Periodic singular problem with quasilinear differential operator

Irena Rachůnková^∗ and Milan Tvrdý^†

March 1, 2006

Cordially dedicated to Jaroslav Kurzweil for his 80th birthday anniversary

Abstract. We study singular periodic boundary value problem of the form

(ϕ(u^′))^′ + h(u) u^′ = g(u) + e(t), u(0) = u(T ), u^′(0) = u^′(T ),

where ϕ : R → R is an increasing and odd homeomorphism such that ϕ(R) = R, h ∈ C[0, ∞), e ∈ L_1[0, T ] and g ∈ C(0, ∞) can have a space singularity at x = 0 i.e. lim sup_{x→0+} |g(x)| = ∞ may happen. We prove new existence results both for the case of the attractive singularity, when lim inf_{x→0+} g(x) = −∞, and for the case of the strong repulsive singularity, when lim_{x→0+}

∫_1 x g(ξ) dξ = ∞. In the latter case we assume that ϕ(y) = ϕ_p(y) = |y|^{p−2} y, p > 1, is the well-known p-Laplacian. Our results extend and complete those obtained recently by Jebelean and Mawhin and by Liu Bing.

Keywords. Singular periodic boundary value problem, positive solution, ϕ-Laplacian, p-Lapla-cian, attractive singularity, repulsive singularity, strong singularity, lower and upper functions

Mathematics Subject Classification 2000. 34B16, 34C25, 34B15, 34B18

1 . Introduction

Second order nonlinear differential equations or systems with singularities appear naturally in the description of particles submitted to Newtonian type forces or to forces caused by compressed gases. Their mathematical study was started by Forbat and Huaux [10], [13], Derwidué [6] and Faure [8]. The equations they studied may be transformed to the form

(1.1) u^{′′} + h(u) u^′ = g(t, u) + e(t),

∗ Supported by the grant No. 201/04/1077 of the Grant Agency of the Czech Republic and by the Council of Czech Government MSM 6198959214

†Supported by the grant No. 201/04/1077 of the Grant Agency of the Czech Republic and by the Academy of Sciences of the Czech Republic, Institutional Research Plan No. AV0Z10190503. 1 sometimes also referred to as the generalized Forbat’s equations.

In 1987, motivated by the model equation u^{′′} = β u^{−λ} +e(t) with λ > 0, β ≠ 0 and e ∈ L_1[0, T ], Lazer and Solimini [17] investigated the existence of positive solutions to the Duffing equation u^{′′} = g(u) + e(t) using topological arguments and the lower and upper functions method. The restoring force g was allowed to have an attractive singularity or a strong repulsive singularity at origin. Starting with this paper, the interest in periodic singular problems considerably increased. The results by Lazer and Solimini have been generalized or extended e.g. by Habets and Sanchez [12], Mawhin [19], del Pino, Manásevich and Montero [4], Fonda [9], Omari and Ye [22], Zhang [30] and [32], Ge and Mawhin [11], Rachůnková, Tvrdý and Vrkoč [26]. Some of these papers (e.g. [12], [22], [30] or [32]) cover also the Liénard equation (1.1) with g(t, x) having at x = 0 an essentially autonomous singularity. However, all of them, when dealing with the repulsive singularity, supposed that the strong force condition is satisfied. The case of the weak singularity, the first results were delivered by Rachůnková, Tvrdý and Vrkoč in [25]. Further results were delivered later also by Bonheure and De Coster [1], Bonheure, Fonda and Smets [2] and Torres [28].

Regular periodic problems with ϕ- or p-Laplacian on the left hand side were considered by several authors, see e.g. del Pino, Manásevich and Murúa [5] or Yan [29]. General existence principles for the regular vector problem, based on the homotopy to the averaged nonlinearity, were presented by Manásevich and Mawhin in [20] (see also Mawhin [21]).

In the well-ordered case, the lower/upper functions method was extended to problems with a ϕ-Laplacian operator on the left hand side by Cabada and Pouso in [3], Jiang and Wang in [16] and Staněk in [27]. The general existence principle valid also when lower/upper functions are non-ordered was presented by Rachůnková and Tvrdý in [24] and, for the case when impulses are admitted, also in [23].

The singular periodic problem for the Liénard type equation

(1.2) ( |u^′|^{p−2} u^′

)_′ + h(u) u^′ = g(u) + e(t)

with the p-Laplacian on the left hand side was treated by Liu [18] (see Theorem 3.2 below) and Jebelean and Mawhin [14] and [15] (see Theorems 2.1 and 3.1 below). Their main tool was the continuation type existence principle due to Manásevich and Mawhin [20] (see Lemma 3.4 below).

