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1. Heisenberg model




1.1 Definitions and notations

We introduce the following notations for special 2 x 2 matrices: the unity matrix

1 30:<(1) (1)>? (1.1)

the Pauli matrices {s*}, a = z(1),y(2), 2(3)

0 1 0 —i 1 0
T — 1: Y = 2: Z = 3:
st =s (1 0), sY =5 <i O>’ s =s (0 _1>. (1.2)

The Pauli matrices fulfill the product relations

(s%)% =1, R for a # 3, (1.3)
where €,3, is the antisymmetric tensor (€123 = 1, €213 = —1, etc.). Consequently,
(5%, 57] = 2iea5,87, {5, 5%} = 2043, (1.4)

where [A, B] = A- B— B- A denotes the commutation operator and {A,B} = A-B+B-A
denotes the anticommutation operator.
One usually works in the basis formed by the eigenvectors of s*:

1 0
ser—en o= (g) e o= (1) (1.5)

It is useful to introduce the matrices

1 0 1 1 0 0
+:— r is¥) = T = — T _igY) =
s 2(8 +isY) = (0 0> and s 2(3 is )_< ), (1.6)

which act on the vectors et as follows

The tensor product of two matrices A and B is defined as

AHB A AlnB
(A® B)o,ioz = Ao,iBo,; = Ag 0, Boyoy, = : : . (1.8)
AaB ... A,..B
Let us consider a chain of N lattice sites n = 1,2,..., N. We introduce the lattice

Pauli operators (matrices) of dimension 2V x 2V on this chain as follows

a (0%
S, =1®..01® s" ®1®...0_ 1 . (1.9)
n—1 n N
Explicitly,
(Sg)gizgg = (Sa)andzéffl"/l . 5Un710';7’,150'n+10':1+1 e 5UNU§V . (1.10)



There exists an important general rule concerning the ordinary product of two 2V x 2V
matrices, each of which is given by a direct product of N 2 x 2 matrices: one has to perform
the matrix products of the 2 x 2 matrices at the corresponding sites n = 1,2,..., N and
the resulting 2V x 2V matrix is simply their tensor product. As an example, we write down
the multiplication of two Pauli operators s2 and Sﬁ: for two different sites n # n':

s%% = 1 8..010 5 01®...0 5% 91®...0_1 . (1.11)
1 n n’ N

It stands to reason that
[s%,s%] =0 for n #n'. (1.12)

The corresponding Hilbert space is V; ® Vo ® ... ® Vy, where V,, is isomorphic to C?.
We shall choose as the basis for each V,, 2 x 1 orthonormal vectors et (spin up) and e~
(spin down) defined in Eq. (1.5). The vector basis for Pauli operators is generated by all
possible 2V tensor products of these 2 x 1 vectors on the chain. Let us adopt the convention
according to which a basis vector |ny,ng,...,nas) corresponds to the tensor product of M
e~ vectors put on the ordered lattice sites

nyE<ng <...<npy (1.13)

and (N — M) et vectors put on all remaining sites:

— ot et + - oot + - +
In1,n2,...,npm) =€ Qe Q...e7 ® e R ®..ef e .0 . (114)
1 ni n2 N
Equivalently,
[n1,ma,...,na) =s,,8,,---5,,,10), (1.15)

where |0) is the tensor product of N e™ vectors. Since the total number of these orthogonal

()2 () ()

they form a complete basis of the 2/¥-dimensional Hilbert space.

vectors is

1.2 Hamiltonian and its symmetries

For quantum mechanical reasons (exchange force), the coupling between two magnetic
dipoles may cause nearest-neighbours to have lowest energy when they are parallel or an-
tiparallel. This phenomenon is described by the Heisenberg model with nearest-neighbour
interactions of quantum Pauli spin-1/2 operators defined on a lattice. In the case of the
one-dimensional (1D) periodic chain of n = 1,2,... N sites, the most general form of the
Heisenberg Hamiltonian reads
N
H=— (Juspsh i + Jystst 4+ Jsishi) (1.16)

n=1

DO =

where J,,Jy,J. are coupling constants and the chain periodicity is ensured by setting

sy = st-
There are three possibilities for the coupling constants:



o J, =J,=J,=J: the isotropic XXX Heisenberg model, solved by Bethe [1] (1931).

o (J, = J, = J) # J,: the XXZ Heisenberg model, solved by C. N. Yang & C. P.
Yang [2,3] (1966).

o (Jy # Jy) # J.: the XYZ Heisenberg model, solved by Baxter [4] (1972).

We shall concentrate on the XXZ Heisenberg model defined by the Hamiltonian

H(J7JZ) = -

N —

N
Z [J (syspyq +shst ) + Jsish] (1.17)
n=1

For a bipartite chain with N = even number, the set of lattice sites can be divided into
two subsets A and B. Then, due to the relations for the Pauli matrices s*s*s?* = —s® and
5*sYs* = —sY, the unitary transformation with U = [], .4 s7 leaves H unchanged, except
for the replacement J — —J:

UH(J,J)U" = H(—J,J,). (1.18)

Thus, without any loss of generality we can take J = 1 and consider the Hamiltonian

NE

1
H(A)= SH(J,J) = =5 3 (shshen +shsiy + Asisi) (1.19)
n=1

where the only parameter A = J,/J can take an arbitrary real value. The case A =1
(A = —1) corresponds to the ferromagnetic (antiferromagnetic) isotropic chain. All other
values of A correspond to the anisotropic XXZ Heisenberg chain.

There exists another useful symmetry of the XXZ model for N = even number. In-
troducing the unitary operator V' = exp(ir 27127:1 ns?), the unitary transformation of H
reads:

VH(A)VT = —H(-A). (1.20)

In this way, the energy spectra of the Hamiltonians H(A) and H(—A) are related by
the reflection around E = 0. It is therefore sufficient to study the energy spectra of the
Hamiltonians say with A > 0.

Finally, using the identity

T gT Yy — +o— -t
SnSn+1 + Snsn+l =2 (Sn Sn+1 + Sn Sn-i—l) (1'21)

it can be readily shown that the Hamiltonian (1.11) commutes with the total spin along
the anisotropy axis,

[H(A),) si]=0. (1.22)

This is no longer true for the XYZ Heisenberg chain.



