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Multiphysics problems

@ Highly nonlinear, time-depedent PDE system
@ Automatic adaptivity (hp-adaptivity) needed
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Multiphysics problems

@ Highly nonlinear, time-depedent PDE system
@ Automatic adaptivity (hp-adaptivity) needed
@ Analytical error estimates not available
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hp-FEM

@ hp-FEM = FEM with variable h and p

Automatic Adaptivity for Evolutionary PDE Problem:



hp-FEM

@ hp-FEM = FEM with variable h and p
@ Automatc adaptivity in hp-FEM differs from standard FEM

@ “Reduced scheme": Analyticity of approximate solution (Melenk, ...)
Decision between p and h (two refinement candidates)

ARYAY:

@ "Full scheme”: Enrichment of FE space (Demkowicz, our group, ...)
Many refinement candidates possible (~ 102 in 2D, 103 in 3D)
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hp-FEM

@ hp-FEM = FEM with variable h and p
@ Automatc adaptivity in hp-FEM differs from standard FEM

@ “Reduced scheme": Analyticity of approximate solution (Melenk, ...)
Decision between p and h (two refinement candidates)

ARYAY:

@ "Full scheme”: Enrichment of FE space (Demkowicz, our group, ...)
Many refinement candidates possible (~ 102 in 2D, 103 in 3D)
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@ Analytical error estimates not practical
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hp-FEM

NOTE: Full scheme refinements reproducable by multiple steps of reduced scheme

Error Convergence for the Inner Layer Problem

Error Convergence for the Inner Layer Problem

1000 T T 1000 T T
hp-ortho —e— hp-ortho —e—
hp-simple —e— hp-simple —e—
100 100
= 10 — 10
£ @f £
s s
& 1 < & 1
\‘\-\ ) N
01 w 01
=T <
1\. >~
001 001
0 1000 2000 3000 4000 5000 6000 0 5 10 15 20 25 30 35 40 45
Degrees of Freedom Time [s]

olin, K. Segeth, I. Dolezel

Automatic Adaptivity for Evolutionary PDE Proble!



hp-FEM

NOTE: Full scheme refinements reproducable by multiple steps of reduced scheme

Error Convergence for the Inner Layer Problem Error Convergence for the Inner Layer Problem
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Reduced scheme: Simpler adaptivity but more refinement steps needed

Full scheme: Fewer refinement steps — less work on matrix level
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Goals and methodology

Solve a wide range of multiphysics problems with controlled accuracy in spacetime

@ thermoelasticity, microwave heating, induction heating, flow of
magnetorheological fluids, MHD, ...

@ need for space-time adaptive hp-FEM

<

We need error estimates that

@ work for a wide range of PDE problems
@ are computable (free of dubious constants)
@ tell the shape of the error in elements

Methodology:

@ approximations with arbitrary-level hanging nodes
@ PDE-independent error estimators

@ adaptive multi-mesh hp-FEM

@ space-time hp-FEM on dynamical meshes
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Forced refinements

@ Regular mesh
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Forced refinements

@ Regular mesh
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Forced refinements

@ Regular mesh
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Forced refinements

@ Regular mesh

@ One-level hanging nodes (1-irregular mesh)
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Forced refinements

@ Regular mesh

@ One-level hanging nodes (1-irregular mesh)
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Forced refinements

@ Regular mesh

@ One-level hanging nodes (1-irregular mesh)
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Forced refinements

@ Forced refinements

@ introduce unnecessary DOF

@ spoil element shapes

@ have recursive nature

@ cause incompatible refinements in the multi-mesh hp-FEM
@ Arbitrary-level hanging nodes:
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PS., L. Dubcova, I. Dolezel: Adaptive hp-FEM with Arbitrary-Level Hanging Nodes for
Time-Harmonic Maxwell’s Equations, J. Comput. Appl. Math., submitted.

PS., J. Cerveny, I. Dolezel: Arbitrary-Level Hanging Nodes and Automatic Adaptivity in
the hp-FEM, Math. Comput. Simul. 77 (2008), 117 - 132.
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PDE-independent error estimator

@ Based on approximation pairs with different orders of accuracy
@ Embedded higher-order ODE methods (Fehlberg, Hairer, Wanner et al.)