In this paper we present two new existence results for singular periodic problems of the form

(ϕ(u^′))^′ + h(u) u^′ = g(u) + e(t),

(1.3)

u(0) = u(T ), u^′(0) = u^′(T ),

(1.4) where

ϕ : R → R is an increasing and odd homeomorphism such that ϕ(R) = R,

(1.5) 0 < T < ∞, h ∈ C[0, ∞), e ∈ L_1[0, T ]

(1.6) and g ∈ C(0, ∞) can have a space singularity at x = 0.

(1.7)

In particular, lim sup_{x→0+} |g(x)| = ∞ may happen. First, in Theorem 2.3, we prove the existence of a positive solution to problem (1.3), (1.4) in the case that the function g can have an attractive singularity at x = 0. Our main tool is the lower/upper functions method. On the contrary to Jebelean and Mawhin, we need not restrict ourselves to the case that the equation (1.3) reduces to (1.2). Let us recall that the function g is said to have an attractive singularity at x = 0 if

(1.8) lim inf_{x→0+} g(x) = −∞.

Alternatively, we say that g has a repulsive singularity at the origin if

(1.9) lim sup_{x→0+} g(x) = +∞.

Theorem 3.5 is devoted to the case that g has a repulsive singularity at x = 0. Similarly to the previous authors, we rely also on the continuation type principle by Manásevich and Mawhin. Unlike Jebelean and Mawhin, we need not restrict ourselves neither to the case that g is bounded below on (0, ∞), nor to assume any dissipativity conditions and, in comparison with Liu, we replace her crucial assumption (see (3.4)) by its asymptotic form (3.6). However, when dealing with the repulsive singularity, we also restrict ourselves to the case

ϕ(y) ≡ ϕ_p(y) := |y|^{p−2} y for y ∈ R,

i.e. we assume that ϕ reduces to the p-Laplacian.

As usual, for an arbitrary subinterval I of R, by C(I) we denote the set of functions x : I → R which are continuous on I, C^1[0, T ] stands for the set of functions x ∈ C[0, T ] with the first derivative continuous on [0, T ]. Further, L_1[0, T ] is the set of functions x : [0, T ] → R which are measurable and Lebesgue integrable on [0, T ]. For a given p > 1, L_p[0, T ] is the set of functions x ∈ L_1[0, T ] for which also |x|^p is Lebesgue integrable on [0, T ], L_∞[0, T ] is a subset of L_1[0, T ] formed by functions which are essentially bounded on [0, T ] and AC[0, T ] is the set of functions absolutely continuous on [0, T ]. For x ∈ L_1[0, T ] and p ∈ [1, ∞) we put

‖x‖_p =

( ∫_T 0 |x(t)|^p dt

)^1_p , ‖x‖_∞ = sup ess_{t∈[0,T ]} |x(t)| and x = 1 T ∫_T 0 x(s) ds.

It is well known that C^1[0, T ] becomes a Banach space when equipped with the norm ‖x‖_C1 = ‖x‖_∞ + ‖x^′‖_∞.

A function u : [0, T ] → R is a positive solution to problem (1.3), (1.4) if ϕ(u^′) ∈ AC[0, T ], u > 0 on [0, T ],

(ϕ(u^′(t)))^′ + h(u(t)) u^′(t) = g(u(t)) + e(t) for a.e. t ∈ [0, T ] and (1.4) is satisfied. (Notice that the requirement ϕ(u^′) ∈ AC[0, T ] implies that u ∈ C^1[0, T ].)

2 . Attractive singular forces

First, let us consider the simpler case when the function g can have an attractive singularity at x = 0, i.e. we admit that (1.8) can happen. If ϕ = ϕ_p and e ∈ L_∞, the following result is available.

2.1 Theorem. (Jebelean and Mawhin [14, Theorem 1]) Assume (1.6) with e ∈ L_∞[0, T ], (1.7), p > 1, lim sup

x→0+

[g(x) + ‖e‖_∞] < 0

(2.1) and lim inf x→∞ [g(x) + e] > 0.

(2.2)

Then problem (1.2), (1.4) has a positive solution u.

The proof of Theorem 2.1 is based on the lower/upper functions method and, in particular, on the following existence principle which follows easily from [27, Theorem 1] (see also [24, Theorem 2.1]).

2.2 Theorem. Assume (1.6) and (1.7). Moreover, let there exist lower and upper functions σ_1 and σ_2 of problem (1.3), (1.4) such that (2.3) 0 < σ_1 ≤ σ_2 on [0, T ].

Then problem (1.3), (1.4) has a positive solution u such that (2.4) σ_1 ≤ u ≤ σ_2 on [0, T ].