1.3 Schrodinger equation

Since the Hamiltonian commutes with the total spin along the anisotropy axis, see relation
(1.22), one can look for the solution of the Schrédinger equation

H(A)Yym = EYm (1.23)

as a superposition of all vectors in the Hilbert space with the fixed number M of down
spins
1/)M:Za(nl,ng,...,nM)|n1,n2,...,nM>, (1.24)
{n}
where the summation goes over all possible sets of M ordered sites (1.13).
In order to proceed, we have to know how the Hamiltonian acts on a given Hilbert

vector |ny,ng,...,ny). Using (1.21), we can rewrite the Hamiltonian (1.19) as follows
AT 1
H(A) = _N§ +Z Hp pi1, —Hp 1 = Sy8,11 +8, 8,04+ §A (snsne1 — 1) (1.25)
n=1

The component H,, ,11 acts as the unity operator on each site, except for the couple of
nearest neighbours n,n + 1. Since it holds

+ o E
o —ot €n @enp1 ) _ 0
(a5 + Susnsa) <e% ® eZZl) B (ei ® ¢ 20
and
+ +
stz L <eer: ®€n+1> — < ef:lz: ®en+1 ) (1‘27)
et @el,, —ef®el )’
we have
+ o
e, Qe 0 0
H7+1<" "+1>:A< >—< N > (1.28)
o en ® ety en @ty e ® €ni

With regard to the representation (1.25), it holds

A
|:H(A) +N§:| ]nl,ng,...,nM> = NQA\nl,ng,...,nM>

= |ninh, .y (1.29)
{n'}

Here, the configuration of sites {n'} is obtained from {n} by the interchange of just one
nearest-neighbour pair of antiparallel spins

/ / / /
ny=ni, MNg="n2,..., Ny,=naxtl,...., ny =nu, (1.30)

under the condition that the site configuration {n'} will be the allowed one fulfilling the
ordering condition (1.13), and
No=> 1 (1.31)
{n}

is the number of the nearest-neighbour antiparallel spins in the site configuration {n}.



Finally, the condition that 1y (1.24) is the eigenfunction (more precisely, eigenvector)
of the Hamiltonian H(A), see the Schrodinger Eq. (1.23), can be expressed as

Ea{n} = Z (Aa{n} —a{n'}), (1.32)
{n'}

where E = E + NA/2 is the shifted energy. In order to apply the interchange {n} — {n'}
(1.30) in the whole interval of site coordinates n,, we have to extend this interval beyond N
by identifying sites n with IV + n. The periodic boundary conditions for the a-amplitudes
are written in the form

a(ni,ng,...,ny) = a(nz,ng,...,np,ny + N) (1.33)

respecting the prescribed ordering of sites (1.13). The next task is to solve the set of
equations (1.32), complemented by the periodic boundary conditions (1.33), for each sector
of the Hilbert space with M =0,1,..., N down spins.

1.4 Coordinate Bethe ansatz

1.4.1 M=0,1

The case M = 0 is trivial. The vector |0) with all sites in the spin-up state e™ is the
eigenvector of the Hamiltonian H(A) with the energy £ = —NA/2.
In the sector with one spin down M = 1, Eq. (1.32) reads

FEa(n) = 2Aa(n) —a(n —1) — a(n + 1). (1.34)
The solution of this equation is the plane wave
a(n) = Aexp(ikn). (1.35)

The wave number k is quantized according to the periodicity condition (1.33), a(n) =
a(n + N), as follows

exp(ikN) =1 <= Nk = 2r1, I1=0,1,...,N —1. (1.36)

The interval of I-values can be shifted by an arbitrary integer. The energy E is obtained
by substituting the solution (1.35) for a(n) into (1.34), with the result

E:—N%+2(A—cosk). (1.37)

1.4.2 M=2

For M = 2 one has to distinguish between two cases: sites n; and no are either nearest
neighbours or they are not.

Let us start with the case when they are not nearest neighbours, i.e. ny # n;+ 1. The
equation (1.32) then takes the form

Ea(ny,n2) = 4Aa(ni,n2) — a(ny — 1,n2) —a(n1 + 1,n2)
—a(ny,n2 — 1) —a(ny,na + 1). (1.38)



The general solution of this equation reads
a(nl, ’I’LQ) = Algei(k1n1+k2n2) + Aglei(k2n1+k1n2), (1.39)
A
E = —NE+2(A—cosk1)+2(A—cosk2). (1.40)

The coefficients Ao and A are as-yet free.

When the sites ny and ny are nearest neighbours, i.e. ns = ny + 1, Eq. (1.32) takes
the form

Ea(n,n+1) =2Aa(n,n+1) —a(n —1,n+1) —a(n,n + 2). (1.41)

We shall look for the solution of this equation in the same form (1.39) as in the previous
case, where the coefficients A2 and Aoy will be constrained by a condition. We can do that
due the fact that Eq. (1.41) can be represented as the previous one (1.38) provided that
there is a constraint on a(ni,ns). For this purpose, we extend the definition of a(ni,ns)
to identical sites n; = ng and put formally n; = n,ny =n+ 1 in (1.38):

Ea(n,n+1) = 4Aa(n,n+1) —a(n —1,n+1) —a(n+1,n+1)
—a(n,n) —a(n,n + 2). (1.42)
The two equations (1.41) and (1.42) are equivalent if it holds
aln+1,n+1) —2Aa(n,n+ 1) + a(n,n) = 0. (1.43)

The insertion of the solution (1.39) into this equation leads to the following relation between

the A-coefficients: (b ta) "
Aig . el\F1Tr2) _ 9Aef1 ] . .
Ay~ atitR) oAdh 41 exp (i612) . (1.44)
The phase factor is readily shown to be given by
012 ctg(k1/2) — ctg(ka/2)
tg| =— | =A . 1.45
o () = AT (s st D (149

It is antisymmetric with respect to the exchange of indices,

012 = —01. (1.46)

Setting the common prefactor to unity, the coeflicients are expressible simply as

i i
A12 = exp <§912> s A21 = exp <§921> . (1.47)

We note that the wave numbers must be unequal, k; # ko. In the opposite case
k1 = ko = k, it follows from Eq. (1.44) that Aj5 = —As; and consequently the amplitude
a(ni,n2) = (A2 + Aa1) explik(ny + ng)] vanishes.

The wave numbers k1 and ko are quantized according to the periodic boundary condi-
tion (1.33), a(ny,n2) = a(ng,ny + N), as follows

A12 = AgleiklN, A21 = AlgeikQN. (1.48)
With regard to (1.44), these conditions can be rewritten in a more convenient form
Nky =21y + 619, Nko = 2nly + 091, (1.49)

where I; and Iy are sequences of N consecutive integers such that ki # ko.



1.4.3 M=3

The treatment of the sector M = 3 allows to perform a generalization of the formalism to
arbitrary M. It is necessary to consider all possibilities of nearest-neighbour positions for
three sites, ordered as ni < ny < ns:
(a) ng #n1+1, n3#ng+1,
(b) no=ni+1, ng#no+1,
(c)na#n1+1, ng=ngo+1,
(d) no=n1+1, ng=mno+1.
In the case (a) with no nearest neighbours, the Schrodinger Eq. (1.32) takes the form

Ea(ny,ng,n3) = 6Aa(ny,ng,ng) —a(ny — 1,n9,n3) — a(ny + 1,n2,n3)
—a(ni,ng — 1,n3) — a(ni,ne + 1,n3)
—a(ny,n2,n3 — 1) —a(ny,n2,ng + 1). (1.50)

Its solution is represented as a superposition of plane waves

a(m no n3) _ A123ei(k1n1+k2m+k3m) +A132ei(k1n1+k3n2+k2na)
) )
+A2lgei(k2n1+k1n2+k3n3) +A2glei(k2n1+k3n2+km3)

