ON SYSTEMS OF LINEAR ALGEBRAIC EQUATIONS IN THE COLOMBEAU ALGEBRA

J. Ligȩza, Katowice, M. Tvrdý^∗ ,Praha

Abstract. From the fact that the unique solution of a homogeneous linear algebraic system is the trivial one we can obtain the existence of a solution of the nonhomogeneous system. Coefficients of the systems considered are elements of the Colombeau algebra R of generalized real numbers. It is worth mentioning that the algebra R is not a field.

March 1, 1996, revised September 24, 1998

1. Introduction

We shall consider the systems of linear equations

(1.1) a_{11}x_1+ a_{12}x_2+ . . . + a_{1m}x_m = b_1, a_{21}x_1+ a_{22}x_2+ . . . + a_{2m}x_m = b_2, . . . . .. . . . . . a_{n1}x_1+ a_{n2}x_2+ . . . + a_{nm}x_m = b_n,

where a_{ij} (i = 1, 2, . . . , n, j = 1, 2, . . . , m), b_i (i = 1, 2, . . . , n) and x_j (j = 1, 2, . . . , m) are elements of the Colombeau algebra R of generalized real numbers. The coefficients a_{ij} , i = 1, 2, . . . , n, j = 1, 2, . . . , m, and b_i, i = 1, 2, . . . , n, are given, while x_1, x_2, . . . , x_m are to be found. The multiplication, the summation and the equality of two elements from R are meant in the Colombeau algebra sense. After extending these operations in a natural way to matrices and vectors with entries from R we can rewrite the system (1.1) in the equivalent matrix form

(1.2) Ax = b.

It is well-known that R is a commutative algebra with the unit element and it is also well-known (cf. [4, pp. 6–7] or [3, Section 37]) that most of the theory known for determinants of matrices of real or complex numbers are applicable to determinants with elements in commutative rings with the unit element. In particular, if X is a commutative ring with the unit element, X^n is the space of column n-vectors with entries from X, A is an n × m-matrix whose columns are elements of X^n and b ∈ X^n, then the determinant det(A) of A is defined in such a way that the following assertions are true:

1991 Mathematics Subject Classification. 46F99, 15A06.. Key words and phrases. Colombeau algebra, system of linear equations..

�This paper was supported by the grant No. 201/97/0218 of the Grant Agency of the Czech Republic.

Typeset by AMS-TEX 1

1.1. Proposition. If det(A) possesses an inverse element (det(A))^{−1} in X, then the given nonhomogeneous system (1.1) has a unique solution x for any right-hand side and this solution is given by x_i = det(A_i)(det(A))^{−1}, i = 1, 2, . . . , m,

where A_i stands for the matrix obtained from A by replacing the i-th column by the column b.

(For the proof see [4, p.6].) �

1.2. Proposition. If the homogeneous system

(1.3) Ax = 0

possesses a nontrivial solution, then det(A) is not invertible in X.

(For the proof see [4, Proposition 1.1.2].) �

1.3. Proposition. The system (1.3) possesses a nonzero solution if and only if there is a nonzero element λ of X such that λ det(A) = 0 (i.e. det(A) is a divisor of the zero element 0 in X).

(For the proof see [3, Corollary of Theorem 51].) �

The aim of this paper is to prove some additional theorems on existence and uniqueness of solutions of the system (1.2). In particular, from the fact that the unique solution of the system (1.3) is the trivial one we obtain the existence and uniqueness of solutions of the system (1.2). The results of this paper will be applied in the investigation of boundary value problems for generalized differential equations in the Colombeau algebra (see [2]).

2. Algebra of generalized numbers

Let us recall here some basic facts concerning the Colombeau algebra of generalized numbers which are needed later on. For more details see e.g. [1].

As usual, we denote the space of real numbers by R, while N stands for the set of natural numbers (N = {1, 2, . . . }).