Let us recall that a function σ ∈ C^1[0, T ] is a lower function of problem (1.3), (1.4) if

(ϕ(σ^′(t)))^′ + h(σ(t)) σ^′(t) ≥ g(σ(t)) + e(t) for a.e. t ∈ [0, T ],

(2.5) and σ(0) = σ(T ), σ^′(0) ≥ σ^′(T ).

(2.6) If the inequalities in (2.5), (2.6) are reversed, σ is called an upper function of problem (1.3), (1.4).

Next theorem is a generalization of Theorem 2.1 to the case of a more general Laplacian operator on the left hand side of equation (1.3). 2.3 Theorem. Assume (1.5) − (1.7) and (2.2). Moreover, let

there exists α > 0 such that lim inf_{|y|→∞}

|ϕ(y)| |y|^α

> 0,

(2.7)

there exists r > 0 such that g(r) + e(t) ≤ 0 for a.e. t ∈ [0, T ].

(2.8) Then problem (1.3), (1.4) has a positive solution u such that u ≥ r on [0, T ].

Proof. Step 1. First, notice that, due to (2.8), σ_1(t) ≡ r is a lower function of (1.3), (1.4).

Step 2. We will construct an upper function σ_2 of (1.3), (1.4). By (2.2), there is an R > r such that (2.9) g(x) + e > 0 for x ≥ R. Take an arbitrary C ∈ R and consider an auxiliary problem (2.10) (ϕ(v^′))^′ + λ h(v + C) v^′ = λ b(t), v(0) = v(T ) = 0, where b(t) = g_0 +e(t) for a.e. t ∈ [0, T ], g_0 = inf{g(x) : x ∈ [R, ∞)} and λ ∈ [0, 1] is a parameter. For given λ ∈ [0, 1], define an operator F_λ : C^1[0, T ]×R → C^1[0, T ]×R by F_λ : (v, a) →

( ∫_t 0 ϕ^{−1} (a + λ

∫_s 0 [b(τ) − h(v(τ) + C) v^′(τ)] dτ) ds,

a − ∫_T 0 ϕ^{−1} (a + λ

∫_s 0 [b(τ) − h(v(τ) + C) v^′(τ)] dτ) ds. )

Due to (1.5) and (1.7), the operator F_λ is completely continuous for each λ ∈ [0, 1] and v is a solution of (2.10) satisfying ϕ(v^′(0)) = a if and only if F_λ (v, a) = (v, a). Now, let F_λ (v, a) = (v, a) for some λ ∈ (0, 1] and some (v, a) ∈ C^1[0, T ] × R. We have (2.11) (ϕ(v^′(t)))^′ + λ h(v(t) + C) v^′(t) = λ b(t) for a.e. t ∈ [0, T ], v(0) = v(T ) = 0 and ϕ(v^′(0)) = a. Multiplying the equality (2.11) by v(t) and integrating over [0, T ], we get (2.12) −

∫_T 0 ϕ(v^′(t)) v^′(t) dt = λ

∫_T 0 b(t) v(t) dt.

By (2.7), there are k > 0 and y_0 > 0 such that (2.13) ϕ(|y|) |y|^α > k 2 for |y| ≥ y_0.

Define (2.14) β(y) = ϕ(y) − k y^α for y ≥ 0. Then β ∈ C[0, ∞) and, due to (2.13), (2.15) − β(y) y^α < k 2 for y ≥ y_0.

Next, since ϕ is odd, we have ϕ(y) y ≥ 0 and |ϕ(y)| = ϕ(|y|) for each y ∈ R. In particular, ϕ(|y|) |y| = ϕ(y) y for all y ∈ R.

The relation (2.12) can be rewritten as follows (2.16) −k ‖v^′‖^{α+1}_{α+1} −

∫_T 0 β(|v^′(t)|) |v^′(t)| dt = λ

∫_T 0 b(t) v(t) dt.

Now, denote J = {t ∈ [0, T ] : |v^′(t)| ≥ y_0} and M = max{β(y) : y ∈ [0, y_0]} and assume that ‖v‖_∞ ≥ 1. Then, the relations (2.15) and (2.16) imply that k ‖v^′‖^{α+1}_{α+1} ≤ ‖b‖_1 ‖v‖_∞ + M y_0 T − ∫ J β(|v^′(t)|) |v^′(t)|^α

|v^′(t)|^{α+1} dt ≤ (‖b‖_1 + M y_0 T ) ‖v‖_∞ + k 2 ‖v^′‖^{α+1}_{α+1} holds. It follows that (2.17) k 2 ‖v^′‖^{α+1}_{α+1} ≤ (‖b‖_1 + M y_0 T ) ‖v‖_∞.