+A31261(k3N1+k1n2+k2n3) + A321ei(k3"1+k2"2+k1"3). (1.51)
The corresponding energy is given by
A
E = —N; +2(A —cosky) +2(A —cosks) + 2 (A —cosks) . (1.52)

In the presence of nearest-neighbour sites, we shall use the same trick as in the M = 2
sector. The case (b) implies

Al23 7 — oifs, A1 _ elf2s (1.53)
Aois Az1z A2

where 0,3 with o, = 1,2,3 is the obvious generalization of the function given by Egs.
(1.44) and (1.45). The case (c) implies

C128 _ gifas T3 ifhs 312 i (1.54)

The consideration of the case (d) does not imply any new relations among the A-coefficients.
Using the symmetry relation (1.46) for the phases 6,3, the solution of 6 homogeneous
relations in Egs. (1.53) and (1.54) for 6 coefficients can be written in the form

- _
At23 = exp 3 (012 + 613 + 623) | ,

[
A213 = exp 3 (021 + 623 + 613) | ,

[
Ago1 = exp 3 (032 + 031 + 621) | , (1.55)



etc., with the obvious formal structure.
The periodic boundary condition (1.33), a(n1,ng,n3) = a(ng,ng,ny + N), implies

Argz = Ao €™V Agig = Aygeel N Agpy = Ajgge®s (1.56)
The wave numbers ki, ko and ks, necessarily distinct, are thus quantized as follows

Nky = 2n1y + 012 + 613,
Nko = 2mwls + 021 + o3,
Nks = 2nwl3 + 031 + 039, (1.57)

where each of Iy, Is and I3 is a sequence of N consecutive integers.

1.4.4 Arbitrary M

We have seen that the solution in the sector M = 3 was constructed explicitly using the
information gain from the M = 2 sector, namely the phase function 6,43 defined in (1.44)
or (1.45). This property is maintained also for higher sectors M =4,5,... N.

Let us introduce the symmetric group Sy; of all M! permutations of M number
(1,2,...,M). We shall denote an element of the group Sy; by P, Pa witha =1,2,..., M
will denote the number at the ath position in P. Like for instance, for M = 3 and the
permutation P = (3,1,2) one has P1 =3, P2=1 and P3 = 2.

The Bethe ansatz has the form

M
a(ny,ng,...,ny) = Z Apexp (ikaana> ) (1.58)
a=1

PeSy

This solution certainly fulfills the Schrodinger equation when there are no nearest-neighbour
sites, i.e. Ngt1 7# No + 1 for each a« =1,2,..., M. The corresponding energy is given by

A M
E=-N7+ > 2(A — coska). (1.59)
a=1
When two sites are the nearest neighbours, say nqa4+1 = no + 1 with a given «, the
counterpart of the “consistency” equation (1.43) is
a(...,ng+1,n,+1,...) —2Aa(...,na,ne +1,...) +a(...,ng,ng,...) =0.  (1.60)
Inserting the Bethe ansatz (1.58) to this consistency equation leads to

Z Ap |:ei(kPa+kP(a+1)) —9AekP@ry 41
PeSy
XeikP1n1+""‘Fi(kPa"Fk?P(aJrU)na+“‘ikP]\/InM = 0. (1.61)

In the summation, each permutation P is coupled with the permutation P(a, o+ 1) which
is generated from P by the transposition of the nearest-neighbours Pav and P(a+1), i.e. if
P=(P1,...,Pa,P(a+1),...,PM) then P(a,a+1) = (P1,...,P(a+ 1), Pex,...,PM).



Since the corresponding A-coefficients are multiplied by the same {n}-dependent exponen-
tial in (1.61), it holds

Ap |:ei(kPoz+kP(a+l)) — 2AelkP+) 1}
+AP(a,a+1) |:ei(kPa+kP(a+1)) — 92AelFPa 1} = 0. (1.62)

With respect to the definition (1.44) of 6 phase, one thus has

Ap(a.att) = Apexp (—i0pa, p(at1)) - (1.63)
This implies
LM
Ap=exp | 5 a;l Opa,ps | - (1.64)
(@<B)

The periodic boundary condition (1.33) is equivalent to the conditions
Ap = Apce*PN for arbitrary P, (1.65)

where PC' is the cyclic transposition of P, i.e. when P = (P1,P2,...,PM) then PC =
(P2,...,PM, P1). With respect to the result (1.64) for the A-amplitudes, one has

M
. A
ehrIN — AP i> 0p1pa | for arbitrary P. (1.66)
APC a=2

We conclude that the wave numbers ky, ko, ..., kjs are quantized according to the set of
M Bethe equations

M
Nko=2rly+ > 0a5, a=12,... M. (1.67)
(800
Each I, belongs to a sequence of N consecutive integers such that arbitrary two wave
numbers kq, # kg.

Especially simple is the case A = 0. In that case, the phase factor (1.44) is given by
exp(ifa3) = —1. The boundary conditions (1.66) then implies

M
olkaN _ (_1)M—1, E = —ZZCOS ka. (1-68)
a=1

1.5 Orbach parametrization

The 6-function, given by Eq. (1.45), is a complicated function of wave k-numbers. For
reasons which will be clearer later, it is useful to parametrize the k-numbers by “rapidities”
A, k = k(X), in such a way that the f-function will depend only on the difference of the
corresponding rapidities: 6,3 = 0(Aq — Ag). The form of the parametrization depends on
the value of the anisotropy parameter A: A > 1, A=1, - 1<A<1, A=-1, A< -1
For simplicity, in what follows we shall restrict ourselves to the ferromagnetic (A = 1) and
antiferromagnetic (A = —1) isotropic chains.

— 10 —



151 A=1
For A =1, the relation (1.45) takes the form

e (1) = & e () e ()] 9

The needed parametrization is then

1 ko 0ap _
The inverse relations read
1 20 +1 1 Aa —Ag+i

In general, the quantities k, and consequently the rapidities A, can be complex numbers.
For real values, they are localized in intervals

0 < ko < 2m, —00 < Ag < 00. (1.72)

Inserting relations (1.71) into the Bethe equations (1.66) results in

. M
)\a—|—1/2 )‘a_)‘5+1 B
<m> H Yy a=12...,M. (1.73)

(ﬁ#a)

The energy (1.59) is expressible in terms of rapidities as follows

M
N 1
E=-— —_— 1.74
2+;/\?X+1/4 (1.74)

152 A=—
For A = —1, the relation (1.45) takes the form

e (%) = e () - ()] 0

The needed parametrization is then

1 ko 9
The inverse relations read
1 1— 2\ 1 Ag — Aq +1i
ko = -1 , = 1 - . 1.
i n<i+2>\a> o <>\g—>\ —1> (L.77)

If k., and A, take real values, they are localized in intervals

- < ko<, —00 < Ay < 00. (1.78)

— 11 -



Bethe equations (1.66) now take the form

/2= \Y B Aa—Ag—i

dET e} o T e oA =1,2,..., M. 1.79

<i/2—|—)\a> =+ ° (1.79)
(B#a)

The energy (1.59) is expressible in terms of rapidities as follows

M
N 1
E=—-) ————. 1.
2 ;A3+1/4 (1.80)

When the number of lattice sites N = even number, Egs. (1.73) and (1.79) coincide while
the respective energies (1.74) and (1.80) differ only by the sign, which is in agreement with
the equivalence of the spectra of conjugate Hamiltonians Ha and —H_Aa.

