,_ ) (- (z, w)) <5 1/(4|s(z)]), and e ®y; is a
poly-time computable involution on 215l thus

1
Afs(x)|

Pry(=th(z, w © ;) =g

for every i < |s(z)|. We obtain
. 1
Pry(3i < [s(@)| ~(z,w & 1)) =174 §

from relativization of proposition 2.19, thus ¢(z,y) by dWPHP(FPEIi).
Let z € L™, and write s = s(z). We have Pr,(¢(z,w)) =} 1/(4]s|]) < 1/4, thus there
exists a circuit C7 with an NP oracle such that

Cr:vu(s/4) »vx{u<s|y(z,u)}

for some v > 0. As w @ e is a poly-time involution, we have a circuit Cy such that for any
w < s(z),
Co(w,e): v(s/4) » v x {u<s|yY(x,wdu)}.

We apply [s| copies of Co in parallel to obtain a circuit Cs such that
Cs(w, 0): vl(s/4)l* — ol s {y < sl | Vi < |s] (2, w ® i)},
and rearranging the domain yields a circuit Cy such that
Cy: vl (s/m)ols — wl¥l x {y < sl | Tw < sVi < |s| (2, w @ y)},
thus
s
S

Pry(o(z,y)) 26— <

. O
4ls|

N | =
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