Further, by Hölder’s inequality we have (2.18) ‖v‖_∞ ≤

∫_T 0 |v^′(s)| ds ≤ T^{αα+1} ‖v^′‖_{α+1} .

Inserting (2.18) into (2.17) we conclude that ‖v^′‖_{α+1} ≤ ( 2 k ( T M y_0 + ‖b‖_1

))^1_α

T^{1α+1} .

Thus, including into consideration also the case ‖v‖_∞ < 1, we deduce from (2.18) that the estimate (2.19) ‖v‖_∞ < D := T ( 2 k ( T M y_0 + ‖b‖_1

))^1_α + 1 holds.

Furthermore, as v(0) = v(T ), there is a τ_0 ∈ (0, T ) such that v^′(τ_0) = 0. Therefore, the integration of the equality (2.11) yields

ϕ(v^′(t)) + λ

∫_{v(t)}

v(τ_0)

h(x + C) dx = λ

∫_t

τ_0

b(s) ds for t ∈ [0, T ], wherefrom the estimate

|ϕ(v^′(t))| ≤ 2 D max{|h(x)| : |x| ≤ C + D} + ‖b‖_1 for all t ∈ [0, T ] follows. Hence, ‖v^′‖_∞ ≤ ϕ^{−1} (H) and |a| = |ϕ(v^′(0))| ≤ H, where H = 2 D max{|h(x)| : |x| ≤ C +D}+‖b‖_1. This, together with (2.19), means that we can choose ρ > D + ϕ^{−1} (H) + H so that

(v, a) ≠ F_λ (v, a) for each λ ∈ (0, 1] and each (v, a) ∈ ∂ B(ρ), where B(ρ) = {(v, a) ∈ C^1[0, T ] × R : ‖v‖_∞ + ‖v^′‖_∞ + |a| < ρ}. Moreover, it is easy to see that F_0(v, a) = (v, a) if and only if (v, a) = (0, 0). So, I − F_λ generates a homotopy on cl(B(ρ)) × [0, 1]. Hence,

deg(I − F_λ , B(ρ)) ≡ deg(I − F_0, B(ρ)) = 1 for all λ ∈ [0, 1].

Therefore, for λ = 1 and for each C ∈ R, problem (2.10) has a solution (v_C , a_C ). From the construction of the operator F_1, it follows that v_C is a solution of (2.10) with λ = 1 and a_C = ϕ(v^′_C (0)). Moreover, in view of (2.19), we have also ‖v_C ‖_∞ < D on [0, T ].

Now, if we put C = R + D, we can see that σ_2 = v_C + C is an upper function of (1.3), (1.4). Indeed, we have σ_2(0) = σ_2(T ) = C and, due to (2.9), ϕ(σ^′_2(T )) − ϕ(σ^′_2(0)) = T b = T (g_0 + e) ≥ 0.

Moreover, σ_2(t) > C − D = R > r ≡ σ_1(t) on [0, T ]. Therefore, by (2.9), (ϕ(σ^′_2(t)))^′ = −h(σ_2(t)) σ^′_2(t) + g_0 + e(t)

≤ −h(σ_2(t)) σ^′_2(t) + g(σ_2(t)) + e(t) for a.e. t ∈ [0, T ].

Step 3. By Theorem 2.2, problem (1.3), (1.4) has a positive solution u such that u ∈ [r, σ_2(t)] for each t ∈ [0, T ]. □ Example. If ϕ = ϕ_p, p > 1, or ϕ(y) = (|y| y + y) ln(1 +^1_{|y|} ) or ϕ(y) = y (exp(y^2) − 1) and h ∈ C[0, ∞), β > 0, λ > 0, e ∈ L_∞[0, T ] and g(x) = −β x^{−λ} for x ∈ (0, ∞), then, by Theorem 2.3, the problem (1.3), (1.4) has a positive solution if and only if e < 0.

3 . Repulsive singular forces

The case when (1.9) happens is considerably more complicated since it does not usually lead to the existence of well ordered couple of lower and upper functions.

Under the assumptions ensuring that g is bounded below on (0, ∞) or that h satisfies the dissipativity condition, the existence of a positive solution to problem (1.2), (1.4) is ensured by Jebelean and Mawhin.

3.1 Theorem. ([14, Theorem 2] and [15, Theorem 3]) Assume p > 1 and (1.6). Furthermore, let

g ∈ C(0, ∞) and lim_{x→0+}

∫_1 x g(ξ) dξ = +∞

(3.1) lim inf

x→0+ [g(x) + e] > 0 > lim supx→∞ [g(x) + e],

(3.2)

lim inf_{x→∞} g(x) > −∞ or e ∈ L_2[0, T ] and h(x) ≥ h_∗ > 0 (or h(x) ≤ −h_∗ < 0) for all x ∈ [0, ∞),

(3.3)

Then problem (1.2), (1.4) has a positive solution.