1.6 Ground state and its energy

When A > 1, the ground state of the Heisenberg chain is evidently ferromagnetic, i.e.

M =0, with the energy
A

Ey=-N3., A>L (1.81)
In the region of A < 1, the “global” ground state has the total S?-spin equal to zero,
i.e. belong to the sector with M = N/2 (N even). To analyze the Bethe equations (1.67),

one has to specify the values of integers I, which correspond to the ground state. It has

M
a=1>’

been shown in Refs. [2, 3] that in the given M-sector the ground-state integers {I,}
are distinct and symmetrically distributed around 0 with the unity step, i.e.

_Imaxa _Imax + 17 e aImax - 17 Imax-

Since 21 ,,x + 1 = M, one has

M-1 M-1 M—1
L,L,...., [y = — - Tl

5 5 (1.82)

This choice of I-values was first observed for the A = 0 case (1.68): here, Nk, = 271,
with {I,} given by (1.82) indeed minimizes the energy and simultaneously ensures that

ko # kg.
The Bethe equations (1.67) with the I-values (1.82) in the zero-spin sector M = N/2

I 1 N/2
ho = 2m 0 — ; Oop, a=1,2...,N/2, (1.83)
(B#a)

lead, in the continuum N — oo limit, to real wave numbers {k,}. Setting I,/N = =z
(—1/4 <z < 1/4), one gets from (1.83)

1/4

kEA(x)] =272 + /_1/4 dy 0[\(z) — A(y)]. (1.84)

— 12 —



Here, the wave numbers k and the 6-function are parametrized by the continuous rapidities
A(z). Let us introduce the density of rapidities around the given value by the relation
dz = p(A)d\. Differentiation of Eq. (1.84) with respect to A then leads to

dk(A)

LY~ amp(n) - / N p(x)(%e(x _ ), (1.85)

where the range of integration depends on A.
For the antiferromagnetic isotropic case A = —1, the Orbach parametrization (1.76),
or equivalently (1.77), gives
dk()N) 4 0 2

/
P S C A LA Rl W) W (1.86)

The rapidity in (1.78) takes real values on the whole axis. Eq. (1.85) is then written as

2 o p(\)

Applying in this equation the Fourier transform

P =5 [ e, (1.88)

and subsequently using the integral formula

1o [ e 1
o) A5 = 3¢ i (1.89)

(the residuum theorem), one ends up with

1 1

ey - 1.
ALe) 2cosh(¢/2)’ P 2cosh(m\) (1.90)
The ground-state energy (1.80) then reads
N o0 1 N
Ey=——-N ———— =——N2In2. 1.91
0773 /_oodAp(A)A2+1/4 2 . (1.91)

1.7 Excited states

The general analysis of Bethe equations is complicated for finite N, but simplifies substan-
tially in the limit N — oo.

Let us consider for simplicity the isotropic A = 1 ferromagnetic chain. Its Orbach
parametrization is presented in Section 1.5.1, Egs. (1.69) - (1.74). As was mentioned, the
ground state corresponds to all spins up (M = 0) with the energy Ey = —N/2.

For the first excited states in the sector M = 1, the equations for A and k read

Ati/2\" -~
—1 N _q 1.92
()\—i/2> o (1.92)
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The corresponding energy is E = Ey + 2(1 — cosk). In the limit N — oo, the wave
numbers k cover continuously the whole interval (0,27) and the rapidities cover the real
axis —o0o < A < o0o. The excitations of this type are called magnons. The energy of a
magnon with the wave number k is €, = 2(1 — cos k).

In the sector with two spin downs (M = 2), Bethe Egs. (1.73) read

<>\1+i/2>N_/\1—)\2+i <>\2+i/2>N_/\2—/\1+i

Atz Az Al Aarie) 2T 1.93
A —i/2 M= As—1 N — /2 Xo— M —i (1.93)

Let us first study real solutions of these equations and denote (A; —A2+i)/ (A1 —Aa—1) =
exp(ip), ¢ € R. Then,
N — ol¢ elh2 N — o7ie, (1.94)

In the limit N — oo, k1 and k2 once again cover continuously the interval (0,27) and one
has the state of two independent magnons with the energy £ = Ey + €, + €p,.
However, the system of two equations in (1.93) exhibits also complex solutions

Al = x1 + iy, Ao = To + iyo. (1.95)
Comparing the modulus of lhs and rhs of the first equation in (1.93), one gets

N
oi+ (i —1/2277 _ (@ —22)? + (y —y2 —1)°
22 + (y1 + 1/2)2 (r1 —22)%2 + (y1 —y2 + 1)2

(1.96)

Let us assume that y; > 0. As N — oo, the lhs of (1.96) goes exponentially to 0. The rhs
thus implies

T =x2,  y1—y2=1 (1.97)
The same findings are obtained from the second equation in (1.93). Multiplying the two
equations in (1.93) results in the relation

i 1/2)1"
[mlﬂ(yﬁ / )} =1, (1.98)
z1 +i(y1 — 3/2)
from which y; =1/2 and —0co < 1 < co. Finally,
M=z 4if2, A=z —i/2. (1.99)

This is the bound state of two magnons. Its energy e, 1, = 1 —cos(ki + ko) is always lower
than the sum of energies for two independent magnons €, + €, .

For an arbitrary value of A and in the limit N — oo, the states of the Heisenberg
chain exhibit in the space of rapidities a string structure. Namely, the states are grouped
into complex strings

A=z +ip, uw=-m,—m+1,....,m—1m. (1.100)

Since 2m + 1 is the number of states and as such it has to be a positive integer, one
has m = 0,1/2,1,3/2, etc. The statistics of complex strings enables one to derive the
thermodynamics (the free energy, etc.) of the Heisenberg chain at arbitrary temperature
T, see monographs [M2, M3].
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2. Quantum inverse scattering method




2.1 Definition of the S-matrix

The Heisenberg XXZ chain is the simplest system for which the exact solution is obtained
by using the coordinate Bethe ansatz, see the representation (1.58) for the wave-function
amplitudes. In this case, one has M “particles”, namely down-spins in the sea of up-
spins, which have no internal degrees of freedom. The particles are specified only by their
positions on the chain and these positions are ordered, ny < no < ... < nys. The scattering
of particles is defined by the relation between amplitude Aoy = S12 A1 where S1s is a scalar.

