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Mean-field theory for spin-glass models
m Averaging partition function — Replica trick and RSB solution
®m Thermodynamic homogeneity
m Thermodynamic approach — TAF with real replicas

Discrete vs. continuous scheme
m Stability and number of hierarchies in the discrete scheme
m Integral representation of the Parisi continuous RSB solution

Conclusions
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Paragon mean-field spin-glass model

m Ising Hamiltonian (classical spins) S; = £1

H[J.S1=> JiSiSi+h ) S;

i<j i
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Paragon mean-field spin-glass model

m Ising Hamiltonian (classical spins) S; = £1

H[J.S1=> JiSiSi+h ) S;

i<j i

m Long-range random spin couplings J;; Gaussian random variables

=

N
N (Ji)ay =D dj=0. N(Jf), =D Jj=J°
Jj=1 j=1
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Paragon mean-field spin-glass model

m Ising Hamiltonian (classical spins) S; = £1

H[J.S1=> JiSiSi+h ) S;

i<j i

m Long-range random spin couplings J;; Gaussian random variables

=

N
N (Ji)ay =D dj=0. N(Jf), =D Jj=J°
Jj=1 j=1

m Free energy (self-averaging) — summation over lattice sites
& averaging over spin couplings (ergodic theorem)

[F = —% AIIianIn Trs [exp {—PH[J,S71}] = —% Allanm (InTrs [exp {—PH[J.ST}]) .,

o s
el

zik,

Averaging the logarithm (quenched disorder) — complicated [ty




Replica symmetry breaking

Averaging the partition function (annealed disorder) — straightforward

Replica trick
PFay = ~lim (2" =1) /n
27 = [ op B H dIS7IPLS7 exp {—ﬁ ST HLJ, 5“]}
a=1i= a=1

Averaging over J;; — coupling of spin replicas
Replica symmetric ansatz:  Qup = (5,“5?) =qfora#p
results in the SK solution (inconsistent)
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Replica symmetry breaking

Averaging the partition function (annealed disorder) — straightforward

Replica trick
PFay = ~lim (2" =1) /n
27 = [ op B H dIS7IPLS7 exp {—ﬁ ST HLJ, 5“]}
a=1i= a=1

Averaging over J;; — coupling of spin replicas

Replica symmetric ansatz:  Qup = (5,“5?) =qfora#p
results in the SK solution (inconsistent)

Parisi RSB scheme — ansatz for a replica symmetry breaking

m Q. has a hiearachical structure

m Analytic continuation n — 0 (n < 1)




Replica trick — analytic continuation

m Only specific matrices n x n allow for analytic continuation to real n




Replica trick — analytic continuation

m Only specific matrices n x n allow for analytic continuation to real n

m The most general case — hierarchical orthogonal embeddings (K = 2)

0 9 a1 1 @ G @ Q2\
G 0 g1 1 @2 @ @ ¢
g a1 0 Q@ @ 9 ¢ ¢
g a1 9 0 g 9@ ¢ ¢
@2 @2 9@ ¢ 0 g g ¢
@2 @2 @2 ¢ g 0 g
@2 @2 @2 @ g g 0 q
\Ch @2 q@ 9 g q q 0

Ultrametric structure  —  only bloc matrices of identical elements
— larger blocks multiples of smaller blocks
— hierarchy of embeddings around diagonal :@g,




FParisi RSB scheme solution — imp/icit representation

Infinite-many hierarchical levels K & Continuous limit
(sums in the limit n — 0 go over to integrals (continuous functions))

Agr = qie1—q P dq, Amjy=mi_y —m —— dm

K—w

1

qu(m)2}—1 J‘Dj jie”z/zf (0, h + mn)

flq] = ~§ |:1~2q(1)+J 5 o

0

of 1dg [ 8%F o \?
g7 _Leq | o or f(1, h) = In cosh(h
om ~ 2dm [9/72 +m<5h> - F(Lh) = Incosh(ph)

fr= f
SIS [q] J




Unclear aspects of the Parisi construction

Order parameters

m What is the meaning of the order-parameter function q(m)?
m Where do the order parameters come from?

m Are thermal or random fluctuations responsible for RSB?