Another related result concerning both the non-dissipative case and the case where g need not be bounded below on (0, ∞) was obtained by Liu.

For p > 1, define π_p =

2 π (p − 1)^{1p} p sin (^π_p ) .

3.2 Theorem. (Liu, [18, Theorem 1]) Assume p > 1, (1.6), (3.1) and (3.2). Furthermore, let

(3.4) { there exist a, 0 ≤ a <

(_{π p} T )_p

, and γ ≥ 0 such that g(x) x ≥ −(a x^p + γ) for all x > 0.

Then problem (1.2), (1.4) has a positive solution.

3.3 Remark. Let us notice that (^{π p}_T )^p is the first eigenvalue of the Dirichlet problem (ϕ_p(u^′))^′ + λ ϕ_p(u) = 0, u(0) = u(T ) = 0 (see [7]).

For the proofs of Theorems 3.1 and 3.2 the following corollary of the continuation type principle due to Manásevich and Mawhin was essential.

3.4 Lemma. ([20, Theorem 3.1] and [14, Lemma 3]) Assume p > 1, (1.6) and g ∈ C(0, ∞). Furthermore, let there exist r > 0, R > r and R^′ > 0 such that (i) the inequalities r < v < R on [0, T ] and ‖v^′‖_∞ < R^′ hold for each λ ∈ (0, 1] and for each positive solution v of the problem (3.5) ( |v^′|^{p−2} v^′

)_′ = λ (−h(v) v^′ + g(v) + e(t)), v(0) = v(T ), v^′(0) = v^′(T ), (ii) (g(x) + e = 0) =⇒ r < x < R, (iii) (g(r) + e) (g(R) + e) < 0.

Then problem (1.2), (1.4) has at least one solution u such that r < u < R on [0, T ].

Next, we will show that the condition (3.4) can be replaced by a related asymptotic condition.

3.5 Theorem. Assume p > 1, (1.6) (3.1) and (3.2). Moreover, let^1_p +^1_q = 1, e ∈ L_q[0, T ] and

(3.6) lim inf_{x→∞} g(x) x^{p−1} > − (π_p T )_p . Then problem (1.2), (1.4) has a positive solution.

Proof. Similarly to the Jebelean’s and Mawhin’s proof of Theorem 2 in [14], we will verify that the assumptions of Lemma 3.4 are satisfied.

Step 1. One-point estimates of solutions to (3.5). First, we will show that

(3.7) there are R_0 > 0 and R_1 > R_0 such that v(t_v) ∈ (R_0, R_1) for some t_v ∈ [0, T ] holds for each λ ∈ (0, 1] and each positive solution v of (3.5).

To this aim, choose λ ∈ (0, 1] and assume that v is a positive solution to (3.5). Integrating the equality (3.8) ( |v^′(t)|^{p−2} v^′(t)

)_′

= λ (−h(v(t)) v^′(t) + g(v(t)) + e(t)) for a.e. t ∈ [0, T ] over [0, T ] and taking into account the periodic conditions (1.4), we get

(3.9) 0 =

∫_T 0 (g(v(t)) + e(t)) dt =

∫_T 0 (g(v(t) + e) dt.

On the other hand, by (3.2), there are R_0 > 0 and R_1 > R_0 such that g(x) + e > 0 for x ∈ (0, R_0]

(3.10) and g(x) + e < 0 for x ∈ [R_1, ∞).

(3.11) Consequently, there is a t_v ∈ [0, T ] such that v(t_v) ∈ (R_0, R_1), otherwise we would meet a contradiction to (3.9). This proves the assertion (3.7).

Step 2. Upper estimates of solutions to (3.5). We will prove that there is R ∈ (0, ∞) such that

(3.12)

‖v‖_∞ ≤ R holds for each λ ∈ (0, 1] and each positive solution v of (3.5).

Assume, on the contrary, that there is a sequence of parameters {λ_k} ⊂ (0, 1] and a sequence of corresponding positive solutions {v_k} of (3.5) such that (3.13) lim_{k→∞} max{v_k(t) : t ∈ [0, T ]} = ∞.

By (3.7), the assertion (3.14) v_k(t_k) ∈ (R_0, R_1) for some t_k ∈ [0, T ] is true for each k ∈ N. Fix an arbitrary k ∈ N and extend the functions v_k and e T -periodically to R. Then ( |v^′_k(t)|^{p−2} v^′_k(t)

)_′ + λ_k (h(v_k(t)) v^′_k(t) = λ_k (g(v_k(t)) + e(t)) for a.e. t ∈ R.