@ Global OG projection on coarse mesh — shape of error
@ Local OG projections on coarse mesh — optimal refinement candidates

PS., M. Simko: PDE-Independent Adaptivity Algorithm for the hp-FEM Based on
Approximation Pairs, J. Comput. Appl. Math., submitted.
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lllustration: elliptic problem
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lllustration: elliptic problem (step 1)
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lllustration: elliptic problem (step 2)
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lllustration: elliptic problem (step 3)
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lllustration: elliptic problem (step 4)
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lllustration: elliptic problem (step 5)
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lllustration: elliptic problem (step 6)
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lllustration: elliptic problem (step 7)
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lllustration: elliptic problem (step 8)
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lllustration: elliptic problem (step 9)
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lllustration: elliptic problem (step 10)

1.55
127
0.955
0.704
0.422
0.141
-0.14
-0.422
-0.703

-0.934

-1.27

158

. Segeth, |. Dolezel

Automatic Adaptivity for Evolutionary PDE Problems



lllustration: elliptic problem (step 11)
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lllustration: elliptic problem (step 12)
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lllustration: elliptic problem (step 13)
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hp-FEM vs. standard FEM
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lllustration: waveguide problem
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lllustration: waveguide problem (step 1)
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lllustration: waveguide problem (step 2)
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lllustration: waveguide problem (step 3)
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lllustration: waveguide problem (step 4)
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lllustration: waveguide problem (step 6)
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lllustration: waveguide problem (step 7)
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lllustration: waveguide problem (step 8)
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lllustration: waveguide problem (step 9)
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Mesh regularity vs. convergence speed

5 Error Convergence for the Load Problem
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Triangles vs. quadrilaterals

=3
p=3 p=3

=3 =3

=3 =3
P P 0=3

Two different initial meshes for the waveguide problem.
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Error Convergence for the Load Problem
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Phenomenon not understood yet.
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Open problems

@ PDE-independent error estimation
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Open problems

@ PDE-independent error estimation

@ Numerical singularity of stiffness matrices in adaptivity

1] ]

After 12 - 15 steps, max/min volume ratio ~ 10° and zero eigenvalues appear
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Open problems

@ PDE-independent error estimation

@ Numerical singularity of stiffness matrices in adaptivity

1] ]

After 12 - 15 steps, max/min volume ratio ~ 10° and zero eigenvalues appear
@ Hierarchic basis enrichment & multilevel methods?
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Hierarchic hp-refinement: 1D case

Original element Standard refinement Hierarchic enrichment
(P=2) (W2, p+1) (02, p+1)
—_— ‘ —_—
e e
/_\ /_\
N _

Quadrilateral elements: straightforward by product geometry
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Hierarchic hp-refinement: triangles

Add three vertex functions.

Add p — 1 edge functions of degrees 2,3, .. ., p per highlighted edge.
Add one edge function of degree p + 1 to each of the 9 edges.

Add bubble functions of degrees 3,4, ..., p into highlighted subelements.
Add p — 1 bubble functions of degree p + 1 to each of the four subelements.
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Embedded stiffness matrices

Sy

Ss

Nonsymmetric, indefinite, ill-conditioned — need for sparse direct solvers
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Embedded LU decompositions

@ Stiffness matrices embedded — LU decompositions embedded
@ S; decomposed via UMFPACK - fast
@ Extensions to S, Ss, etc. — slow!
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Block Jacobi method

S, - S, Ciz - S, Ci2 | Ci
Boy S, By S, | Cos
Bas1 B3, | Sz

Global discrete problem in enriched space:

S Ciz Yi+AY; Fi

32,1 S, Yo+ AYs F>

Solve 81 Yi = F, 82Y2 =F.
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Block Jacobi method

Global discrete problem in enriched space:
Si G Y+ AY; F
(32,1 Sy ><Y2+AY2>_<F2)
Iterative method for AY; and AYa:
Luay®) = _c,, (Yg + AY(k)> ,
LU,aYY = —B, 4 <Y1 + AY(k))

Seems to work well for a wide range of problem types.

Do you know about other methods?
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Multi-physics problems
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Multi-mesh hp-FEM

Master mesh Union mesh
(virtual)
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Multi-mesh hp-FEM
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Multi-mesh hp-FEM
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Multi-mesh hp-FEM
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lllustration - thermoelasticity

Rigid form Heated face Metallic workpiece
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lllustration - thermoelasticity

@ Solution: temperature
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lllustration - thermoelasticity

@ Solution: stress
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lllustration - thermoelasticity (step 1)
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lllustration - thermoelasticity (step 2)

1 1 1 1
2z z z 4 4 4 4 2z
2z 1 1 2z
1|z 2|1
1 1
11 11
z z
11 11
11 1121412 112412 11
1)1 11
1 213112 112213 1
1z 2|1

z z z z z z z z z z
z z z z
z z z z




lllustration - thermoelasticity (step 3)
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lllustration - thermoelasticity (step 4)
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lllustration - thermoelasticity (step 6)
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lllustration - thermoelasticity (step 7)
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lllustration - thermoelasticity (step 8)

wizltiz z [HE 11|11 111 2 higeiz
FRE 4 4 EREY
2 Ll z | 1|12 PR EREA L
Z i I 2
[ : ¢ [44
12113 1)1 11 113112
112112 1120112 112112 11212
[1] 1 \1+ [ 11
L] : — Ho . 111
T 223 Sz PR
A 2lzﬁ%zzzzlzzli 2:3 2:3 1\2\2\2222%2:3 B A
1 [RENENE T
312312 2 e J2|z2] 2 BBER = [2]2] = B 2 [312312
e =
1 ‘f‘& 11 |11 1 ﬂ‘f 1
2 2 2 2
IS z 1|1 |2 11
1]z 21
2 2
i1 11
2 2 2 2
2 z: z: z: ® ® ® ® ® 2

in, K. Segeth, I. Dolezel Automatic Adaptivity for Evolutionary PDE Proble!



