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Outline of Part 11

Hierarchical TAP theory
m Thermodynamic homogeneity and multiple TAP states

One-level hierarchical solution
m 1-TAP free energy and order parameters
m Stability conditions

Asymptotic solution near the critical point
m Fixed internal magnetic field
m Equilibrium value of the local field expanded
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Sherrington-Kirkpatrick model

m Ising Hamiltonian (classical spins) S, = +1

H[J,S1=>"J;SiSi+hY_ S,
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MFT-SG Sherrington-Kirkpatrick model

Sherrington-Kirkpatrick model

m Ising Hamiltonian (classical spins) S, = +1

H[J,S1=>"J;SiSi+hY_ S,

i<j i
m Long-range random spin couplings
N N
N (Jp), =S Jj=0, /\/<J,§->av =S i2=r
Jj=1 j=1

Spin couplings J;; : Gaussian random variables
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MFT-SG Sherrington-Kirkpatrick model

Sherrington-Kirkpatrick model

m Ising Hamiltonian (classical spins) S, = +1

H[J,S1=>"J;SiSi+hY_ S,

i<j i

m Long-range random spin couplings

W N
N =3 4=0, N(J) =3 Ji=r
j=1 av =

Spin couplings J;; : Gaussian random variables
m Free energy (self-averaging) — summation over lattice sites < averaging

over spin couplings (ergodic theorem)

F— f% Jim In'Trs [exp {~H[J, S])] = f% Jim(InTrs [exp {~3HJ, S]],

Averaging the logarithm not straightforward
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Averaging over randomness Replica trick  F

Outline

Averaging over randomness
m Replica trick




Averaging over randomness Replica trick Par

Replica trick — basic idea

Replica trick: — averaging of logarithm (quenched) converted
to averaging of a partition function (annealed) J
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Replica trick — basic idea

Replica trick: — averaging of logarithm (quenched) converted
to averaging of a partition function (annealed) J

m Logarithm: limit of the replication factor to zero (derived
perturbatively)

InZ = lim E(Z'7 —1)

n—0 n

with the replicated partition function (n integer)

2 =1 [ ) TLTT [ st p(se)exe {~BHIL ST}

i<j a=1i=1
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Averaging over randomness Replica trick

Replica trick — basic idea

Replica trick: — averaging of logarithm (quenched) converted
to averaging of a partition function (annealed) J

m Logarithm: limit of the replication factor to zero (derived
perturbatively)

InZ = lim E(Z'7 —1)

n—0 n

with the replicated partition function (n integer)

2 =1 [ ) TLTT [ st p(se)exe {~BHIL ST}

i<j a=1i=1

m Integration over spin configurations and randomnes interchanged

m After averaging over randomness — partition sum diagonal in lattice
indices & nondiagonal in replica indices

V. Janis 7 2 13/12/2005
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Replica trick — averaging

m Saddle point (N — oo) evaluation of the integral over spin configurations
- order parameters emerge —

matrices in the replica (integer) indices |
J2

Q™ =D (S"S), a#p
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Replica trick — averaging

m Saddle point (N — oo) evaluation of the integral over spin configurations
- order parameters emerge —

matrices in the replica (integer) indices |
J2

Q™ =D (S"S), a#p

m Free energy density averaged over spin couplings J;

7= %max r(Q)

2
£(Q) = _% +in2 4 lim % 3 Q% —In |Trexp | 3 5 Quss®S”

a<p a<lp
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Averaging over randomness Replica trick

Replica trick — averaging

m Saddle point (N — oo) evaluation of the integral over spin configurations
- order parameters emerge —

matrices in the replica (integer) indices |
J2

Q™ =D (S"S), a#p

m Free energy density averaged over spin couplings J;

f= lmax r(Q)

B
Q= -2 42+ imdE S 2@ —in |T > QupS*S”?
7(Q) =~ +In2+lim 2> Qs —In [Trexp | D 5 Qup
a<p a<lp

Next: separation of summation over replica indices in order to perform
explicitly summation over spin configurations

Problem: matrix (visual) representation for integer numbers
of replicas — needed for real numbers n — 0

V. Janis FZUAVC
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Replica trickk — analytic continuation

m Only specific matrices n x n allow for analytic continuation to real n
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Averaging over randomness Replica trick

Replica trickk — analytic continuation

m Only specific matrices n x n allow for analytic continuation to real n
m The most general case — ultrametric structure

0 g o1 ¢1 @ g ¢ @
g 0 g g @ @ ¢ @
g 0 Qo @ @ ¢ @
@ g g 0 @ @ ¢ @
@2 9@ @ 9@ 0 g ¢ q
@2 ¢ @ ¢ g 0 g ¢
@2 9@ ¢ ¢ qg q 0 q
@ ¢ ¢ g qg q q 0