Multiplying the last equality by v_k(t) and integrating over [t_k, t_k + T ] we obtain

(3.15) ‖v^′_k‖^p = −λ_k

∫_{tk+T}

t_k

g(v_k(t)) v_k(t) dt − λ_k

∫_{tk+T}

t_k

e(t) v_k(t) dt.

By (3.6), there are η ∈ (0,

(_{π p} T )_p

) and B > 0 such that

g(x) x ≥ −

(( π_p T )_p − η ) x^p for x ≥ B.

From the first inequality in (3.2) we deduce that there is an A ∈ (0, B) such that

g(x) x ≥ −e x for x ∈ (0, A].

Thus, if we put γ = |max {e, − min{g(x) : x ∈ [A, B]}}| , we get g(x) x ≥ −

(( π_p T )_p − η ) x^p − γ x for all x > 0,

which when inserted into (3.15) yields

(3.16) ‖v^′_k‖^p ≤

(( π_p T )_p − η ) ‖v_k‖^p + γ T^{1q} ‖v_k‖_p + ‖e‖_q ‖v_k‖_p,

Put w_k(t) = v_k(t) − v_k(t_k) for t ∈ [0, T ]. Then

‖v_k‖^p ≤ ( ‖w_k‖_p + T^{1p} v_k(t_k)

)_p . Due to (3.14), the inequality (3.16) can be rewritten as

(3.17) ‖w^′_k‖^p ≤

(( π_p T )_p − η ) ‖w_k‖^p ( 1 + a_1 ‖w_k‖_p

)_p + a_2 ‖w_k‖_p + a_3,

where a_i, i = 1, 2, 3, are positive constants not depending on w_k. Moreover, having w_k(t_k) = w_k(t_k +T ) = 0, we can apply the generalized Poincaré-Wirtinger inequality (see e.g. [31, Lemma 3]) and obtain

(3.18) ‖w_k‖^p ≤ ( T π_p

)_p

‖w^′_k‖^p which together with (3.17) gives

(3.19)

( π_p T )_p ≤ ‖w^′_k‖^p ‖w_k‖^p ≤ (( π_p T )_p − η ) ( 1 + a_1 ‖w_k‖_p

)_p + a_2 ‖w_k‖^{p−1}p + a_3 ‖w_k‖^p . By the Hölder inequality and by (3.13) we have lim_{k→∞} ‖w^′_k‖_p = ∞ wherefrom, with respect to (3.17), we get lim_{k→∞} ‖w_k‖_p = ∞. Thus, the inequalities (3.19) lead to a contradiction ( π_p T )_p ≤ ( π_p T )_p

− η.

As a consequence, we can conclude that there is R ∈ (0, ∞) such that (3.12) is true. Step 3. Estimates of the derivatives of solutions to (3.5). We will find R^′ ∈ (0, ∞) such that

(3.20) { ‖v^′‖_∞ ≤ R^′ holds for each λ ∈ (0, 1] and each positive solution v of (3.5).

To this aim choose λ ∈ (0, 1] and assume that v is a positive solution of (3.5). Let us put b = − min{−e, min{g(x) : x ∈ [R_0, R]}.

Then, by (3.10) and (3.12), we have g(v(t)) ≥ −b for t ∈ [0, T ]. So, it is easy to see that |g(v(t))| ≤ g(v(t)) + 2 b for t ∈ [0, T ].

Therefore, with respect to (3.9), we have

∫_T 0 |g(v(t))| dt ≤

∫_T 0 (g(v(t)) + 2 b + e − e) dt =

∫_T 0 (2 b − e) dt = T (2 b − e).

Now, due to (1.4), there is t_0 ∈ [0, T ] such that v^′(t_0) = 0. So, integrating the equality (3.8) from t_0 to t ∈ [0, T ], we obtain that the assertion (3.20) is true with

R^′ =

( ∫_R 0 |h(x)| dx + ‖e‖_1 + T (2 b − e)

)^1_{p−1} . Step 4. Lower estimates of solutions to (3.5). Choose λ ∈ (0, 1] and let v be a positive solution (3.5). Put

H = max{|h(x)| : x ∈ [0, R]} and K = R^{′2} T H +

∫_R

R_0

|g(x)| dx + R^′‖e‖_1.

By (3.1), there is r ∈ (0, R_0) such that

(3.21)

∫_{R0} x g(x) dx > K for all x ∈ (0, r].

Let t_1, t_2 ∈ [0, T ] be such that

v(t_1) = min{v(t) : t ∈ [0, T ]} and v(t_2) = max{v(t) : t ∈ [0, T ]}.