Unclear aspects of the Parisi construction

Order parameters

m What is the meaning of the order-parameter function q(m)?
m Where do the order parameters come from?

m Are thermal or random fluctuations responsible for RSB?

Parisi’s solution

m What is the phase space on which we have to maximize f[q]?
m How does the stationarity equation for g(m) look like?

m |5 the Parisi continuous RSB exact?




Homogeneity of thermodynamic potentials

m Homogeneity in the phase space




Homogeneity of thermodynamic potentials

m Homogeneity in the phase space

Density of the free energy f = F /N
—function of only densities of extensive variables X; /N
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Homogeneity of thermodynamic potentials

m Homogeneity in the phase space
1 1
S(E)=kgInT(E) = kg =InT(E)’ = kg = InT(VE)
v v

F(T)=—keT % (in[Tre 77"

av

m Homogeneity of thermodynamic potentials (Euler)

Density of the free energy f = F /N
—function of only densities of extensive variables X; /N

The existence and uniqueness of the
thermodynamic limit N — o are guaranteed J
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Real replicas — stability w.r.t. phase-space scalings

Real replicas — means to probe thermodynamic homogeneity J

Replicated Hamiltonian: [H], = > H? = 3 5 .. J;S?S?
a=1

a=1
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Real replicas — stability w.r.t. phase-space scalings

Real replicas — means to probe thermodynamic homogeneity J

Replicated Hamiltonian: [H], = > H? = 3 5 .. J;S?S?
a=1

a=1
Coupling between different replicas: AH(b) = % Doath i pats2 sk

Averaged replicated free energy with coupled replicas

F ()= —kgT % <In Trexp {—ﬁi H? —ﬁAH(u)}>
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Real replicas — stability w.r.t. phase-space scalings

Real replicas — means to probe thermodynamic homogeneity J

Replicated Hamiltonian: [H], = > H? = 3 5 .. J;S?S?
a=1

a=1
Coupling between different replicas: AH(b) = % Doath i pats2 sk

Averaged replicated free energy with coupled replicas

F ()= —kgT % <In Trexp {—ﬁi H? —ﬁAH(u)}>

Eventually — analytic continuation of the replicated free energy to real v
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Real replicas — stability w.r.t. phase-space scalings

Real replicas — means to probe thermodynamic homogeneity J

Replicated Hamiltonian: [H], = > H? = 3 5 .. J;S?S?
a=1

a=1
Coupling between different replicas: AH(b) = % Doath i pats2 sk

Averaged replicated free energy with coupled replicas

F ()= —kgT % <In Trexp {—ﬁi H? —ﬁAH(u)}>

Eventually — analytic continuation of the replicated free energy to real v

im 2 J

u—0 dv

Stability w.rt. phase space scaling:

I
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TAP free energy

Free energy for one (typical) configuration of spin couplings

Frap = Z{mir)? = % In2cosh[p(h + ’7?)]}

1 1
—~ Z [J,jm,mj + Eﬁj,f-(l —m?)(1 - mjﬂ

y

Stationarity equations
m; = tanh[p(h + )], M= 3 dymj —m; ) pJF(L— m?)
J J

Standard averaging over disorder — Gaussian randomness
<ninj>av = ﬁ2J2§ij <m,'2>av

results in the SK solution (unstable)
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TAP free energy

Free energy for one (typical) configuration of spin couplings

Frap = Z{m;r)? - % In2 cosh[p(h + r)?)]}

1

1
—— [J,-jm,-mj + Eﬁj,-f-(l - m?)(1 - m})]

7

Properties of TAP theory

m Multiple solutions (unstable, metastable, nonexistent)
(]

m Lack of convergence in the thermodynamic limit
(equlibrium state not uniquely defined)

m Specific rules for averaging over random spin couplings
(accounting for many TAF solutions via the replica trick)
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TAF with v real rep/icae