Ultrametric structure —  only bloc matrices of identical elements
— larger blocks multiples of smaller blocks
— hierarchy of embeddings around the diagonal

V. Janis FZU AV CR, 13/12/2005
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Averaging over randomness Replica trick  Parisi RSB solution

Replica trick — decoupling of spin variables

m Mean-field approximation — effective separation of different spin
replicas — makes summations over replica indices independent
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Replica trick — decoupling of spin variables

m Mean-field approximation — effective separation of different spin
replicas — makes summations over replica indices independent

m We convert Q[S] = 3. _, Q*?S*S” to sums of squares

a<f
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Averaging over randomness Replica trick  Parisi RSB solution

Replica trick — decoupling of spin variables

m Mean-field approximation — effective separation of different spin
replicas — makes summations over replica indices independent

m We convert Q[S] =

m K different values of Q°” : g1, g0, . . ., g«

o Q" 5>S” to sums of squares

m Multilplicity of individual values g1 (n1 — 1)-times, g2 (n2 — n1)-times,
- gk, (nK = nK,1)—tiInes
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Averaging over randomness Replica trick  Parisi RSB solution

Replica trick — decoupling of spin variables

m Mean-field approximation — effective separation of different spin
replicas — makes summations over replica indices independent

m We convert Q[S] = > _, @“”5*S” to sums of squares

m K different values of Q°” : g1, g0, . . ., g«

m Multilplicity of individual values  g: (n1 — 1)-times, g (n> — n1)-times,
. gk, (nk — nk—1)-times

® Spin decouplings

n=n ng/nk—1—1 [ (i+1)nk_1

2Q[S] = gk <Z 5a> +(gr-1—0k) Z Z S ...—nq

i=1 a=ing_1+1

Squares in the partition sum decoupled via‘
Hubbard-Startonovich transformations

V. Janis FZU AV 13/12/2005
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Replica trick — continuous limit

m In RSB discrete hierarchies have no direct physical meaning — limit to
infinite number of hierarchies K — oo
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Averaging over randomness ick  Parisi RSB solution

Replica trick — continuous limit

m In RSB discrete hierarchies have no direct physical meaning — limit to
infinite number of hierarchies K — oo

m Traces of functions of replica matrices
K

L1 i m
lim =TrQ" = — Z(nl—l — nj)q

n—0n =1

withl=nyo>m>...>nc>0
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Averaging over randomness ick  Parisi RSB solution

Replica trick — continuous limit

m In RSB discrete hierarchies have no direct physical meaning — limit to
infinite number of hierarchies K — oo

m Traces of functions of replica matrices

K
.1 m m
lim ~TrQ" = — E (ni—1 — ny)q

=1
withl=nyo>m>...>nc>0
m Continuous limit: K — oo, n_1—n =dx, n/ny1 =1+ g(x)dx
m Order parameters: q(x) for x € [0, 1]

q(x) = qi, O<m<x<n-1<1
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Averaging over randomness ick  Parisi RSB solution

Replica trick — continuous limit

m In RSB discrete hierarchies have no direct physical meaning — limit to
infinite number of hierarchies K — oo

m Traces of functions of replica matrices
K

L1 i m
lim =TrQ" = — Z(nl—l — nj)q

n—0n =1

withl=nyo>m>...>nc>0
m Continuous limit: K — oo, n_1—n =dx, n/ny1 =1+ g(x)dx
m Order parameters: q(x) for x € [0, 1]

q(x) = qi, O<m<x<n-1<1

m Integral representation

lim 1TI'Q'" :/0 du(x)q(x)™

n—0 n

V. Janis FZU AV 13/12/2005
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Replica trick — Parisi’s solution

s RSB free energy

o = m(a)x ke T fr[q]
g(x
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Replica trick — Parisi’s solution

Parisi’s RSB free energy

fav = T ke T fr[q]
q(x

il = 36" (1+ [ du(a? + 20(0)) + 7l
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Averaging over randomness Replica trick  Parisi RSB solution

Replica trick — Parisi’s solution

Parisi’s RSB free energy

fav = T ke T fr[q]
q(x

il = 36" (1+ [ du(a? + 20(0)) + 7l
Frldl = ~(0,h)

Of(x,h) _ 1dg 82f(x,h)+ af (x,h)\?
ax  2dx| om “\ on

(1, h) = In[2cosh(Bh)]
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Averaging over randomness Replica trick  Parisi RSB solution