There exist physical systems of particles possessing internal degrees of freedom o =
1,...,1, sometimes called “colours”. Like for example, for an electron o denotes one of the
two spin states {T,]}. Let us consider N particles on a chain of sites z = 1,2,..., L. The
particles are characterized by the couples of data (o1,1), (02, x2),...,(ocN,2n). Now, mu-
tual positions among arbitrarily coloured particles are relevant. For a given configuration
of particles we define the permutation @ = (Q1,Q2,...,QN) € Sy as follows

Xg = {le <zge<...< QJQN}. (2.1)

For example, if three particles are ordered as follows x3 < 21 < z2 one has @ = (3,1, 2).
The permutation @) carries the information about the positional ordering of the particles
(from the left to the right) on the chain: (og1,zQ1), (092, Q2),-- -, (0oN, TQN).

In section 3, we shall solve the 1D Hubbard model of N interacting electrons with
the spin o € {7,]}. The solution for the wave function will be found in the form of the
generalized Bethe ansatz:

Vor09..0n (X1, T2, ..., TN) = Z sign(PQ)A(Q|P) exp( Zk‘paan> , (2.2)

PeSy

where
A(Q|P) = A0Q10Q2...0QN (kpl, kP2a teey kPN) (23)

denotes the amplitude and sign(PQ), which is equivalent to (—1)""*"Q with np (nq) being
the parity of the permutation P (@), ensures the antisymmetry of the wave function 1
with respect to the interchange of any pair of particles. As before, the summation over all
permutations P “distributes” the given wave numbers (k1, k2, ..., ky) among all particles.
The A-amplitudes are related by the scattering of particles. Namely, for N = 2 one

has
Agio, (ko k) Z s"“’ (kus ko) Agror (R, ko), (2.4)

where (i,7), (u,v) € {(1,2);(2,1)} and S denotes the two-particle scattering matrix of
dimension 2. It is seen that the scattering is elastic, i.e. not only the total momentum but
also both individual momenta are conserved. Note however that in the scattering process
particles can change their o-colours. The two-particle S-matrix is usually represented
graphically as follows

o1 ol

o107}
Sdggl(kl’kz) >< . (25)
/

g9 01
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For an arbitrary particle number NV, the two-particle S-matrix relates the A-amplitudes
A(Q|P) and A(Q|P) which differ from one another by the transposition of a pair of nearest-
neighbour particles, i.e. Q = Q(o,a+ 1) and P = P(a, 4 1) [see the definition after Eq.
(1.61)]. Schematically, one can write

A o (okpku ) =) S (kus ko)A gror (o Kuy k). (2.6)

Applying successively this nearest-neighbour transposition rule, one can convert an arbi-
trary amplitude A(Q|P) to the one with @ = I, where I = (1,2,...,N) is the identity
permutation corresponding to the coordinate sector

={r1 <2< ...<apn} (2.7)

In this way, the scattering of N particles factorizes into a product of two-particle scatterings
which is the fundamental property of integrable systems.

2.2 Yang-Baxter equation

The S-matrices of integrable systems are not arbitrary. There exists a general relation
among the elements of the S-matrix which can be deduced from the scattering of three
particles.

Let us study the scattering process of three particles which starts from the initial state
x3 < x9 < x1, corresponding to @ = (3,2,1), and ends in the final state x1 < x9 < x3,
corresponding to @ = I = (1,2, 3). There are two possible realizations of this three-particle
scattering in terms of the two-particle scatterings:

(@) (3,2,1) — (3,1,2) — (1,3,2) — (1,2,3);
(b (3,2,1) — (2,3,1) — (2,1,3) — (1,2,3).

)
Using the prescription (2.6), the (a) sequence of two-particle scatterings is expressible as

Agsoroy (K3, ko, k1) = 52212 (K1, k2) Agyor o (K, k1, k2)

/ !
0192

ool
Sagaé (kla k3) Aolllogo‘é (k17 ks, k2)
ool

Z 50,20/2/ k27k3 Ao’”O’”O’”(k17k27k3) (28)

1" I
0'20'3

while the (b) sequence corresponds to

AO’30’20’1 (k37 k27 kl) = SZ:;? (k27 k3) Ao" 0401 (k27 k37 kl)

/ !
0203

522,(;@1, k3) Agyor o (k2 1, k)

/ 1
0193

SJ}O'}I (kl,k2)AO'”O'”0”(k17k27k3) (29)

1" 1
0102
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The final result must be the same for both sequences of two-particle scatterings. Using
the Orbach parametrization of wave numbers in terms of rapidities (spectral parameters)
{ka = ka(Xa); S(ka,ks) = S(Aa — Ag)}, the equivalence of the processes (2.8) and (2.9)
implies the following constraint for the elements of the S-matrix:
0'10"1 . o"loi’ oéo‘é’ o ogo‘é 0101 010'/1’ .
5020/2 (A N)SUSUé (/\)Sgéog (1) = Sggog (/‘)Sgéog(/\)sgéog (A= p). (2.10)
010593 010503

This Yang-Baxter relation is of the form S12(A — 1) S13(A)S23(p) = S23(11)S13(A) S12(A — 1)
where the Yang-Baxter matrices S12, S13 and Sag act on the spaces V4 ® Vo, Vi ® V3 and
Vo ® V3, respectively. It can be represented graphically as follows

" "
" " J g
03 P K Ui 2 i
01 01
/ / _
g o = oh o . (2.11)
"
g1 o 01
2 1 o3 02 03

This graphical representation of the Yang-Baxter relation is applicable to the mathematical
theory of knots [5]. The solutions of the Yang-Baxter equation are related to quantum
groups and Lie algebra (Dynkin diagrams).

The Yang-Baxter equation (2.10) ensures the equivalence of all possible multi-particle
scattering processes, independently of the order in which the two-particle scatterings are
performed.

2.3 Transfer and monodromy matrices

Let us now forget about the origin of the “small” scattering S-matrix of dimension [?
and use it as the building element of “large” matrices formulated on the chain of IV sites
n = 1,2,...,N. In this part, we introduce a hierarchy of large matrices and derive for
them the analogies of the Yang-Baxter Eq. (2.10). The method, known as the algebraic
Bethe ansatz or the quantum inverse scattering method (QISM), was worked out by L. D.
Faddeev and his coworkers [6,7].

e The transfer matrix T is defined as follows

TOgoh = 22 SHiEMSERN ST (). (212)
Y1y TN

Since each of the indices {o1,...,0n} or {o],...,0} can take IV values, the dimension

of T is V.

e The monodromy matriz T¢ of dimension IN*+1 is defined by
V¢O01..ON Yev2 - TNV
T\ i on = 2. SeioNSHHEM) 5,5 (), (2.13)
V25 YN

where £ is an auxiliary site with state indices (vg,vé). The monodromy matrix can be
represented graphically as follows

o1 09 ON—-1 ON
72()\)152/1;5\’ = % ‘ 2 ‘ 3 ‘ . ‘ fYN‘ ’Yé . (2.14)
o R
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The transfer matrix (2.12) is obtained from this representation by connecting the free ends,
i.e. setting ve = 72 = 1 and summing over -, creating in this way the circle. Algebraically,

one has
T(N) = Tre Te(N), (2.15)
where Trg--- = Z%ﬁé 5%% -+« is the trace in the auxiliary &-space.
e It is useful to introduce also the L¢,-matrices (n =1,2,...,N) of dimension [N+,
Len(A)E7N — g7 (A5 5 5 5 (2.16)
&n ’Yégﬁ---olj\r = Pono, o10] - Yn_10], 1 Ont10 - Vonoly: .

