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For simplicity: u=0 ondQ
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Lipschitz—continuous boundary 0Q

v > 0 constant, b€ H'(Q)YNL7(Q)4, c € L7 (Q), f € L*(Q)4,
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Galerkin discretization

Find ay, € Vy, pr € Oy such that

A ([Up, pul, [Vayqn]) = (€ vn) Vv € Vi, qn € O
V, CH(Q)4, 0, CL3(Q) ... finite—dimensional spaces
Two sources of instabillities:

— dominant convection
— violation of the inf—sup condition

(qh,diVVh)
sup > Pllgnlloo Y an€ On
VLiEV) ’Vh‘l,Q
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Oseen problem

L, pl=—vAu+(b-V)u+cu+Vp=£f divu=0 inQ,
u=0 onJdQ

Residual-based stabilization (SUPG/PSPG/div-div)

Find ay, € Vy, pr € Oy such that

2 ([ap, puls Vi, qn])+(ZLwp, pp| —£,0 ((b-V)v, 4+ Vagy))
+(divuy, ydivvy) = (f,v,) Vv, €V, qn € 0.

Projection-based stabilization K, = id — m,

Find uy, € Vy, pr € Oy such that
A ([Wn, pal, Vi, qn])+ (K0 (b V)uy), 6“ 1,((b - V)vy,))
+(k,Vpn, 07 K, Vaqy) + (k,divay, Yk, divvy,) = (£, vy)
Vv, € Vh,qh c Q.
Codina (2000), Kaya, Layton (2003), Braack, Burman (2006)
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Steady convection—diffusion-reaction equation
—€Au+b-Vut+cu=f inQ, u=0 ondQ

£ > 0 constant, b e WH=(Q)4, c € L*(Q), f € L*(Q)

6 :=c—3divb > op >0

Galerkin FEM

Given a FE space Vj, C Hj (Q), find u;, € V}, such that

a® (up,vi) = (f,vp) Vv, €Vy,
where a%(u,v) = €(Vu,Vv) + (b-Vu,v) + (cu,v).

Integration by parts = coercivity:
2 12 112 __. 2 |
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Steady convection—diffusion—-reaction equation
—€Au+b-Vut+cu=f inQ, u=0 ondQ

£ > 0 constant, b e WH=(Q)4, c € L*(Q), f € L*(Q)

6 :=c—3divb > op >0

Galerkin FEM

Given a FE space Vj, C Hj (Q), find u;, € V}, such that

a® (up,vi) = (f,vp) Vv, €Vy,
where a%(u,v) = €(Vu,Vv) + (b-Vu,v) + (cu,v).

inappropriate if € < |b|!!!
solution globally polluted by spurious oscillations
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Residual-based stabilizations (RBS)

The most popular residual—based stabilization is the
SUPG method by Brooks, Hughes (1982):

Find u;, € V}, such that
aG(uh,vh) +(Rh(uh),5b ' Vvh) = (f,vh) Vv, eV,
where Rj(u) =—€eA,u+b-Vu+cu—f.

hy 1 o hr R
O|r = thPer — — | &~ I
EAEYITY (CO T PeT) mm{Zl\b\’ 12128}

\

/

(0]} h%
2 e[ o,y 2E 12
then coercivity on V;, w.r.t. /2

vlllsupg = (11IV111E+118"2b-Vv]3 o)

If 0 < 6|, < min¢ > VT €9,
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Residual-based stabilizations (RBS)

The most popular residual—based stabilization is the
SUPG method by Brooks, Hughes (1982):

Find u;, € V}, such that
aG(uh,vh)+(Rh(uh),5b-Vvh) = (f,vh) Vv, eV,

where Rj(u) =—€eA,u+b-Vu+cu—f.

Iy 1 o hr K2
O|lr = thPer — — | ~
STy (CO o PeT) mm{ZHb]’lzﬂe}

Advantages: robust, easy to implement,
accurate away from layers

Drawbacks: non—symmetric, second—order derivatives,
difficulties for non—steady problems



Local projection stabilizations

Becker, Braack (2001) Stokes

Becker, Braack (2004) transport, Navier—Stokes

Braack, Burman (2006) Oseen

Braack, Richter (2006, 2007) Stokes; Navier—Stokes; react. flows
Becker, Vexler (2007) conv.—diff.—react., optimal control
Lube, Rapin, Lowe (2007) Oseen

Ganesan, Tobiska (2007) conv.—diff.—react., Stokes, Oseen
Matthies, Skrzypacz, Tobiska (2007) Oseen, enrichment
Matthies, Skrzypacz, Tobiska (2008) conv.—diff.—react.
Knobloch, Lube (2009) conv.—diff.—react.

Knobloch, Tobiska (2009) conv.—diff.—react.