Let D(R) be the set of all C^∞ functions R → R with a compact support. For a given q ∈ N we denote by _q the set of all functions φ ∈ D(R) such that the relations ∞∫ −∞ φ(t)dt = 1, and ∞∫ −∞ t^kφ(t)dt = 0 for any 1 ≤ k ≤ q

hold. We have

(1.4) _q ↗ _{q+1} for any q ∈ N and ∞⋂ q=1 q = ∅. For given φ ∈ D(R) and ε > 0, φ_ε is defined by

φ_ε(t) =^1_ε φ (_t ε ) . Now, we denote by ⟩_0 the set of all mappings from _1 into R. Obviously, when equipped with naturally defined operations, ⟩_0 is a commutative algebra over the field R of real numbers and the mapping φ ∈ _1 → 1 ∈ R is its unit element. In particular, the product R_1 · R_2 of the elements R_1 and R_2 of ⟩_0 is given by

R_1 · R_2 : φ ∈ _1 → R_1(φ)R_2(φ) ∈ R.

Furthermore, we denote by ⟩_M the set of all moderate elements of ⟩_0 defined by

⟩_M = { R ∈ ⟩_0 : ∃ (N ∈ N) ∀ (φ ∈ _N ) ∃ (c > 0, μ_0 > 0)

(1.5) ∀ (ε ∈ (0, μ_0)) | R(φ_ε) | ≤ c ε^{−N} } . Clearly ⟩_M is a linear subspace and a subalgebra of ⟩_0.

By Γ we denote the set of all increasing mappings α : N → R^+ such that

lim_{q→∞} α(q) = ∞

and we define an ideal ⋂ of ⟩_M by ⋂ = { R ∈ ⟩_0 : ∃ (N ∈ N, α ∈ Γ) ∀ (q ≥ N, φ ∈ _q ) (1.6) ∃ (c > 0, μ_0 > 0) ∀ (ε ∈ (0, μ_0)) | |R(φ_ε) | | ≤ c ε^{α(q)−N} }. The factor algebra R = ⟩_M ⋂ is called the algebra of generalized numbers (cf. [1, Sec.2.1]). For a given x ∈ R we denote by R_x its representative (R_x ∈ ⟩_M ) and write usually x = [R_x] (x = R_x + ⋂ ). Obviously, R is a commutative algebra with the unit element 1 = [R_1], where R_1(φ) ≡ 1 for any φ ∈ _1, and the zero element 0 = [R_0], where R_0(φ) ≡ 0 for any φ ∈ _1. Let us recall that for given x, y ∈ R we have xy = [R_x · R_y] = R_x · R_y + ⋂.

Furthermore, it is worth mentioning that R possesses nonzero divisors of the zero element. In fact, let a = [R_a] ∈ R and a^∗ = [R_a�] ∈ R be given by

R_a(φ) =

{ 1 if φ ∈ _{2k−1} \ _{2k} for some k ∈_N,

0, otherwise

(2.1) and R_a�(φ) =

{ 0 if φ ∈ _{2k−1} \ _{2k} for some k ∈_N,

1 otherwise.

(2.2)

Obviously R_a · R_a� ∈ ⋂ and R_a� · R_a ∈ ⋂, i.e. aa^∗ = a^∗a = 0, while both a and a^∗ are nonzero. It follows immediately that R is not a field. In fact, let a and a^∗ ∈ R be given respectively by (2.1) and (2.2) and let x ∈ R be such that ax = 1. Then 0 = (a^∗a)x = a^∗(ax) = a^∗ would hold, while a^∗ ≠ 0 according to the definition (2.2).

On the other hand, the algebra R possesses the following helpful property. 2.1. Proposition. If a ∈ R is not invertible, then a is a divisor of the zero element 0 of R.

For the proof of Proposition 2.1 the following lemma is helpful 2.2. Lemma. Let us assume that

∃ (q^∗ ∈ N) ∀ (φ ∈ A_q�) ∃ (d_q�_{,φ} > 0) ∃ (η_q�_{,φ} > 0)

(2.3) ∀ (ε ∈ (0, η_q�_{,φ})) | |R_a(φ_ε) | | ≥ d_q�_{,φ} ε^q�.