It can be shown by the explicit evaluation of matrix products that the monodromy matrix
is expressible as the following product of L¢,-matrices

Te(N) = La(N)Lea(N) -+ Len (V). (2.17)

e Besides the auxiliary site £ is useful to introduce another auxiliary site n and define
in the (&,7) space the L¢,-matrix of dimension 12

Len(N)E7 = 875 (), (2.18)

Yern T

The Yang-Baxter Eq. (2.10) for the S-matrix can be transcribed in terms of £-matrices
as follows

Len(A = 1) Len(N) Ln (1) = Lo (1) Len(N) Len(A — ). (2.19)

Here, the products of £ matrices are performed in the space of N ordinary chain sites
1,2,..., N and two auxiliary &, n sites; for example, the matrix element on the lhs has to
be understood in the following way:

{o1..0n}
{Len\ = WL NLm Y00y = D0 2. Land = w3y
'Ygfﬂ;l {0—/1/7"'70-%

1

) LN o0 T Ly (w100 (2.20)

Yeloy o} TNy {oy oy}
One can obtain from Eq. (2.19) an analogous relation for the monodromy matrix:
LeyA — TN (1) = () Te(N) Ley(A — ). (2.21)

To prove this relation, we take advantage of the fact that the matrices L¢y, and L,
commute for n # m and write down

TeN Ty (1) = Let (N Lyt (1) - Len (W) Ly (). (2.22)

Multiplying this relation from the left by L¢, (X —p) and then commuting successively Le¢,,
by using Eq. (2.19) results in the relation (2.21).
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Equations (2.19) and (2.21) can be rewritten in more convenient forms by applying from
the left the permutation operator of indices { and 7, Il¢,, with the elements (Hﬁn)%% =

Oy 0y, - Introducing the R matrix of dimension I°
R(N) = ey Len(N), (2.23)
Eq. (2.19) transforms to
RA = p) [La(A) @ Ly ()] = [Ln(p) @ Lo(A)] RA — 1) (2.24)
and Eq. (2.21) transforms to
RA =) [TA) @ T ()] = [T(p) @ T(N] R(A = p). (2.25)

Here, the tensor products are considered in the (§,7) space; for example, the lhs of Eq.
(2.24) has to be understood in the following way

> RO i) 5 La(N) 5 Lap)3] (2:26)
75777]

Finally, on the base of Eq. (2.25) we shall prove the commutation property of transfer
matrices {T(\)}. Multiplying both sides of Eq. (2.25) from the right by the inverse matrix
R™Y(\ — p) results in

RA-m) TN TR A —p) =T () @ T(A). (2:27)

Let us trace both sides of this equation in the auxiliary £ and 7 spaces. The lhs then reads

> > RO TG T () R )55, = Z TN/ T (1) gdacs S = TN (n),
VeV af
8.6/ 3 ﬁ,
(2.28)
while the rhs is expressible as
S AT @ TN = 30 TEETOY = ()T, (2.29)
Yen Yesn

We conclude that
[T(A), T(n)] =0 for arbitrary A\ and pu. (2.30)

The existence of the infinite family of commuting transfer matrices is of primary impor-
tance: the eigenvectors of transfer matrices T(\) are common and do not depend on the
spectral parameter M.

2.4 S-matrix of the Heisenberg model

The S-matrix associated with the XXX Heisenberg chain reads

o20), o101 o020}’

Solg,ll(/\) = ij()\)sj s’ wj(A) = w(A) for j =1,2,3, (2.31)

— 20 —



where s¥ is the 2 x 2 unity matrix (1.1) and {s®} with a = 1,2, 3 are the Pauli matrices
(1.2). The S-matrix (2.31) has dimension 4 and is of the form

ad) 0 0 0
w(N) . (2.32)
0 0 0 a(

The permutation operator II and the R-matrix (2.23) are expressible as follows

1 0 0 0 a(A) 0 0 0
0 01 0 0 BN\ ¢ 0
II= A)=TIIS(\) = 2.
010 0]’ ey S 0 ¢\ b\ 0 (2.33)
0 0 01 0 0 0 a(N)
The L¢p-matrix, defined by (2.16), reads
3
Ye01---ON __ ) j cr ON __ j
Eﬁn(/\)“/ 010N Zowj()\) “f&’Y cri crN Zw] Sj ® 87, (2.34)
]:
In the space of the auxiliary & space, the L¢,-matrix takes the form
wo(N)s), +w(N)s, 2w(N)s,, an(\) Bu(N)
n = = A . 2
2= ("t ot ooz ) = () )2

Having the explicit forms of the R-matrix (2.33) and the L¢,-matrix (2.35), one can
look for the solution of the Yang-Baxter equation (2.24) in the auxiliary (£,7n) space. For
example, for the (1,2) matrix element one gets the constraint

a(r — 1) [0 (NS, + w(N)sz] Zw()s; = [wo()sl + w(p)sa] 20(\)s; bk - p)
+2w(p)s, [wo(w)sy +w(p)s;] e(A — p). (2.36)

Substituting a, b, ¢ from (2.32) and using the relations s*s~ = —s™, s7s* = s~ one gets

wo(Mw(p)w(h — p) —w(X)wo(p)w(X — p) + wNw(p)wd — p) —wN)w(p)wo (A — p) = 0.

(2.37)
It is interesting that the same equation is obtained for all nontrivial matrix elements in
the Yang-Baxter equation (2.24). Eq. (2.37) is therefore the only constraint. Its division
by w(A)w(p)w(\ — p) results in

= ; + : (2.38)

The simplest solution of this equation is ¢(\)/b(A) = a + BA. Choosing c¢(X\)/b(A) = A/i
one ends up with
a(A) :e(A) :b(A) = (A+1): A : i (2.39)

It is still necessary to establish the relationship between the Hamiltonian of the XXX
Heisenberg chain and the transfer matrix built from the S-matrix defined by relations
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(2.32) and (2.39). When X = 0, the S-matrix is proportional to the permutation matrix
S(A = 0) =ill. Thus,

T()‘ = O)Zigg =1 50'10'é5020"3 o 50]\;,105\,60'1\70’1 (240)
and
-1 __ N\91---ON __ :—N
T ()\ = O)Ui...ag =1 50105\](5020& . '50]\[7105\]72(501\,03\[71. (2.41)

For the derivative of the logarithm of the transfer matrix (2.12) with respect to A,
d

—InT(\) =T *(\)-~T(\
ST = T ) T,
taken at A = 0, we then get
d IL-IN 1 N d ono
_ n¥n41
{a ln T()\)} , , - T Z 50’10’& T 50’"*10{”71 a Jn+1U;L( ) )\:050’”+20"In+2 o 60—1\705\7'
919N IA=0 n=1
(2.42)
The considered S-matrix, given by Eqgs. (2.32) and (2.39), can be reexpressed in an equiv-
alent form
: > A A
g10 ] ] . .
50_210; (\) = ij()\)sfnaésffza,l, where py = 5 +i and p; = B for j =1,2,3. (2.43)
j=0
Thus,
3
d OnOp 11 1
d\ 0n+10$L( )‘A:O - 560710 ont10h,, T 2:1 onal, o‘n+1on+1’ (2.44)
Inserting this relation into (2.42) results in
N
1 N d
HXXX = _5 Z (S Sn—i-l + Snsn+1 + Snsn+1) IN - la th()\) )\:0’ (245)
n=1

where Iy is the unity matrix of dimension 2VV. In this way, the diagonalization of the XXX
Heisenberg Hamiltonian is related to the diagonalization of the transfer matrix.