Replicated free energy for one configuration of Jj; (linear reponse to y — 0) :

v a—1 =il
F=y> {Z m [n? 4Py zabmf] BTN oy
a=1 i b=1 b=1

1 1
=5 2 Jimim} =5 > pJF[1 - (mP)] [1 - (mf)2]}
iJ ij
_ % Zln Trexp{;(ﬁJ)Q Z )Cabs,-as,-b +PZ (h+ W?)Sfa}
7 a#b a=1

New averaged order parameters:  y°" = N~ 5 [ (S75F) — m?mP]
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TAF with v real rep/icae

Replicated free energy for one configuration of Jj; (linear reponse to y — 0) :
1 v a—1 ﬁJ2N a—
-> {Z m? [m‘ +pJ2 > zabmf} = D )
= b=1
1 J a,.a 1 J2 1 a\2 1 a\2
5 > dgmimi =2 5" pJF [1— (m?)*] [1~ (m])?]
i iJ
1
—ﬁZInTrexp{ (BJ)? Z;ﬁbs 5b+PZ h+n?) ,}

a#b

New averaged order parameters:  y°" = N~ 5 [ (S75F) — m?mP]
b b
Gaussian fluctuating fileds n? = 5, Jym? — >,y mP 5. pJ7

covariance (n? n; bYaw = 6ij >, Jim? m, = 6;;J%q%
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Replieeted TAFP — equivalence of rep/ieee |

Equivalence of spin replicas — hierarcical ordering of classes of TAP solutions

mi = <5,-a>T =m;,
Xab:)cba
{Xal’“.’xau} — {Xbl""’)(bu}

Example:  One RSB TAP free energy — two hierarchies of TAF solutions
(exchanging energy)

EJQN
F(xv)=—- ZﬂJU (1-m?)(1- mj 5 ZJ,Jm,mJ 2 x[(v—1)x+2]

ohiisg

1
+Z m; [n,- + Esz(U_ 1>Xmii| o ZInJDA [2cosh[ﬁ h+2;J/x+ni)] ]

1

"e,

o

GQH




Replieeted TAFP — equivalence of rep/ieee [l

Local magnetization

mi = (p“)(h +ni; A, x) tanh[B(h + n; + A1), = (p/ti)a

where
cosh’[p(h + ni + 2J,/x)]

<cosh“[/}(h +ni + AJ\/x)] >)

DA = dA, e /2 /\/2x, t = tanh [ﬁ <h +n/g+ 3K, z,m)] with
(X(N)a = [2, DA X(A)

g =ph +nisAx) =

Gaussian fluctuating field — Legendre conjugate variable to m;

ni = Jym; —m; I:Wz(“_ D+ 3 p5a - mqu
7 J
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Replieeted TAFP — equivalence of rep/ieee [

Local susceptibility
=% Z[ Ae2), — (pie)?]

RSB parameter — Legnedre conjugate to y

2_/2
%1(261 + v

= Z [(In cosh[B(h + 1; + A7)}, — In (cosh’[B(h + 1; + AJ/7)] >1/“]




Stability of TAP with 2 hierarchies

2 j2
TAP stability — convergence criterion: 1 > L Z

Stability criteria — when RSB parameters relevant.?

1>7Z Pl t;
EL S [0 z>ﬂ-u<p,~t,->§f

Overlap susceptibility: y o p>J?((1—m?)?),, —1>0

Replication parameter (at AT instability line): 1y =
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Stability of TAP with 2 hierarchies

2 j2
TAP stability — convergence criterion: 1 > L Z

Stability criteria — when RSB parameters relevant.?

1>7Z Pl t;
EL S [0 z>ﬂ-u<p,~t,->§f

Overlap susceptibility: y o p>J?((1—m?)?),, —1>0

2(m?(1 = m?)?)a
((1- mi2)3>av

Replication parameter (at AT instability line): 1y =

Standard averaging of TAFP = 5K (RS) solution
Standard averaging of 1RSB-TAF = 1RSB
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Hierarchical TAF theory

TAP with K hierarchies of real replicas

1 1
Fx(mj,nis x1,v1, ..., XksVK) =-3 E [5J,-12-(1—m,-2)(1—mj2)—§ E Jijm;m;
i i

1, & pIAN & , PJAN
+Z m; |:f’),' + EPJ m; ;(U/ — l//_l))(/] + 4 Z(U/—U/_1))(/ +T)(1