Then the element a = [R_a] ∈ R is invertible in R. Proof. Let the assumptions of the lemma be satisfied. Let us put

R_a�(φ) =

{_1

R_a (φ) if φ = ψε for some ψ ∈ q� and ε ∈ (0, ηq�,φ),

1 otherwise.

We shall show that then R_a · R_a� − R_1 ∈ ⋂, i.e. ∃ (N ∈ N, α ∈ Γ) ∀ (q ≥ N, ψ ∈ _q ) ∃ (c > 0, η > 0) ∀ (ε ∈ (0, η)) | |R_a(ψ_ε)R_a�(ψ_ε) − 1 | | ≤ c ε^{α(q)−N} . Indeed, let us put N = q^∗ and let α be an arbitrary element of Γ. Then for any q ≥ N and any ψ ∈ _q we have ψ ∈ _q�. By the assumptions of the lemma there is an η_q�_{,φ} > 0 such that R_a(ψ_ε)R_a�(ψ_ε) = 1 for any ε ∈ (0, η_q�_{,ψ}).

Thus, if we put c =^1_{dq}�_{,ψ} and η = η_q�_{,ψ}, we complete the proof of the lemma. � Proof of Proposition 2.1. Let us assume that (2.3) does not hold, i.e. ∀ (m ∈ N) ∃ (φ^{[m]} ∈ A_m) ∀ (c > 0, η > 0) (2.4) ∃ (ε ∈ (0, η)) | R_a ( φ^{[m]}_ε )| <^1_c ε^m. As ⋂_∞ q=1 _q is empty (cf. (1.4)), for any m ∈ N there exists r_m ∈ N ∪ {0} such that φ^{[m]} ∈ _{m+rm} \ _{m+rm+1}. Obviously, for any m ∈ N there is an r_m ∈ N ∪ {0} such that 0 ≤ r_m ≤ r_m and φ^{[m]}, φ^{[m+1]}, . . . , φ^{[m+rm]} ∈ _{m+rm} \ _{m+rm+1}, while φ^{[m+rm+1]} ∉ _{m+rm} \ _{m+rm+1}. Let us put (2.5) ψ^{[m]} = φ^{[m+rm]} for m ∈ N. Clearly, since according to our definition

φ^{[m+rm+1]} ≠ ψ^{[m]} for any m ∈ N, we have ψ^{[m+1]} ≠ ψ^{[m]} for any m ∈ N.

Furthermore, (2.4) implies that ∀ (m ∈ N, c > 0, η ∈ (0, 1)) ∃ (β_m ∈ (0, η)) | R_a ( ψ^{[m]}_{βm} )| <^1_c ( β_m )_{m+rm} . (2.6) (Let us notice that without any loss of generality we can assume that the relations φ^{[m]} = φ^{[m+1]} = · · · = φ^{[m+rm]} = ψ^{[m]} hold as well.)

Now, let us define a sequence {m_ℓ}^∞_{ℓ=1} by

m_ℓ = { 1 if ℓ = 1, m_{ℓ−1} + r_{mℓ}�_1 + 1 if ℓ ∈ N and ℓ ≥ 2.

Clearly, m_{ℓ+1} > m_ℓ holds for any ℓ ∈ N and lim_{ℓ→∞} m_ℓ = ∞.

Furthermore, for any ℓ ∈ N we have φ^{[mℓ]} = φ^{[mℓ+1]} = · · · = φ^{[mℓ+rmℓ ]} = ψ^{[mℓ]}, ψ^{[mℓ]} ∈ _{mℓ+rmℓ} \ _{mℓ+rmℓ +1} ⊂ _{mℓ+rmℓ} \ _{mℓ+rmℓ +1}, φ^{[mℓ+rmℓ +1]} ∉ _{mℓ+rmℓ} \ _{mℓ+rmℓ +1} and in virtue of (2.6) the sequence {ψ^{[mℓ]}}^∞_{ℓ=1} possesses the following property: ∀ (ℓ ∈ N, c > 0, η ∈ (0, 1)) ∃ (β_{mℓ} ∈ (0, η)) (2.7) | |R_a(ψ^{[mℓ]}_{βmℓ} ) | | <^1_c (β_{mℓ} )^{mℓ+rm}ℓ . Let us put c = 2 and η =^1_2 and let {β_{mℓ} }^∞_{ℓ=1} be the corresponding sequence from (2.7). Let us define a mapping R_λ : _1 → R as follows:

(2.8) R_λ : φ ∈ _1, ε > 0 → R_λ(φ_ε) =

1 if φ = ψ^{[mℓ]}_{βmℓ} and | |R_a(ψ^{[mℓ]}_{εβmℓ} ) | | <^1_2 (εβ_{mℓ} )^{mℓ+rm}ℓ for some ℓ ∈ N, 0 otherwise.