Replica trick — Parisi’s solution

Parisi’s RSB free energy

o = m(a)x ke T fr[q]
g(x

il = 36" (1+ [ du(a? + 20(0)) + 7l
Frldl = ~(0,h)

Of(x,h) _ 1dg a2f(x,h)+ af (x,h)\?
ax  2dx| om *\ " on

(1, h) = In[2cosh(Bh)]

Talagrand (04): RSB construction exact
fov = fsk J

V. Janis FZU AV CR, 13/12/2005
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Summation over spin configurations . TAP free energy

Fixed configurations of spin couplings J;;

MF (d = oo) solution for SK model for a fixed
configuration of spin couplings J; J

m [nhomogeneous free energy: local magnetizations m; and local
internal magnetic fields n? — order parameters

Frap =y {mm? - % In2 cosh[(h + n?)]}

i

1 1
) Z |:J,-J-m,-mj + 55-]5(1 - m,-2)(1 - mJ2)
7
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Fixed configurations of spin couplings J;;

MF (d = oo) solution for SK model for a fixed
configuration of spin couplings J; J

m [nhomogeneous free energy: local magnetizations m; and local
internal magnetic fields n? — order parameters

Frap =y {mm? - % In2 cosh[(h + n?)]}

i

1 1
) Z |:J,-J-m,-mj + 55-]5(1 - m,-2)(1 - mJ2)
7

m Stationarity equations for the order parameters
m; = tanh[B(h +1})] ,

mo=y Jymp—miy " B — m})
J J
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Summation over spin configurations . TAP free energy

Fixed configurations of spin couplings J;;

MF (d = oo) solution for SK model for a fixed
configuration of spin couplings J; J

m [nhomogeneous free energy: local magnetizations m; and local
internal magnetic fields n? — order parameters

Frap =y {mm? - % In2 cosh[(h + n?)]}

i

1 1
) Z |:J,-J-m,-mj + 55-]5(1 - m,-2)(1 - mJ2)
7

m Stationarity equations for the order parameters
m; = tanh[B(h +1})] ,

mo=y Jymp—miy " B — m})
J J

®m Numerical solution for finite volumes viable — many solutions
(degenerate in free energy)

V. Janis FZU AV CR, 13/12/2005
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Stability conditions

Linear susceptibility

Not all solutions of the TAP equations physically acceptable
— only stable ones can represent equilibrium states J
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Summation over spin configurations | TAP free energy 1

Stability conditions

Linear susceptibility

Not all solutions of the TAP equations physically acceptable
— only stable ones can represent equilibrium states J

Positivity of linear (nonlocal) susceptibility

( 71) _ 0*BFrap Z 0°BFrap 37]/ 0*BFrap O
i Omiom; om;ion? om; " am;on? om;

o’ BFTAP onjy 577/ _ 2
Z " omi om; 0|\ T *Zﬂ Ji(1 = mi)

Only local minima of Frap are physical

V. Janis FZU AV CR, 13/12/2005
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Stability conditions
Spin-glass susceptibility

Uniqueness

AP, free energy

Positivity of spin-glass susceptibility
— l 2 Xu
XSG—N%:X”’Nzl— N

Local susceptibility: xi =1— m?
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Stability conditions

Spin-glass susceptibility

Uniqueness of the equilibrium state
— consistency deman 1 the TAP free energy

Positivity of spin-glass susceptibility
—_ l 2 Xu
X6 = NZ_J_:X“’ Nzl— >, PR

Local susceptibility: xi =1— m?

Consistency condition to be fulfilled (Plefka: convergence of LCE)

_Bs

A= N

1-m)?>0 (D)

i

A = 0 defines the de Almeida-Thouless transition line to the SG phase

V. Janis 7 2 13/12/2005
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Properties of TAP states

Multitude of solutions at low temperatures — local minima not
separable in free energy from unstable saddle points — complexity
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Properties of TAP states

Multitude of solutions at low temperatures — local minima not
separable in free energy from unstable saddle points — complexity

High degeneracy in free energy — complex free-energy landscape
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Properties of TAP states

Multitude of solutions at low temperatures — local minima not
separable in free energy from unstable saddle points — complexity

High degeneracy in free energy — complex free-energy landscape

Convergence rather rare — ubiquitous unstable states (do not obey
Plefka’s stability condition)
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Properties of TAP states

Multitude of solutions at low temperatures — local minima not
separable in free energy from unstable saddle points — complexity

High degeneracy in free energy — complex free-energy landscape

Convergence rather rare — ubiquitous unstable states (do not obey
Plefka’s stability condition)

Majority of configurations do not possess a well defined equilibrium
state (minimum of free energy) — non-self-averaging FE — direct
averaging leads to the SK ( ) solution
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Properties of TAP states