In view of (1.4), we have v^′(t_1) = v^′(t_2) = 0. Denote w(t) = ϕ_p(v^′(t)) for t ∈ [0, T ]. Then v^′(t) = ϕ^{−1}_p (w(t)) on [0, T ] and w(t_1) = w(t_2) = ϕ_p(0) = 0. Consequently, as ϕ^{−1}_p = ϕ_q, we have also

∫_{t2}

t_1

(ϕ_p(v^′(t)))^′ v^′(t) dt =

∫_{t2}

t_1

w^′(t) ϕ_q(w(t)) dt =

∫_{w(t2)}

w(t_1)

ϕ_q(x) dx = 0.

Thus multiplying (3.8) by v^′(t) and integrating from t_1 to t_2 yields

0 = −

∫_{t2}

t_1

h(v(t)) v^{′2}(t) dt +

∫_{R0}

v(t_1)

g(x) dx +

∫_{v(t2)}

R_0

g(x) dx +

∫_{t2}

t_1

e(t) v^′(t) dt.

It follows that ∫_{R0}

v(t_1)

g(x) dx ≤ R^{′2} T H +

∫_R

R_0

|g(x)| dx + R^′‖e‖_1,

which is, with respect to (3.21), possible only when v(t_1) > r.

Step 5. Final conclusion. By (3.12) and (3.20), the condition (i) of Lemma 3.4 is satisfied. Furthermore, as r ∈ (0, R_0) and R ∈ (R_1, ∞), the conditions (ii) and (iii) are satisfied due to (3.10) and (3.11). Thus, by Lemma 3.4, the problem (1.2), (1.4) has a positive solution. □ Example. Let p > 1, h ∈ C[0, ∞), 0 < a < (^{π p}_T )^p, β > 0, α ≥ 1 and

g(x) = −a x^{p−1} + sin x + β x^α for x > 0.

Then, by Theorem 3.5, problem (1.2), (1.4) has a positive solution for each e ∈ L_q[0, T ] with q =^p_{p−1} , while neither Theorem 3.1 nor Theorem 3.2 can ensure its existence.

Similarly, if, in addition p > 2, m is the integer part of p − 2 and

g(x) = −a x^{p−1} + m∑ i=0 c_i x^i + β x^α for x > 0,

then, by Theorem 3.5, problem (1.2), (1.4) has a positive solution for arbitrary coefficients c_i ∈ R, i = 0, 1, . . . , m, and each e ∈ L_q[0, T ] with q =^p_{p−1} .

14 Irena Rachůnková, Milan Tvrdý

References

[1] D. Bonheure, C. De Coster, Forced singular oscillators and the method of lower and upper functions, Topol. Methods Nonlinear Anal. 22 (2003), 297–317.

[2] D. Bonheure, C. Fabry and D. Smets, Periodic solutions of forced isochronous oscillators, Discrete Contin. Dyn. Syst. 8 (2002), 907–930.

[3] A. Cabada and R. Pouso, Existence result for the problem (ϕ(u^′))^′ = f(t, u, u^′) with periodic and Neumann boundary conditions, Nonlinear Anal., Theory Methods Appl. 30 (1997), 1733– 1742.

[4] M. del Pino, R. Manásevich and A. Montero, T -periodic solutions for some second order differential equations with singularities, Proc. Roy. Soc. Edinburgh Sect. A 120 (1992), 231– 243.

[5] M. del Pino, R. Manásevich and A. Murúa Existence and multiplicity of solutions with prescribed period for a second order quasilinear O.D.E, Nonlinear Anal., Theory Methods Appl. 18 (1992), 79–92.

[6] L. Derwidué, Systèmes differérentiels non lineáires ayant des solutions périodiques, Acad.

R. Belgique, Bull. Cl. Sci. (5) 49 (1963), 11–32; (5) 50 (1964), 928–942; (5) 50 (1964), 1130–1142.

[7] P. Drábek, Solvability and bifurcation of nonlinear equations, Research Notes in Math. Vol.

264, Pitman, Boston, 1992.

[8] R. Faure, Solutions périodiques d’equations différentielles et mèthode de Laray-Schauder (Cas des vibrations forceés), Ann. Inst. Fourier (Grenoble) 14 (1964), 195–204.

[9] A. Fonda, Periodic solution of scalar second order differential equations with a singularity, Acad R. Belgique, Mém. Cl. Sci. (3) 4 (1993), 1–39.

[10] N. Forbat and A. Huaux, Détermination approachée et stabilité locale de la solution périodique d’une equation différentielle non linéaire, Mém. Public. Soc. Sci. Arts Letters Hainaut 76 (1962), 3–13.

[11] W.G. Ge and J. Mawhin, Positive solutions to boundary value problems for second order ordinary differential equations with singular nonlinearities, Result. Math. 34 (1998), 108– 119.