We claim that (2.9) R_λ ∉ ⋂. Indeed, if R_λ ∈ ⋂ then ∃ (N ∈ N, α ∈ Γ) ∀ (q ≥ N, φ ∈ _q) ∃ (c, η > 0) (2.10) ∀ (ε ∈ (0, η)) | |R_λ(φ_ε) | | < c ε^{α(q)−N} .

Let arbitrary fixed N ∈ N and α ∈ Γ be given such that (2.10) holds. Without any loss of generality we may assume that

(2.11) α(N) > N

is true as well. Let ℓ_0 ∈ N be such that

(2.12) m_ℓ + r_{mℓ} ≥ N for any ℓ ∈ N, ℓ ≥ ℓ_0.

Then for any ℓ ∈ N such that ℓ ≥ ℓ_0 we have

∃ (c_ℓ ≥ 2, η_ℓ ∈ (0,^1_2 )) ∀ (ε ∈ (0, η_ℓ))

(2.13) | |R_λ((ψ^{[m}ℓ^]_ε )_{βmℓ} ) | | < c_ℓ (εβ_{mℓ} )^{α(mℓ+rm}ℓ^{)−N} . Now, let {η_k}^∞_{k=1} be an arbitrary decreasing sequence in (0, 1) such that

(2.14) lim_{k→∞} η_k = 0.

According to (2.7) we have ∀ (ℓ ∈ N, k ∈ N) ∃ (β^{[k]}_{mℓ} ∈ (0, η_k)) (2.15) | |R_a(ψ^{[mℓ]}_{β[k]m} ℓ ) | | <^1_{cℓ} (β^{[k]}_{mℓ} )^{mℓ+rm}ℓ . In particular, the relations (2.14) and (2.15) imply that

(2.16) lim_{k→∞} β^{[k]}_{mℓ} = 0 for any ℓ ∈ N, ℓ ≥ ℓ_0, fixed.

Thus, if we put ε_{k,ℓ} = β^{[k]}_{mℓ} β_{mℓ} for k, ℓ ∈ N we obtain | |R_λ((ψ^{[mℓ]}_{βmℓ} )_{εk,ℓ} ) | | = | |R_λ(ψ^{[mℓ]]}_{β[k]m} ℓ )| <^1_{cℓ} ( β^{[k]}_{mℓ} )_{mℓ+rmℓ} ≤^1_2 ( β^{[k]}_{mℓ} )_{mℓ+rmℓ} . According to the definition (2.8) this means that for all φ = ψ^{[mℓ]}_{βmℓ} , k ∈ N and ℓ ∈ N such that ℓ ≥ ℓ_0 we have

(2.17) R_λ ( φ_{εk,ℓ} ) = R_λ (( ψ^{[mℓ]}_{βmℓ} ) ε_{k,ℓ} ) = R_λ ( ψ^{[mℓ]}_{β[k]mℓ} ) = 1.

On the other hand, (2.13) yields | R_λ ( φ_{εk,ℓ} )| < c_ℓ ( β^{[k]}_{mℓ} )_{α(mℓ+rmℓ )−N} for all k, ℓ ∈ N such that ℓ ≥ ℓ_0.

Consequently, as by (2.11) and (2.12) we have α(m_ℓ + r_{mℓ} ) > N and thus by (2.16) lim_{k→∞} c_ℓ ( β^{[k]}_{mℓ} )_{α(mℓ+rmℓ )−N} = 0, we obtain that for any ℓ ≥ ℓ_0 there is a k_0 such that | |R_λ(φ_{εk,ℓ} ) | | < 1 for any k ≥ k_0,

which contradicts (2.17). This proves the relation (2.9).