Multitude of solutions at low temperatures — local minima not
separable in free energy from unstable saddle points — complexity

High degeneracy in free energy — complex free-energy landscape

Convergence rather rare — ubiquitous unstable states (do not obey
Plefka’s stability condition)

Majority of configurations do not possess a well defined equilibrium
state (minimum of free energy) — non-self-averaging FE — direct
averaging leads to the SK ( ) solution

Composite equilibrium state (De Dominicis-Young ansatz)

N
Trs exp [-BH{S}] = D _ exp[-BFrap{m{'}]

N —numer of TAP solutions,
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Properties of TAP states

Multitude of solutions at low temperatures — local minima not
separable in free energy from unstable saddle points — complexity

High degeneracy in free energy — complex free-energy landscape

Convergence rather rare — ubiquitous unstable states (do not obey
Plefka’s stability condition)

Majority of configurations do not possess a well defined equilibrium
state (minimum of free energy) — non-self-averaging FE — direct
averaging leads to the SK ( ) solution

Composite equilibrium state (De Dominicis-Young ansatz)

N
Trs exp [-BH{S}] = D _ exp[-BFrap{m{'}]

N —numer of TAP solutions,

TAP states independent — separated by infinite energy barriers —
quasi-equilibrium states

V. Janis 7 AV CR, 13/12/2005
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Relation of TAP to RSB

Questions without unambiguous (rigorous) answers

How do we derive Parirsi’s solution from TAP? — Cavity method —
interpretation of the order parameters

Is the TAP free energy an exact solution of the SK model? Is the TAP phase
space complete? — YES
—disconnected phase space & independent TAP solutions,
non-self-averaging TAP free energy
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interpretation of the order parameters

Is the TAP free energy an exact solution of the SK model? Is the TAP phase
space complete? — YES
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non-self-averaging TAP free energy
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Relation of TAP to RSB

Questions without unambiguous (rigorous) answers

How do we derive Parirsi’s solution from TAP? — Cavity method —
interpretation of the order parameters

Is the TAP free energy an exact solution of the SK model? Is the TAP phase
space complete? — YES

—disconnected phase space & independent TAP solutions,
non-self-averaging TAP free energy

Does the TAP approach lead to a unique stable equilibrium state? —
weighted sum of quasiequilbrium TAP states
(solutions of TAP equations)
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Summation over spin configurations

Relation of TAP to RSB

Questions without unambiguous (rigorous) answers

How do we derive Parirsi’s solution from TAP? — Cavity method —
interpretation of the order parameters

Is the TAP free energy an exact solution of the SK model? Is the TAP phase
space complete? — YES

—disconnected phase space & independent TAP solutions,
non-self-averaging TAP free energy

Does the TAP approach lead to a unique stable equilibrium state? —
weighted sum of quasiequilbrium TAP states
(solutions of TAP equations)

Does the thermodynamic limit exist? — not for single configuratuions of
spin couplings, only a weighted sum

At what stage do the RSB order parameters emerge? Thermal or
disorder-induced fluctuations responsible?

—disorder seems responsible (leads coupling of replicas)

V. Janis oy 13/12/2005



Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Outline

Hierarchical TAP theory
® Thermodynamic homogeneity and multiple TAP states




Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Homogeneity of free energy I

Thermodynamic Imit exists only if there is a unique
thermodynamic equilibrium state — degeneracy in free energy
must be lifted

® Thermodynamic homogeneity — thermodynamic potentials depend
only on spatial densities of extensive variables (Gibbs paradox)

m Euler homogeneity condition

aF(T,V,N,....Xi,...) = F(T,aV,aN,...,aX,...)

m Real spin replicas (o« = v integer) — each TAP state — one spin replica
(independence of TAP states)

[Tr exp{—BH}]" = Tr, exp {ZU: Z J,-J-stja}

a=1 <jj>

V. Janis 7 2 13/12/2005



Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Homogeneity of free energy 11

m Breaking independence of spin replicas — softening of energy barriers

between TAP states
= LTSSt
i a<b

m Replicated free energy with weakly coupled replicas

Fo(p) = —ksT = <InTrexp{ BZH” BAH u)}>

av

m Stability of homogeneity

di lim F,(u) =0

vV p—0

m Necessary condition: Analytic continuation to v € R
(no neeed for the limit v — 0)