Braack (2008, 2009) Navier—Stokes; Oseen, optimal control
Braack, Lube (2009) review on LPS for incompressible flows



Assumptions

V, C Hy(Q) ...FE space on 7,



Assumptions

V, C Hy(Q) ...FE space on 7,

M, . set of a finite number of open subsets M of Q such that

= U M

Me.#),



Assumptions

V, C Hy(Q) ...FE space on 7,

A, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:

card{M' € #),; MOM' £ 0} <C,



Assumptions

V, C Hy(Q) ...FE space on 7,

M, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me ),
Forany M € .#),:
card{M' € ,; MM £ 0} <C,

hy := diam(M) < Ch,



Assumptions

V, C Hy(Q) ...FE space on 7,

M, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:

card{M' € #),; MOM' £ 0} <C,
hy := diam(M) < Ch,
IBy C (Viuly)NHy(M):  dimBy >0, By CV,,



Assumptions

V, C Hy(Q) ...FE space on 7,

M, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:

card{M' € #),; MOM' £ 0} <C,
hy := diam(M) < Ch,
IBy C (Viuly)NHy(M):  dimBy >0, By CV,,

3Dy C L*(M) : sup v.9)
veBy [IVllom

> Prrllglloys Vg € Du,



Assumptions

V, C Hy(Q) ...FE space on 7,

M, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:

card{M' € #),; MOM' £ 0} <C,
hy := diam(M) < Ch,
IBy C (Viuly)NHy(M):  dimBy >0, By CV,,
3Dy C L*(M) : sup v.9)
veBy 1V]lo,m
sufficient condition: by - Dy C By With by € Hy (M)NC(M),
by >0, by #0, by defined via the reference element

> Prrllglloys Vg € Du,



One-level approach Matthies, Skrzypacz, Tobiska (2007)

My = T

examples of spaces: Dy =PF_1(M) VM e 4,

Vi=P.3, + €D bu-P_1(M)
Me.#,

or Vi=019, + P bu-0i-1(M)
Me Ay,  (mapped)
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Two-level approach Becker, Braack (2001)

9, is obtained by a refinement of .,

examples of spaces:

Dy =P_1(M)
VM e #,,

Vi="PF g

can be viewed as one—level approach for simplicial meshes
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Overlapping sets M € ./, K. (2009)

Let any element of 9}, have a vertex in Q.
Let x1,...,xy, be the vertices of .7, lying in Q.

Set Mi=int |J T, i=1,...,N,,
TE%,X,‘ET
My =M}

Then we can use

Dy =P_(M) YMe .4,

Vi=PF. g or V=0 7.

cheaper and more robust than the previous approaches
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V.d ) m
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Vil < Chy illoyr Vv €Vi
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V, C Hy(Q) ...FE space on 7,

A, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:
Ty . .. orthogonal L? projection of L*(M) onto Dy,
Ky = id — myy . . . fluctuation operator

by € R4 such that

, 00, M 9 ’ oo M —
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Discrete problem

Find u;, € V}, such that

ai” (up,v) = (f,vn) Vvp € Vi,

where at(u,v) = a®(u,v) + s, (u,v),

s(uv) =Y Tuwsm(u,v),
Me.#),
sp(u,v) = (Kyr(bas - V), kg (bag - Vv) )y
r - hjzw\

Ty = To Min < : .

/
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1/2
| 2
Stronger norm: H\v!HLpSD:(H\VW%pJF )3 TMHb'VVHo,M)
Me. #,
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Inf-sup condition K. (2009)

LP
a u,.,v
sup h ( hs h)

weve el Lpsp

> B |||unl||Lpsp Vu, €Vy,

where 3 is a positive constant independent of 4 and &.
Proof: Consideranyu, €V, andM € 4, = dzy € By :
(zs,q) = Ta (b-Vuy,q)y Vg €Dy,
|zallo.ns < Brp o b~ Vitnlo pg
= (zm,b-Vup)y = (2, T (b - V) ) yr + (zar, ke (b - Vuy,) )y
= Ty (b Vuy,, my(b-Vup) )y + (2ar, K (b - Vuy,) )y
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+(zm, K (b - Vup) ) m



Inf-sup condition K. (2009)

LP
a u,.,v
sup h ( hs h)

weve el Lpsp
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LP
a u,.,v
sup h ( hs h)

> B |||unl||Lpsp Vu, €Vy,
wevi || ValllLpsp

where 3 is a positive constant independent of 4 and &.