I=1
1 o o . VK [VK-1

Initial local partition sum

K
Zy = 2cosh I:[& <h +ni + Zﬂ/\/)(/ - )(/+1>]

=1
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Averaging of hierarchical TAP — discrete RSB scheme

Averaged TAP free energy density with K hierarchies of replicas

fk(q; Axa, ..o Axk, V1, . VK) = <1—q ZA;{,) —fln2

K
i;u/AJ{/ [2 <q + ;Ax,) - Am} —~

Ay = x1— X141 = Axis1 20, vy — arbitrary positive

@
J Dn In Zk

| =

Hierarchical local partition sums Z; = Uiom DA Z,“iJl/W

Initial condition Zy = cosh [ﬂ (h +n/q + Zfil )\NA)(,)]
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Pmpertiee of the hierarchical solution

Degeneracy in the hierarchical free energy (yx+1 = 0, 19 = 1)

fk(Ayk-1=0) = fk_1, fx(xxk =0) =1k
fu(vk =vk-1) = fk-1,  fx(vk =0) = fx_1,
Vi Vi

—f =vk_1) <0, —f =0)>0

o K(Vk = vKk-1) < o (v =0) >

m  Local thermodynamic homogeneity: e
Vi

m Global thermodynamic homogeneity: yx =0

m v, > 1 —free energy minimized

m v < 1—free energy maximized




Pmpertiee of the hierarchical solution

Degeneracy in the hierarchical free energy (yx+1 = 0, 19 = 1)

fk(Ayk-1=0) = fk_1, fx(xxk =0) =1k
fu(vk =vk-1) = fk-1,  fx(vk =0) = fx_1,
Vi Vi

—f =vk_1) <0, —f =0)>0

o K(Vk = vKk-1) < o (v =0) >

m  Local thermodynamic homogeneity: e
Vi

m Global thermodynamic homogeneity: yx =0
m v, > 1 —free energy minimized

m v < 1—free energy maximized

Onlyif1>wvy >...vx >0then y; > x41 >0
Hierarchical scheme converges J




1RSB thermodynamic inhomogeneity
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Stability conditions

m Nonnegativity of eigenvalues of the nonlocal susceptibility — resolvent
1 -1
Gz)= =Tr[71-7"]
()= 5Tr|21-72

m Relation to the homogeneous and spin-glass susceptibilities
(zero magnetic field)

1 B 1 »  dG(z)
X_NZX”_MG(O% XSG_NIZJ.ZU_M dz

m K + 1 stability conditions for a solution with K hierarchies

(o)) ) o

/=0,1,..., K, (t),(r],ﬂK ..... ﬂ/+1) = <p/ <F)1t>ﬂl ...>ﬂ,

b

%,
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One—etep RSB

m Free energy (J? = 1)

flg: ) = 51— aP + Fw - Dx2g + 1+ 5x

P
4
“*J Dan DA{2cosh [p (h +nv/q + A/x)]}

@

m Stationarity equations

q= <<t>§>n
gea=q+x=({t*)a),
P2x(2q + ) = [(Incosh[ﬁh-ﬁ-n\/_-i-ﬂ\/_ P
—In {cosh’[B(h + ny/n + W/x)] )1/V]




Stability of 1RSB

Stability conditions

A =1 —ﬁ2<<(1 - t2)2>ﬂ>n
Mo =1-pP(((1-1-v)?—v(t)3))3),




Stability of 1RSB




Continuous limit of the discrete RSB scheme

m Discrete RSB solution unstable for any finite K, hence K — o

m Continuous ansatz (homogeneous distribution) Ay = y1/K
(checked explicitly near the AT instability line)

m Continuous index variable x = limy_o,(K — 1)/ K (x = limk_ I/ K)
m Gaussian integrals only (linear approximation) gj = InZ,
/v Axi

g =In (2, )" = g1+ =5 (g1 +vigls) + O(Ax])