V. Janis FZU AV CR, 13/12/2005



Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Replicated TAP free energy

General solution for interger number of real replicas

V], L. Zdeborova, cond-mat/0504132

—li: >om; f”+ﬁﬁ§ b pp ﬁjz i
Ija:l i " b:lX l b=1

5o ] -] - z}
1) i
_;VZInTrexp{ J2Zx3b5 Sb—i—ﬁZ(h—l—n, ,}

a<b

m Order parameters: M;, 7;, x*°

m TAP recovered for y?* = 0
m Decoupling of spin replicas: integer v — trivial solution (RS)
® Analytic continuation — maximally general form of v x v matrices xab

V. Janis FZU AV CR, 13/12/2005


http://xxx.uni-augsburg.de/abs/cond-mat/0504132

Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Uniqueness of the equilibrium state

m Equivalence of replicas

MP = ()T =M, 0l =n
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Uniqueness of the equilibrium state

m Equivalence of replicas

MP = ()T =M, 0l =n

m Symmetry
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Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Uniqueness of the equilibrium state

m Equivalence of replicas

MP = ()T =M, 0l =n

m Symmetry

m Indistinguishability of spin replicas

O X =08 ™)

permutation of elements within rows (columns)
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Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Uniqueness of the equilibrium state

m Equivalence of replicas

MP = ()T =M, 0l =n

m Symmetry

m Indistinguishability of spin replicas

O X =08 ™)

permutation of elements within rows (columns)

m Hierarchical (ultrametric) structure of x?” as in the RSB trick
— consequence of stability conditions hierarchically applied
—most general structure allowing for analytic continuation

V. Janis FZU AV 13/12/2005



Hierarchical TAP theory Thermodynamic homogeneity and multiple TAP states

Hierarchical TAP free energy

Hierarchical solution with K-levels — K different values of x*
(v1 — 1)x1, (v2 —v1)xo2, - .-, (Vk — vk—1)xk —homogeneous order parameters

K-TAP free energy — analytic representation

1 1
Fr(xa, v, Xk, vk) = =3 > B = MP)(1— M7) - 5 > JiMiM;
i

i

1 o BN &
+ Z Mi; |:77i + EﬁJZM' Z(w —vi—)xi| + i Z(w —vi—1)xilxi + 2]
i I1=1 =1
1 o0 oo
— ﬁTKZIn [ 7OOD>\K{...KMDA1{2cosh[ﬂ(h+n;

i

)|} )

I=1

DN\ =d)\, efk%/2/\/27r, =1

V. Janis FZU AV CR, 13/12/2005



1-TAP free energy and order parameters

Outline

One-level hierarchical solution
m 1-TAP free energy and order parameters
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1-TAP free energy and order parameters  Stal s conditions

Free energy

K = 1TAP theory - “replica symmetric” solution for replicated TAP
— apart from local inhomogeneous sets M;, 7;
— two homogeneous order parameters x and v

Fi(x;v) ——725 —MA)(1- M) - = ZJUMI\/I

iJ

PLN 1 2 M; [0+ 2602 1)xM;
+TX[(V_ )X + ]+Z i 7]!+§ﬁ (v = 1)xM;

- 5 i [ Dxf2coshla(h + AR+ m)])”

F1(x, v) analytic function of all variables (v)

V. Janis 7 AV CR, 13/12/2005



1-TAP 1-TAP free energy and order parameters Stal

Stationarity equations

Local variables

m Local magnetization
M; = (p)(h+ i A, x) tanh[B(h +mi + AAT) = (o)

where (X(\))x = [ DAX()\) and

V=" (h+ni A x) = cosh”[B(h +ni + AJy/X)]
S (cosh”[B(h +ni + AJyX)])

is a density matrix (weight of the other TAP solutions affecting the
chosen one)
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1-TAP 1-TAP free energy and order parameters S

Stationarity equations

Local variables

m Local magnetization
M; = <p(")(h + ni; A, x) tanh[B(h + ni + /\Jﬂ)]>x = <p§l’)t,->>\ )
where (X(\))x = [ DAX()\) and

V=" (h+ni A x) = cosh”[B(h +ni + AJy/X)]
S (cosh”[B(h +ni + AJyX)])

is a density matrix (weight of the other TAP solutions affecting the
chosen one)

m Internal magnetic field

mi= Y JiMj— Mi |BL(v —1)x + Y BJ(L - M})
j j

V. Janis FZU AV CR, 13/12/2005
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I-TAP -TAP free energy and order parameters

Staionarity equations

Homogeneous variables

® Homogeneous overlap susceptibility
1 v v
N GRS GON

m Multiplicity (geometric/replication) factor
B Fx(2Q + x)v = Z (Incosh[B(h + ni + AJvX)])