[12] P. Habets and L. Sanchez, Periodic solutions of some Liénard equations with singularities, Proc. Amer. Math. Soc. 109 (1990), 1035–1044.

[13] A. Huaux, Sur l’existence d’une solution périodique de l’equation différentielle non linéaire u^{′′} + 0.2 u^′ + u/(1 − u) = 0.5 cos ω t, Acad. R. Belgique, Bull. Cl. Sci. (5) 48 (1962), 494–504.

[14] P. Jebelean and J. Mawhin, Periodic solutions of singular nonlinear perturbations of the ordinary p-Laplacian, Adv. Nonlinear Stud. 2 (2002), 299–312.

[15] P. Jebelean and J. Mawhin, Periodic solutions of forced dissipative p-Liénard equations with singularities, Vietnam J. Math. 32 (2004), 97–103.

[16] D.Q. Jiang and J.Y. Wang, A generalized periodic boundary value problem for the onedimensional p-Laplacian, Ann. Polon. Math. 65 (1997), 265–270.

[17] A.C. Lazer and S. Solimini, On periodic solutions of nonlinear differential equations with singularities, Proc. Amer. Math. Soc. 99 (1987), 109–114.

[18] Liu Bing, Periodic solutions of dissipative dynamical systems with singular potential and p-Laplacian, Ann. Pol. Math. 79 (2) (2002), 109–120.

[19] J. Mawhin, Topological Degree and Boundary Value Problems for Nonlinear Differential Equations, In: Topological methods for ordinary differential equations, M. Furi and P. Zecca, eds., Lecture Notes in Mathematics, Vol. 1537, Springer-Verlag, Berlin (1993), pp. 74–142.

[20] R. Manásevich and J. Mawhin, Periodic solutions for nonlinear systems with p-Laplacian-like operators, J. Differential Equations 145 (1998), 367–393.

[21] J. Mawhin, Periodic Solutions of Systems with p-Laplacian-like Operators, In: Nonlinear Analysis and its Applications to Differential Equations, M.R. Grossinho, M. Ramos, C. Rebelo and L. Sanchez, eds., Progress in Nonlinear Differerential Equations and their Applications, Vol. 43, Birkhäuser, Boston (2001), pp. 37–63.

[22] P. Omari and W.Y. Ye, Necessary and sufficient conditions for the existence of periodic solutions of second order ordinary differential equations with singular nonlinearities, Differ. Integral Equ. 8 (1995), 1843–1858.

[23] I. Rachůnková and M. Tvrdý, Second-order periodic problem with ϕ-Laplacian and impulses, Nonlinear Anal., Theory Methods Appl., to appear.

[24] I. Rachůnková and M. Tvrdý, Periodic problems with ϕ-Laplacian involving non-ordered lower and upper functions, Fixed Point Theory 6 (2005), 99–112.

[25] I. Rachůnková and M. Tvrdý and I. Vrkoč, Existence of Nonnegative and Nonpositive Solutions for Second Order Periodic Boundary Value Problems, J. Differential Equations 176 (2001), 445–469.

[26] I. Rachůnková and M. Tvrdý and I. Vrkoč, Resonance and multiplicity in periodic BVPs with singularity, Math.Bohem. 128 (2003), 45–70.

[27] S. Staněk, Periodic boundary value problem for second order functional differential equations, Math. Notes (Miskolc) 1 (2000), 63–81.

[28] P.J. Torres, Existence of one-signed periodic solutions of some second-order differential equations via a Krasnoselskii fixed point theorem, J. Differential Equations 190 (2003), 643–662.

[29] P. Yan, Nonresonance for one-dimensional p-Laplacian with regular restoring, J. Math. Anal.

Appl. 285 (2003), 141–154.

[30] M.R. Zhang, Periodic solutions of Liénard equations with singular forces of repulsive type, J. Math. Anal. Appl. 203 (1996), 254–269.

[31] M.R. Zhang, Nonuniform nonresonance at the first eigenvalue of the p-Laplacian, Nonlinear Anal., Theory Methods Appl. 29 (1997), 41–51.

[32] M.R. Zhang, A relationship between the periodic and the Dirichlet BVPs of singular differential equations, Proc. Roy. Soc. Edinburgh Sect. A 128A (1998), 1099–1114.

Authors’ addresses:

Irena Rachůnková, Department of Mathematics, Palacký University, 779 00 OLO- MOUC, Tomkova 40, Czech Republic, e-mail: rachunko@inf.upol.cz; Milan Tvrdý, Mathematical Institute, Academy of Sciences of the Czech Republic, 115 67 PRAHA 1, Žitná 25, Czech Republic, e-mail: tvrdy@math.cas.cz.