The generalization of the formalism to the XXZ and XYZ Heisenberg chains is straight-
forward. The general form of the S-matrix is the one presented in Eq. (2.31) with no
constraints on w; parameters, i.e.

a(A) 0 0 d(\) a(X) = wo(X) +ws(N)
ool 0 e\ b)) 0 b(A) = w1 (A) + wa(N\)
5204 V) 0 b ) 0 | TP L) = we(h) — ws()) (246)
a0 0 ay 4 = wi(\) — ws()
The Yang-Baxter Eq. (2.24) is satisfied when the system of equations
wm(Nwi(p)wj (X = 1) = wiA)wm (p)we(A = 1)
Fwp(MNw; (p)wi(A — p) — wi(A)wg (@) wm (X — p) =0 (2.47)
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holds for an arbitrary permutation (j,k,l,m) of (0,1,2,3). For the XXZ model with the
anisotropy A = cos(2v), one has w; = wy and the equation (2.47) implies the following
parametrization

a(A) :c(A) : b(A) 1 d(N) = sin(A +v) :sin(A —v) :sin(2v) : 0. (2.48)

For the XYZ model with d(\) # 0, the parametrization of a, b, ¢ and d is done in terms of
the elliptic sine function.
2.5 Diagonalization of the transfer matrix

Let us restrict ourselves to the case of the XXX Heisenberg chain. We start with the
monodromy matrix 7¢, represented in the auxiliary {-space as follows

0= (0 b)) (2.49)

where each of the matrices A, B,C and D acts in the 2¥-dimensional space of indices
aq ...ay. Considering this representation in the Yang-Baxter equation (2.25), one obtains
the following commutation rules:

[A(N), A(w)] = [B(A), B(w)] = [C(A), C(w)] = [D(A), D(p)] =0, (2.50)
a(p —A) b(p —A)

AN)B(p) = Y ———BAN) — mB(A)A(u), (2.51)
a(A — p) b(A —p)

D(N)B(n) = O — ) ——=B(u)D\) — mB(/\)D(M) (2.52)

Our task is to find the spectrum of the transfer matrix
T(A) = Tre Te(A) = A(N) + D(N). (2.53)

Let us choose as the “generating” vector the tensor product of e™ vectors [see Eq.
(1.5)] on the chain of N sites

— ot + +
Q_el ®..0 e ®...0 " . (2.54)
n N

It follows from the representation (2.35) of the L¢y,-matrix in the auxiliary &-space that the
operators Ay, On, 9 and 4, act on the local vector e; as follows:

an(Nef =aNel,  BuNel =b(Nes

n?

(2.55)
In(Nert =0, bu(Ned = e(Nef .
These relations can be written in a compact form
+ a(A) [+ + 9
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where the symbol [- - -] denotes an operator matrix element, transforming the vector e, to
e, , whose explicit form will be irrelevant. With regard to the representation (2.17) of the
monodromy matrix and the triangle character of the matrix on the rhs of Eq. (2.56), one

finds N
TMNQ = < O(A) CEV(/{)> Q. (2.57)

Using the representation (2.49), we obtain the action of the elements of the monodromy
matrix on the generating vector

ANQ=a"(N)Q, CNQ=0, DN =cNNQ. (2.58)

The action of the operator B(\) on the vector € is unknown, however, the action of this
operator is determined uniquely by the commutation relations with A(A) (2.51) and with
D()\ (2.52).

The eigenvectors of the transfer matrix will be searched in the ansatz form

M
¢(M-- s ) = [[ BOQ, (2.59)
a=1

where M = 0,1,..., N and the parameters (A1, \2,...,Ays) are as-yet unspecified; note
that the eigenvectors are not supposed to depend on the spectral parameter A\ which is in
agreement with the previous analysis. The eigenfunction equation reads

M
T(\)$(A1, ..., Aur) = [AQN) + DOV [ [ B (2.60)

Since the action of the operator B on () is not known, it is necessary to commute this
operator with the operators A and D, whose actions on € are known [see Eq. (2.58)], with
the aid of the commutation relations (2.51) and (2.52). Let us consider the expression
containing the A operator and start with the first expansion step

M

H B(\ [HB(M)A(A) - HB(A)A(M)} [[ 509 @6y
a=2
In the next step, the rhs of this equation is expanded as
[ EM ; ((AQ - A)) (M)BA2)AN) — (( A)) 82 — ;gB()\l)B(/\)A()\z)
T (O R BB ORAGY + LSS BN BOAGS)
M
< [[ B (2.62)
a=3

Since the operators { B(\y)} commute with each other, the result must be symmetric with
respect to the interchange A; <> A2. From the point of view of Eq. (2.62), this is equivalent
to saying that the following relation

b(AL=A) b(Ae —A1)  a =X b2 —A) _ b(he —A) a(Ar — Ae) (2.63)
cO—Nea—A) e —Necla—A) c(ha—A) e(h — Aa) '
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must hold. It is easy to check that within the parametrization (2.39) this equation is indeed
fulfilled. Thus, Eq. (2.62) can be reexpressed as follows

a()\l — )\) CL()\Q — )\)
C()\l — )\) C()\Q — )\)

_b(/\Q — /\) a(/\1 — /\2)
C(/\Q — /\) C()\l — )\2)

b()\l — )\) CL()\Q — )\1)
C()\l — )\) C()\Q — )\1)

B(A1)B(A2)A(N) — B(A)B(A2)A(A1)

M
B(A)B(Al)A(Az)} 1 B2 (2.64)

a=3

Since ¢(\) = A, there must hold A\; # \y. Proceeding in this way, also with the expression
in (2.60) containing the operator D, one ends up with the result

M
T\, Ar) = AN Az, ) [ BO

M - M
+> AN AL B [ BOwQ, (2.65)
o=t (5200
where y u
B a(Aa — ) a(A—Ay)
AN AL ) = aN(A)L[l IS +CN(A)£[1 ) (2.66)
and

M M
Aa()\;)\l,...,)\M):—M aN()\a) H M—CN()\Q) H M

(2.67)
The condition for ¢(A1,. .., Ax) (2.59) to be an eigenvector of the transfer matrix 7'(\)
is the nullity of all A, (2.67), i.e. the system of equations

aMa)]V M (e — Ag) c(Ag — Aa) B
{ ] B g Ay —ha) O — gy T B M (2.68)
(B#a)

which determines the set of distinct parameters Aq, Ao,...,Ans.  With respect to the
parametrization (2.38), this set of equations can be written as follows