— In {cosh”[B(h + ni + AJ\/;C)DIA/V]
Q= Nt Zi Mi2

V. Janis FZU AV CR, 13/12/2005



1-TAP 1-TAP free energy and order parameters Stal

Dependence on the geometric parameter

Reconstruction of TAP — y = 0 - high-temperature phase
(Plefka’s condition fulfilled)

When else do we recover TAP?

m Single spinreplica: v =1, Fi(x1,1) = Frap
® Limit to infinite number of replicas: v — co, vy = 2
—saddle point evaluation of A-integral

F = —fZﬁJU(l )1 — M?)
1
-3 ZJ,-J-M,-MJ- + ZM,— {n,- + 5ﬁﬁr?/w,-]
IJ i
1 22 _
+3 > {5 — In[2cosh[B(h + n; + JI')\,-)]]} = Frap

i = BJITM;

V. Janis 7 AV CR, 13/12/2005



1-TAP 1-TAP free energy and order parameters Stal

Dependence on the geometric parameter 11

m Zero number of replicas: v — 0
—annealed averaging goes over to quenched

2
R(n0) = 2202 x) - A5 - MY - M)
i.J

4
1 1,
= 5 2 MM+ M | — 5B M;
o] i

_ % Z / DAiln [2 cosh[B(h + ni + A,Jﬂ)]] = Bz

m Substitution: & =7 +AJyX,x=1-Q, Q=N M’
m Integration absorbed into lattice sum

V. Janis FZU AV CR, 13/12/2005
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v-dependence of 1-TAP
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1-TAP free energy and I ers Stability conditions

Outline

One-level hierarchical solution

m Stability conditions




1-TAP I-TAP fi 1d rs  Stability conditions

Linear susceptibility

m Positivity of linear susceptibility - minimum of free energy w.rt.
inhomogeneous parameters

(Xfl) = —BJj+ {ﬁzf (1-Q-(1-v)x)+ i}
Y Xii

m Inhomogeneous local susceptibility

2
Xi=1—M; —(1-v) [<P§'V)tf2> - <P§V)fi> }
A A

V. Janis FZU AV CR, 13/12/2005



1-TAP 1-TAP free energy and order parameters  Stability conditions

Stability criteria

m Positivity of spin-glass susceptibility — uniqueness of the equilibrium
state

po=1-2L [1—(1—V)<p§u)t;2>)\—1/<P,(-V)l‘i>2r20 @

i

V. Janis ALY 13/12/2005



1-TAP 10 ] viers  Stability conditions

Stability criteria

m Positivity of spin-glass susceptibility — uniqueness of the equilibrium
state

No=1- ﬂjvﬁ > [1 —(1-v)(p"¢) - 1/<P,(-V)l‘i>2r >0 (@

i

m Extremum of free energy w.r.t. variation of the homogeneous
parameter

V. Janis FZU AV CR, 13/12/2005



1-TAP 1-TAP free energy and order parameters ~ Stability conditions

Stability criteria

m Positivity of spin-glass susceptibility — uniqueness of the equilibrium
state

No=1- ﬂjvﬁ ) [1 —(1-v)(p"¢) - u<pf-”’t,->I >0 (@

i

m Extremum of free energy w.r.t. variation of the homogeneous
parameter

A=1 /v < 1—t)> 3)

m TAPsolution: Ag=A;=X=1-3LN13 (1 m?)?

V. Janis FZU AV CR, 13/12/2005
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1-TAP 1-TAP free energy and order parameters  Stability conditions

Properties of 1-TAP theory

Nontriviality of the homogeneous order parameters

m Overlap susceptibility x > 0, if TAP free energy thermodynamically

inhomogeneous
m Free energy F1 depends on the geometric parameter v
m Physical solution - v <1
- thermodynamic inhomogeneity minimized
— free energy maximized
m Instability parameters - /g decreasingin v
— A increasing in v

m 1-TAP stable - only if both stability conditions fulfilled for the
equilibrium veq
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Properties of 1-TAP theory

Nontriviality of the homogeneous order parameters

m Overlap susceptibility x > 0, if TAP free energy thermodynamically
inhomogeneous

Free energy f; depends on the geometric parameter v

Physical solution - v <1
— thermodynamic inhomogeneity minimized
— free energy maximized

Instability parameters - Ag decreasing in v
— A increasing in v

m 1-TAP stable - only if both stability conditions fulfilled for the
equilibrium veq

m If F; unstable = 2-TAP solution etc.
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s Stability conditions

1-TAP

Properties of 1-TAP theory

Nontriviality of the homogeneous order parameters

Overlap susceptibility x > 0, if TAP free energy thermodynamically

|
inhomogeneous
m Free energy F1 depends on the geometric parameter v
Physical solution - v <1