D

,_ %8
8 h

1l
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Continuous limit of the discrete RSB scheme

m Discrete RSB solution unstable for any finite K, hence K — o

m Continuous ansatz (homogeneous distribution) Ay = y1/K
(checked explicitly near the AT instability line)

m Continuous index variable x = limy_o,(K — 1)/ K (x = limk_ I/ K)
m Gaussian integrals only (linear approximation) gj = InZ,
/v Axi

g =In (2, )" = g1+ =5 (g1 +vigls) + O(Ax])

/

8

%8
oh
Farisi’s differential equation (opposite overall sign)

og(x.h) _ 1(x) [ #g(x. h) og(x, h)\?
o ‘2[ oh? +m(X)< oh >}

1l




Physical interpretation of the RSB order parameters

m ;N active spins in the volume

' S, ' vV affected by the replicated
: oo | : spins from the next hierarchy
| | S | | N
: : S : : v InZ;_1(p, hi)

0
I I N o=
S A Lo = InJDZ/ 70 (p,h, +2\,«/A)(,>
| | p | |
| |_VL Nl
Iy P, | m ), — effective magnetic fields,
| 2 |

____________ Ay —interaction strength

m Effective weight of replicated
spins in thermal averaging

Zluil
1S Femr v
A=z




Integral representation of the Parisi free energy

m  Continuous limit —  independently of the stability of the discrete

scheme
fla. Xsm(A) = =2 (1 g = X2~ Z1n2
1
+ /};(Jodﬂ mA)[qg+X(1-A)] - % (g(L,h+ny/q)),

m Integral representation of the intracting part
g(1,h) =Eo(X, h;1,0) 0 go(h)

1
=T exp {); J dA[22 + m(A)g' (A h + l_v)ﬁ,—,]}go(h + h)
0

h=0

m T-product from quantum many-body PT

M An-1 =N =N o,
Tﬂexp{J dA0( }~1+ZJ de J d2nO(h)... O(A,) {s

0 YN




Stationarity equations

m Number order parameters (h, = h +n,/q)

1
0= 55 (L A1)}
1
X = 2 [ (BOX A3 1.0) 0 g5(h)2), = (€1 0%),

m Functional order parameter

1

1= zx [<E(X, hys 1,0) 0 gg(h)?), — (E(X, hy1,2) 0 g/(A hn)2>n]

m Integral representation for the derivative

g’ (v, h) = Tyexp {x J dA Bﬁi + mA)g’ (N h + 77)@,;]}»g6(h + h)
. ]
=[E(X, h;v,0) 0 go(h)




Stability conditions

m Stability conditions from the continuous limit of the discrete scheme

1> — (E(X,h;LA)og” (A hn)2>n , VYAe[o,1]

v 1 _ _
g’ (v, h) = Tyexp {X L d2 [2@—21 + m(A)d;, g'(A h + h)]}g{)’(h + h) .

m Derivative of the equation for the functional order parameter
d

1= aIE(X, h;1,2) 0 g’ (A h)? = =XE(X, h;1,A) 0 g” (A h)?.

m Consequence — marginal stability in the whole SG phase

P> = (E(X. hy LA og"(A hy)*),




Conclusions |

Mean-field theory of spin glasses

m Free energy self-averaging

m Typical distribution of spin couplings — multitude of solutions
(thermodynamic inhomogeneity incurred)

m Generations of real replicas — successive embeddings of spin
replicas (TAF solution may interchange energy to reach
homogeneity)

m Homogenepous order parameters even without averaging over
randomness (regulate interaction between replica generations)

m Standard averaging — within linear response and with FDT

Nonmeasurable order parameters — needed to describe measurable
quantities




Conclusions |l

Discrete RSB scheme Continuous RSB scheme

m Hirarchical structure — m Continuous limit of the
number of hierarchies K discrete scheme
determined from stability m Exists independently of the

m Stable or marginally stable stability of the discrete
solution scheme

m Probably too many order m Only marginally stable solution

. K

parameters: g, {v;, Axi}/, m Minimal set of order

m Physical interpretation of the parameters: q, gea = q + X,
order parameters m(A), A € [0,1]

How does the continuous solution look like
when 1RSB becomes stable (Fotts glass)?
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