Now, we will prove that the relation

(2.18) R_λ · R_a ∈ ⋂

is true as well. To this purpose let us define a mapping α^∗ : N → R^+ = (0, ∞) as follows:

α^∗(q) = 1 2 ( 1 + q − 1 m_2 ) if 1 ≤ q ≤ m_2,

m_{ℓ−1} +

(q − m_ℓ)(m_{ℓ+1} − m_ℓ) m_{ℓ+1} − m_ℓ if m_ℓ < q ≤ m_{ℓ+1}

and ℓ ≥ 2.

Since obviously

α^∗(m_1) = α^∗(1) =^1_2 and α^∗(m_ℓ) = m_{ℓ−1} for ℓ = 2, 3, . . . ,

it is easy to verify that α^∗ ∈ Γ. Furthermore, according to the definition (2.8) we have for any φ ∈ _1

R_λ ( φ_ε ) R_a ( φ_ε ) = R_a(φ_ε) if φ = ψ^{[mℓ]}_{βmℓ} and | R_a ( ψ^{[mℓ]}_{εβmℓ} )| <^1_2 ( εβ_{mℓ} )_{mℓ+rmℓ} for some ℓ ∈ N, 0 otherwise.

Let arbitrary N, q ∈ N be given such that q ≥ N, then there is a unique ℓ ∈ N such that q ∈ N ∩ (m_ℓ, m_{ℓ+1}]. Since β_{mℓ} < 1, it follows that for all φ ∈ _q and ε ∈ (0, 1) we have | R_λ ( φ_ε ) R_a ( φ_ε )| ≤ ε^{mℓ+rmℓ} ≤ ε^{mℓ}�^1 ≤ ε^α �_{(q)−N} . (Let us recall that _q ⊂ _{mℓ}�_1 in such a case.) Consequently, if we choose N ∈ N arbitrarily (e.g. N = 1) then for all q ∈ N such that q ≥ N, any φ ∈ _q and any ε ∈ (0, 1) we get | |R_λ(φ_ε)R_a(φ_ε) | | ≤ ε^α�^{(q)−N} , i.e. (2.18) is true. �

2.3. Vectors and matrices of generalized numbers. Let us put R n = R × · · · × R n times .

The elements of R^n will be considered as column n-vectors, i.e. 1 × n-matrices of generalized numbers. For a given n × m-matrix A of generalized numbers, its entries will be denoted by a_{ij} (A = (a_{ij} ) = (a_{ij} )_{i=1,...,n} j=1,...,m .) Given an n × m-matrix A of generalized numbers and an m × k-matrix

B of generalized numbers, their product AB is the n × k-matrix of generalized numbers defined in the natural way and the transpose of A is denoted as usual by A^T .

Obviously, if A = (a_{ij} )_{i=1,...,n} j=1,...,m is a given matrix of generalized numbers, then

x = (x_1, x_2, . . . , x_m)^T ∈ R^n

is a solution of the system (1.2) if and only if it satisfies the system of relations R_{ai1} · R_{x1} + R_{ai2} · R_{x2} + · · · + R_{aim} · R_{xm} − R_{bi} ∈ ⋂, i = 1, 2, . . . , n. For a given q ∈ N, the symbol N_q denotes the subset {1, 2, . . . , q} of N. For a given subset M of N, we will denote by ν(M) the number of its elements. Let A = (a_{ij} ) be an n × m-matrix (n, m > 1) of generalized numbers and let U⊂ N_n and V⊂ N_m be given such that ν(U) ≤ n − 1 and ν(V) ≤ m − 1. Then the symbol A_{U,V} stands for the matrix obtained from the matrix A by deleting the rows with the indices i ∈ U and the columns with the indices j ∈V. If U= {i} and V= {j}, then we write A_{U,V} = A_{i,j} . We say that the minor det(A_{U,V}) of the matrix A is of the k-th order if k > 0 and n − ν(U) = m − ν(V) = k. For a given r ∈ N such that 1 ≤ r ≤ min(n, m), the symbol A^{(r)} stands for the submatrix (a_{ij} )_{i=1,...,r} j=1,...,r of the matrix A = (a_{ij} )_{i=1,...,n} j=1,...,m . Let an n × n-matrix A and a couple

i, j ∈ N_n of indices be given. Then we define the cofactor D_{i,j} of a_{ij} in A by

D_{i,j} = (−1)^{i+j} det(A_{i,j} ).