— thermodynamic inhomogeneity minimized
— free energy maximized

m Instability parameters - /g decreasingin v
— A increasing in v
m 1-TAP stable - only if both stability conditions fulfilled for the
equilibrium veq
m If F; unstable = 2-TAP solution etc.
m Free energy Fx either exact or an exact lower bound

V. Janis oy 13/12/2005
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Outline

Asymptotic solution near the critical point
m Fixed internal magnetic field
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Explicit y -dependence

Expansion around TAP - x - expansion parameter
Two-step expansion

Internal magnetic field »; fixed (x independent)
equilibrium value of 7; expanded in y
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asymptotics Fixed internal magnetic field I

Explicit y -dependence

Expansion around TAP - x - expansion parameter
Two-step expansion

Internal magnetic field »; fixed (x independent)
equilibrium value of 7; expanded in y

m Local magnetization
Mi = pi — B2 (L — v)pi(L — pf)x
+ B - it — ) [2—v = 3 - 20)f] ¥

wi = tanh[B(h+n;)], (1 depends on x)
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asymptotics Fixed internal magnetic field I

Explicit y -dependence

Expansion around TAP - x - expansion parameter
Two-step expansion

Internal magnetic field »; fixed (x independent)
equilibrium value of 7; expanded in y

m Local magnetization
Mi = pi — B2 (L — v)pi(L — pf)x
+ B - it — ) [2—v = 3 - 20)f] ¥

wi = tanh[B(h+n;)], (1 depends on x)
m Homogeneous parameter Q

Q= </13>3V — 282 (1-v) </ﬁ(1 — /13)>av X
+ 31— v) (WL = i) [5 = 3v = (7T = 5v)ut]) ¥

(Xi)ay = N™1'3, X; due self-averaging property

V. Janis FZU AV CR, 13/12/2005
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Global order parameters

Asymptotic equations he homogeneous order parameters

®m Asymptotic equation for x

X = BP 1 - pf)’x — B — )2 — v — (8 — )i’
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asymptotics Fixed internal magnetic field

Global order parameters

Asymptotic equations for the homogeneous order parameters

®m Asymptotic equation for x

X = BP 1 - pf)’x — B — )2 — v — (8 — )i’

m Asymptotic equation for v
0= {1- 87 ((1- )

+§54J4X <(1 — i) [3 —2v— (11 - 81/)#?] >a}

V. Janis RZU / 13/12/2005



asymptotics i ield  Equilibrium value of the local field expanded

Outline

Asymptotic solution near the critical point

m Equilibrium value of the local field expanded

V. Janis FZUAVC



asymptotics ixed ld  Equilibrium value of the local field expanded

Local magnetization j.

Only linear order in x sufficient J

m Local magnetization
pi = mj + (L — m?)x B
where 7); = dn;/dx and m; = tanh[3(h + 7?]]
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asymptotics r t | Equilibrium value of the local field expanded

Local magnetization j.

Only linear order in x sufficient J

m Local magnetization
pi = mj + (L — m?)x B

where 7; = dn;/dx and m; = tanh[B(h + 7{]]
m Derivative of the local field

Bin = B [(1 =) + Q| M+ 3 [84y - 0582 (1 - @] M,
J

with M; = dM; /dx
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asymptotics ixed ! ield  Equilibrium value of the local field expanded

Local magnetization j.

Only linear order in x sufficient J

m Local magnetization
pi = mj + (L — m?)x B

where 7; = dn;/dx and m; = tanh[B(h + 7{]]
m Derivative of the local field

Bin = B [(1 =) + Q| M+ 3 [84y - 0582 (1 - @] M,
J
with M; = dM; /dx
m Using the expansions for M; and Q together with the definition of the

TAP susceptibility

B = [32_/2(1 — y)[ _ 2[3 J2 < - Nav ZXTAij]

V. Janis FZU AV CR, 13/12/2005



asymptotics i ld  Equilibrium value of the local field expanded

Mean-field nonolocal susceptibility 1

Mean-field approximation — separation of distinct lattice sites J

m Decoupling of sums with linear susceptibility:

Clf.g] = NZXU (mi)g(m;)

m Representation of the matrix inverse via self-avoiding random walks

8 + Z’ﬁJikaj]
k

Xij = Xii

V. Janis FZU AV 13/12/2005



asymptotics ixed internal | Equilibrium value of the local field expanded

Mean-field nonolocal susceptibility 11

m Operator representation of the spin coupling

2J2
ﬂJ,‘j = ﬁiN [V,-mj + m,-Vj]
_ 0
vi = Xii 8m,-

m Operator representation of the linear susceptibility
(along the AT line)