General error estimate

4 LP N
. ah (u—wh Vh)
:B‘Hu_uhH‘LPSDS inf <ﬁmu_whH|LPSD+ sup ’ ¢
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+ sup sp(u,vp)
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For an optimal estimate of the consistency error, it is essential
that we use by, instead of b in sy,.
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Estimate of the consistency error

Recall that s, (u,v) Z Ty Sy (i, v)
Me.#,

with  spr(u,v) = (ky(bas - V), Kyr(bag - Vv) )

= sp(u,v) < /sp(u,u) /sp(v,v) < /sn(u,u) |[V]]] Lps

= syr(u) = || Kg (g - Vo) |13y = [bar - ks (Vu—a) |13,
Y qu € [Du]*

Z,OO,M Vi — qMH%,M
™ ||Dlo.cons < Tolm

— Ty SM(I/t, l/t) ~

Consequently,

1/2
sn(u,v) 1/2 1 11/2 : 2
sup <Ch/7|blly inf ||Vu—qull
vevV), Hlv' ‘ |LPSD i MEZ%/h O € [Dy ] o
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Error estimate

Let Ji, € L(H*(Q)NHS(Q),V,,) and
ju € L(H(M),Dy), M € A, such that

1/2
. — . k
( ) {\Vth\iMﬂLth!"thHaM}) <Ch Viy10
Me. #,

Vve H Q) k=1,...,1,

lg— jmalloys <Chylaleyy YqEH (M), M€ My, k=1,...,1.
Let u € H*™1(Q) for some k € {1,...,[}. Then

[l —unlllpsp < C(e+N[bllg o+ 1 161l0.m0) 1 [l 0

where the constant C is independent of 4 and &.



Example (convection with a constant nonzero source term)
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Uniform triangulation (16 x16 squares)
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Motivated by a one—dimensional analysis of Tobiska (2009).



Overlapping LPS enriched at 0Q, 1 =0.05h,/b;




Oseen problem
—vAu+ (b-V)ju+cu+Vp=f divu=0 inQ,
u=0 ondQ
Galerkin discretization

Find ay, € Vy, pr € Oy such that

A ([Up, pul, [Vayqn]) = (€ vn) Vv € Vi, qn € O
V, CH(Q)4, 0, CL3(Q) ... finite—dimensional spaces
Two sources of instabillities:

— dominant convection
— violation of the inf—sup condition

(qh,diVVh)
sup > Pllgnlloo Y an€ On
VLiEV) ’Vh‘l,Q
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—Au+Vp=1f, divu=0 IinQ, u=0 ondQ

Galerkin discretization

Find u, € Vy, py € Oy such that

< ([, pnl, Vi, qn)) = (£,vp) Vv, € Vu,qn € O,
where

o ([u,pl;[v,q]) = (Vu,Vv) — (p,divv) + (g,divu)
V, CHy(Q)4, 0, cHY(Q)NL3(Q) ... finite—dim. spaces

Assume violation of the inf—sup condition

(qh,diVVh)
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where
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,divv
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Inf-sup condition for .<7,
((Whs Ph)s [Vis qn))

inf sup > C,
P IVx 0t gulevy <, |10 P[] 11Vl
1/2
where |[|[v,]ll| = (IV o+ 930 +55(g.4))

and C > 0 depends only on 7.

An optimal estimate of |u—u,

1.0 @nd |[p — pally o follows
analogously as for the convection—diffusion—reaction equation.



Oseen problem

—VvAu+(b-Viju+cu+Vp=£f divu=0 inQ,
u=0 onodQ



Oseen problem

—VvAu+(b-Viju+cu+Vp=£f divu=0 inQ,
u=0 onodQ

Galerkin discretization

Find ay, € Vy, pr € Oy such that

o ([, pul, [Vvasqn]) = (£, vp) Vv, € Vu,qn € O,
where

< ([w,pl,[v,q]) = v (Vu,Vv)+((b-V)u+cu,v)
—(p,divv) +(g,divu),
V, CHy(Q)4, 0, CHY(Q)NL3(Q) ... finite—dim. spaces



Local projection stabilization

Find u, € Vy, py € Oy such that

([, pn), Vi, qn)) = (£,vi) Vv, e Vuqn € 0p,
where

i ([w, pl, [v;q]) = < ([w, pl, [v,q]) + 5 (w,v) + 5, (p, )
+s5" (,v),

spw,v) =Y Ty (ke ((bar - V)u), kg (bar - V)V) s,

Me. %,
s (p.q) =Y om(kuVp, kuVq)u
Me. 4,
s (w, v) Z Yu (Kyrdiva, Kprdivv) g,
Me.#),
4 h h2 \
Ty ~mind 2 M hy, Y~ by
Tbllge €

/ for equal order spaces
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Error estimate

[|[[w—wp, p—pp]||| < C(v +h)1/2hk (’“|k+1,g T ‘P|k+1,g)
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Conclusions

— LPS is an attractive alternative to RBS

— analogous stability and convergence results
— no second order derivatives

— no couplings between various unknowns

— easy to apply to non—steady problems

— symmetric

— operations discretization and optimization commute