The n × (m + 1)-matrix obtained when we attach a column b ∈ R^m to the columns of a given n × m-matrix A of generalized numbers will be denoted by (A, b).

If A has not only zero elements, then the highest order r of nonzero minors is called the rank of A and will be denoted by rank (A). If A is the zero matrix, we put rank (A) = 0.

3. Main results

Before formulating the main results of the paper let us give several simple examples indicating that under our assumptions the situation is even in the case m = n = 1 more complicated than in the classical case.

Let a ∈ R and b ∈ R be given and let us consider the equations ax = b (3.1) and ax = 0. (3.2)

a) If a is given by (2.1), then a ≠ 0 and as mentioned above there exists a nonzero generalized number a^∗ ∈ R (cf. (2.2)) such that aa^∗ = a^∗a = 0. This shows that the homogeneous equation (3.2) with a ≠ 0 may in general possess nonzero solutions.

b) Furthermore, it was also mentioned above that if a is given by (2.1), then a is noninvertible, i.e.

the equation (3.2) possesses for b = 1 no solutions, though a is nonzero. Let us notice that in this case we have rank (A) = rank (A, b) = 1.

c) Let a be given by (2.1) and let b = a. Then (A, b) = (a, a), rank (A) = rank(A, b) = 1 and x = 1 is evidently a solution to the equation (3.1) (i.e. ax = a).

Our main results are the following theorems.

Theorem 3.1. Let m = n and let the zero vector be the unique solution of the system (1.3) in R n . Then the system (1.2) has exactly one solution x in R^n for any b ∈ R^n.

Theorem 3.2. Let us assume that rank(A) = rank(A, b) = r ≥ 1 and that there are subsets U and V of the set N_{min(n,m)} such that ν(U) = ν(V) = r and det(A_{U,V}) is invertible in R. Then the system (1.2) has at least one solution x ∈ R^m.

Theorem 3.3. Let us assume that the system (1.2) has a solution x ∈ R^m. Then

(3.3) rank(A) = rank(A, b).

4. Proofs Proof of Theorem 3.1. Let m = n and let x = 0 ∈ R^n be the only solution of the homogeneous system (1.3).

Let us assume that det(A) is not invertible in R. Then by Proposition 2.1, det(A) is a divisor of the zero element in R and hence by Proposition 1.3 the system (1.3) possesses a nonzero solution. This being contradictory to our assumptions, it follows immediately that under the assumptions of the theorem det(A) has to be invertible in R. The proof of Theorem 3.1 is now easily completed by making use of Proposition 1.1. � 4.2. Proof of Theorem 3.2. Without any loss of generality we may assume that det(A^{(r)}) ≠ 0 and det(A^{(r)}) is invertible in R. Furthermore, let us assume that r < m. The modification of the proof in the case r = m is obvious.

Let an arbitrary vector λ = (λ_1, λ_2, . . . , λ_{m−r})^T ∈ R^{m−r} be given. Let us denote

~b_i = b_i −^m ∑ k=r+1 a_{ik} λ_{k−r} for i = 1, 2, . . . , n

and ~b = ( ~b_1, ~b_2, . . . , ~b_r)^T . By Proposition 1.1 there exists the unique solution y = (y_1, y_2, . . . , y_r)^T to the system A^{(r)}y = ~b and this solution is given by

y_j = det(A^{(r)}_j )(det(A^{(r)}))^{−1}, j = 1, 2, . . . , r,

where for a given j = 1, 2, . . . , r, the symbol A^{(r)}_j denotes the matrix obtained from the matrix A^{(r)} by replacing the j-th column by the vector ~b. If r = n, then x = y is a solution of the given system (1.2) and the proof of the assertion of the theorem is obvious, of course. If r < n then analogously to the classical case (when a_{ij} , b_i ∈ R) for any i = r + 1, r + 2, . . . , n and any λ ∈ R^{m−r} we obtain (^r∑ j=1 a_{ij} y_j − ~b_i ) det(A^{(r)})