=
K3
[
o
=
& NN BN
i I oM A <
BRI o o gl gl gl >
4 = B R L el Ry o~ | . I
o [o = = H lm c
o -y =}
o L e o[ =
i ||ﬂ 2
o
< ! S
o | i1}
- =
[ S
= = - |- - |-
& e =
~+ ww% T
(@)) ar I o
e |
s - v imL Y i - - o
o 3 = (] i N
o
) B [ £ oy R R il I B [
= e -
o Hew o
7 . RS
Q - ||ﬂ - o
<=
> o= = = - |-
&N
—
- — 1 [
O o= — 4 o |«
&
- — o
| —
o

11z (1

2z
1\3«\»
1
1/2112
|
Hiz z\z%‘kk
2| 2
1 1
1111
2
1
1
z
z

4

: :H‘i
FRERRS
1

1

1

z

©
K
<}
(=]
£
=
@
=)
@
(2}
4
c

213

1]

1)z
1
1
1
1

—
(%))
©
o
@)
E
—
()
i
=

1[4
11
4
1
1
z

N ed i d

4
2zl 2
Z
\
J_‘
[ T2
Blz3lz| 2
4
4
1
4
4

alzilz
z
T
|
alz1l3

ion

[llustrat




lllustration - thermoelasticity (step 10)
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lllustration - thermoelasticity (step 11)
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lllustration - thermoelasticity (step 1
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lllustration - thermoelasticity (step 1

2|2 3 = 2]z
213213 213 Fz| 213 *773\4Z|3 T T 2‘33|4|?77 z13 CAER 213 2131213
2|zl 2 z 1(1 11 z 2|22
2135 2 Z| z13] Sz 2 | 51213

Zl43]4 34113
BER BEE
T:F% a T‘T’T“’ﬁ:‘:T
FEEEFENEE ) - 2[z] HEEH 1 P dz[zH1
SRR T e BRI L e HEE L enear BRI TEEE
z|2| 2 2 2 . z 2 z 2 } LEE z 2 2 |2|2
ZZ[1]1 11 1711 1]12]z
Gl i e M N == FHE G A = I B N ==
mEi Linay e
1)1 FIEVEEY FIEEE 11
z | 2 1|z z |1 z 1
112 z2 |1
3 z
lafa]e e/t
Hilz|z Hz |1
1rEEzzZE L 1 ZBEL
2 2| 2 2 [Aalzzlzlzlal1] 2 Z gaeMEEa 2 3 2
z z z 1 213213 1 z z 1 213213 1 z




lllustration - thermoelasticity (step 14)
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Convergence: multi-mesh vs. single-mesh

esh
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Relative Error (%)
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The Rothe’s method

@ Approximates a time-dependent PDE with system of time-independent ones.
@ lllustration: 94 — Au = f

ou Un+1 —un
= = CAAUTT U™ = 0 4 AT
ot At * +
ou _ 3un+2 _ 4Un+1 + un
ot 2At
@ Time-independent PDEs solved using spatial adaptivity
@ “Simultaneous mesh refinement and coarsening”

= —2AtAUM? £ 3u™2 = 4yt — U7 4 2AHTH2

@ Adaptive control of time step as in embedded ODE methods
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lllustration: flame propagation

NOTE: Algorithm limited to parabolic PDEs and linear FEM was published recently by
Schmich & Vexler in SIAM J. Sci. Comput (2008).
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lllustration: thermally-conductive viscous flow
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lllustration: thermally-conductive viscous flow
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lllustration: thermally-conductive viscous flow
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@ Further develop the methodology, mainly in 3D

@ Solve difficult problems of practical interest

Interface tracking problems (with M. Shashkov, LANL)
MHD (with P. Bochev, Sandia NL)

Microfluidics in biochips (with R. Hoppe, U of Houston)
Radiative treatment of cancer (with J. Hesthaven, Brown U)
Processing of metals (with I. Dolezel, CTU)

Analysis of large civil structures (with J. Kruis, CTU)

@ Release the software under GPL license

HERMES 2D during next academic year
HERMES 3D in couple of years

@ Find good students and grow the team!
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Thank you for your attention!
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