2 2

2N

[2Viximixg + 2mixiVixji + VixiVixil

- <(1 — mz(l — 3mi)>3" miximixi
(a1 =)o (T = m)2)ay "

Xij = Xiidij +

V. Janis FZU AV CR, 13/12/2005



asymptotics Fixed field  Equilibrium value of the local field expanded

Mean-field nonolocal susceptibility 111

Decoupled sum with nonlocal TAP susceptibility

V. Janis 72 13/12/2005



asymptotics ixe ield  Equilibrium value of the local field expanded

Asymptotic solution for the global parameters I

® Asymptotic equation for the overlap susceptibility
P <(1 - m,-2)2>av 1
=5t (@ = ) [2 - v = 25 - 30yt + (4= )
8- (s =), (mi-ny)_}
m Asymptotic equation for the geometric (multilplicity) factor

PP <(1 - m,—2)2>av 1

= 2 (@ = md) [3- 20— 207 - 5v)m + (5 — 20)mi]1)

av

+ 1282 (1 - v) <m,-2(1 - m?)>av <’"12(1 - ’""2)2>av } &

V. Janis FZU AV CR, 13/12/2005



asymptotics ixed internal ! Equilibrium value of the local field expanded

Asymptotic solution for the global parameters 11

m Leading x asymptotics below and v, along the AT line

o = 2mE(L = m)),,
(= D)

m Physics does not depend on v, if x = 0

m Solution for v only for small magnetic field:
(mf)ay = (tanh?[B(h +nf)])a < 1

V. Janis 7 2 13/12/2005
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m Asymptotic solution for x physical only if positive and v < 1




asymptotics Fixed internal magnetic field Equilibrium value of the local field expanded

Crossover in magnetic field

Crossover in the asymptotic solution

m Asymptotic solution for x physical only if positive and v < 1

m Positive solution only for small magnetic fields up to a critical value
ve < 1from

0= <(1 —m?) [2 — e —2(5 — 3v)m? + (4 — uc)m?]>

+86° (1 —ve) (mi(1 = m})) (mi(1—mi))
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Crossover in magnetic field

Crossover in the asymptotic solution

m Asymptotic solution for x physical only if positive and v < 1

m Positive solution only for small magnetic fields up to a critical value
ve < 1from

0= <(1 —m?) [2 — e —2(5 — 3v)m? + (4 — uc)m?]>

+86° (1 —ve) (mi(1 = m})) (mi(1—mi))

m Critical magnetic field h. when v used for v
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asymptotics Fixed internal magnetic field Equilibrium value of the local field expanded

Crossover in magnetic field

Crossover in the asymptotic solution

m Asymptotic solution for x physical only if positive and v < 1

m Positive solution only for small magnetic fields up to a critical value
ve < 1from

0= <(1 —m?) [2 — e —2(5 — 3v)m? + (4 — uc)m?]>

+86° (1 —ve) (mi(1 = m})) (mi(1—mi))

m Critical magnetic field h. when v used for v

m For higher magnetic fields — asymptotic expansion to higher powers
of x

V. Janis oy 13/12/2005
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Summary & conclusions

Summary

Answers to the addressed questions

How RSB from TAP? - real spin replicas for different TAP solutions,
hierarchical (thermodynamically homogeneous) extension of TAP
theory

Is TAP exact? — only in the paramagnetic phase,
low-temperature solution unstable (thermodynamically
inhomogeneous) = hierarchical TAP

Does TAP produce stable equilibrium? — standard TAP NO
—hierarchical TAP YES

Thermodynamikc limit & self-averaging? - - only for hierarchical TAP,
different TAP states dynamically interact via x
—simply connected phase space with a unique equilibrium state

Origin of RSB order parameters? — thermal fluctuations responsible for
RSB order parameters, randomness harmless

V. Janis FZU AV CR, 13/12/2005



Summary & conclusions

TAP vs. hierarchical TAP

TAP subet of hierarchical TAP )

TAP

Hierarchical TAP

m PM - single solution (TAP)
m SG-single solution

m PM-single solution
m SG- multiple solutions

exponentially many
independent quasi-equilibrium
states

a single weighted (composite)
equilibrium state

TAP states dynamically
interact — melt into one

single equilibrium state
characterized by
homogeneous RSB parameters

m locally stable states degenerate m degeneracy of TAP states lifted
with unstable states - unstable states removed

m direct averaging over randomess m self-averaging free energy
impossible (incorrect) = no need to solve

exclusion of unstable states only
by solving numerically
inhomogeneous TAP equatons

inhomogeneous hierarchical
TAP equations numerically

V. Janis

13/12/2005
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