(4.1)

= r∑ j=1 a_{ij} det(A^{(r)}_j ) − ~b_i det(A^{(r)}) = − det(A^{r,i}, ~b^i), where the (r + 1) × (r + 1)-matrix (A^{r,i}, ~b^i) is given by

(A^{r,i}, ~b^i) = a_{11} a_{12} . . . a_{1r} ~b_1 a_{21} a_{22} . . . a_{2r} ~b_2 . . .. . . . a_{r1} a_{r2} . . . a_{rr} ~b_r a_{i1} a_{i2} . . . a_{ir} ~b_i It is easy to verify that if we denote by (A^{r,i}, b^i) the (r + 1) × (r + 1)-matrix given by

(A^{r,i}, b^i) = a_{11} a_{12} . . . a_{1r} b_1 a_{21} a_{22} . . . a_{2r} b_2 . . . . . . . a_{r1} a_{r2} . . . a_{rr} b_r a_{i1} a_{i2} . . . a_{ir} b_i ,

then the following relation is true: det(A^{r,i}, ~b^i) = det(A^{r,i}, b^i). By the assumption of the theorem we have

det(A^{r,i}, b^i) = 0,

of course. Consequently, since det(A^{(r)}) is assumed to be invertible, it follows easily from the relation (4.1) that the relations

a_{i1}y_1 + a_{i2}y_2 + · · · + a_{ir}y_r = ~b_i, i = 1, 2, . . . , n

are true. Thus, if we set

x_i = y_i for i = 1, 2, . . . , r and x_i = λ_{i−r} for i = r + 1, r + 2, . . . , n,

then the vector x = (x_1, x_2, . . . , x_n)^T is the desired solution to the given system (1.2). �

Proof of Theorem 3.3. Let us assume that the system (1.2) possesses a solution x = (x_1, x_2, . . . , x_m)^T ∈ R^m. Let us put again r = rank(A). If r = m or r = 0, then the proof of the theorem is obvious. Let us assume 0 < r < m. Furthermore, without any loss of generality we can assume that det(A^{(r)}) ≠ 0

holds.

Obviously we have

(4.2) rank(A, b) ≥ r.

Let us denote y = (x_1, x_2 . . . , x_r)^T and b = (b_1, b_2, . . . , b_r)^T . Then the relation

A^{(r)}y = ~b = b − ( m∑ j=r+1 a_{ij} x_j )_{i=1,...,r} is true. Analogously to the proof of Theorem 3.2 we could show that for any i = r + 1, r + 2, . . . , m the determinant of the matrix (A^{r,i}, b^i) vanishes. Consequently, we have rank(A, b) ≤ r wherefrom with respect to (4.2) our assertion immediately follows. �

References

[1] Colombeau, J. F., Elementary Introduction to New Generalized Functions, North Holland, Amsterdam, New York, Oxford, 1985.

[2] Ligȩza, J., Generalized solutions of boundary value problems for ordinary linear differential equations of second order in the Colombeau algebra, Dissertationes Mathematicae (Different aspect of differentiability) 340 (1995), 183–194.

[3] Mc Coy, N.H., Rings And Ideals, The Carus Mathematical Monographs (Nr. 8), Baltimore, 1948. [4] Przeworska-Rolewicz, D., Algebraic Analysis, PWN - Polish Scientific Publishers & D.Reidel Publishing Company, Warszawa - Dordrecht / Boston / Lancaster / Tokyo, 1988.

Authors’ addresses:

Jan Ligȩza, Uniwersytet Śla̧ski, Instytut Matematyki, ul.Bankowa 14, 40 - 007 Katowice, Poland; Milan Tvrdý, Mathematical Institute, Academy of Science of the Czech Republic, Žitná 25, 115 67 Praha 1, Czech Republic