(5

The corresponding eigenvalue of T(\) is A given by Eq. (2.66). With respect to the

M
Ao —)\54-1
=1,2,..., M. 2.
> H A —A/B—l « )= ) ( 69)

(Bza)

parametrization (2.38), A is expressible as

A AL - ) = A +i NH e ”1 /\NH/\ Aa “. (2.70)
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Using the relationship (2.45) between the XXX Hamiltonian and the transfer matrix, the
Hamiltonian eigenvalue FE is given by

d N
E = —1alnA()\,)\1,...,)\M)‘)\:0 +5

M
N 1 1
7Y </\_a_/\a+i>' @71)

o=

Finally, performing the shift A\, = A\, —1/2 for all « = 1,2,..., M, one recovers the Bethe
equations (1.73) and (1.74) of the XXX Heisenberg chain.

The advantage of the outlined QISM consists in its general applicability to an arbitrary
integrable model. At first stage, it is necessary to establish an S-matrix which fulfills the
Yang-Baxter equation. Then, the transfer matrix constructed from this S-matrix is shown
to be related to a quantum Hamiltonian. Finally, the diagonalization of the transfer matrix
proceeds along the above lines. In this way one can solve XYZ Heisenberg model whose
Hamiltonian does not commute with the total spin in the z-direction and therefore there is
no hope to apply the coordinate Bethe ansatz. This model exhibits the phase transitions
and its singular behavior around the critical points is nonuniversal, i.e. the critical indices
depend on the model’s parameters.

The quantity T(\) with a free parameter A is in fact the true transfer matrix of some
classical two-dimensional statistical (usually vertex) models and its diagonalization implies
the free energy of these models [M1].

Another application of the inhomogeneous version of the QISM will be documented in
the treatment of boundary conditions for the Hubbard and Kondo models.
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3. Hubbard model




3.1 Hamiltonian and its symmetries

The 1D Hubbard model was solved by Lieb and Wu [8], for a reminiscence and some new
rigorous results see Ref. [9].

We consider the 1D Hubbard model on a periodic chain of | = 1,2,..., L sites. Its
Hamiltonian in the second quantization may be written as

L
H = TZ Z Clgcl—i-la + Cl+1gcla +U Z npn|, (3.1)
=1 0=1,| =1

where c;ro and ¢, are creation and annihilation operators of electrons (the chain periodicity

is ensured by setting cr4+1, = Cio), Ny = c;fgclg is the occupation number operator for
electron of spin o € {1, |} at site [ and U > 0 is the Coulomb coupling constant.

For a bipartite chain with L = even number, the set of lattice sites can be divided into
two subsets, A and B, such that there is no hopping between A sites or B sites. Then,
the unitary transformation UTHU with U = explir 3, 4(nu1 + ny))] leaves H unchanged,
except for the replacement T' — —T'. Without any loss of generality we can take T'= —1.

The commutation relations
[anT,H]:[anl,H]ZO (32)
l l

imply that the numbers of down-spin electrons M and up-spin electrons M’ are conserved,
and therefore they are good quantum numbers (the conservation of the total number of
electrons N = M + M’ is obvious). Thus, we can label the Fock eigenstates of the Hamil-
tonian (3.1) by M and M’ and write the Schrodinger equation as follows

H|M,M'y = E(M,M")|M,M"). (3.3)
There exists a symmetry between particles and holes. Introducing fermion operators
diy = cz[a, d;fa = Cly (3.4)
and using the relation n;, =1 — d -7, one obtains the identity
E(M,M"Y=—(L—-N)U+ E(L—-M,L—- M. (3.5)

Since N > L if and only if (L — M) 4 (L — M’) < L, we can restrict ourselves to the case
of at most “half-filled band”

N <L (3.6)

In addition, due to the spin-up and spin-down symmetry, it is sufficient to consider

M < M. (3.7)
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3.2 Nested Bethe ansatz

The Fock eigenstates of the Hubbard model are expressible as follows

M MY =" Yooy (@1, zn) e, el ]0), (3.8)
{0} {zx}

where > o,} denotes summation over all N! /(M!M'!) possible spin configurations and |0)
denotes the particle vacuum. Due to the anticommutation relations between the Fermion

operators, the amplitudes 1 are totally antisymmetric under simultaneous exchange of spin
and space variables:

Voor..oon (TQ1s -+, TQN) = sign(Q) Yoy ..on (15, TN), (3.9)

where @ = (Q1,Q2,...,QN) is a permutation of the labels {1,2,..., N}, i.e. an element
of the symmetric group Sy. The antisymmetry property (3.9) implies that the summation
over spin configurations in (3.8) is redundant and one has

N!
M, M) = vy > ooy @1, zn) ey el ]0), (3.10)
{zx}
where (01,...,0x) is an arbitrary configuration of M electrons with spin down and M’

electrons with spin up. Inserting (3.10) into the eigenvalue equation, one gets the “first
quantized” version of the Schrédinger equation for the wave function :

N
_Z Z Vor.on (@1, ., xj+€,...,N) + UZé(xj,:Ek) Yoy .oy (@1, TN)

j=le==%£1 j<k
:Ewdl...O'N(xlw--;xN)- (311)

Here, 6(z,2") denotes the Kronecker delta.

3.2.1 Two electrons

For the case of N = 2 electrons, the Schrodinger equation (3.11) reads
—1[10102(331 - 171:2) - 'I,Z)o—lo—Q(fEl + 17:1:2) - ¢0’10'2 ($17$2 - 1) - 1,[10102(331,332 + 1)
+US(21,72) Yoy00 (71, ¥2) = Egy 0y (71, 72). (3.12)

Let Q = (Q1,Q2) € Sy be a permutation of the labels of particle coordinates which
defines the sector X of mutual particle positions as follows

Xg = {Jle < a:QQ}. (3.13)

In particular, @ = (1,2) for x; <z and Q = (2, 1) for x5 < ;.

When 21 < z9 or x1 > x2, (3.12) reduces to the Schrédinger equation for free electrons
on the chain and its solution is a superposition of plane waves. The “nested” Bethe ansatz
form for the wave function reads

Yoy (T1,T2) = Z sign(PQ) Avpi00. (kp1, kp2) exp < kaa:EQa> , (3.14)

PeS>
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where k1 and ko are the momenta of the two electrons. The prefactor sign(PQ)) ensures the
antisymmetry property of the wave function with respect to the interchange of particles:

walaz(xth) - _1/}5'15'2 (‘%17‘%2)7 (315)

where 61 = 09,1 = x2 and 69 = 01,%2 = x1. To prove this fact, let us consider the case
x1 < x2. In the ansatz (3.14) for 1y, ¢, (21, x2) wWe then have Q = (1,2) and so

¢0102 (‘/Elv $2) = Aomz(kb k2)ei(k1x1+k2x2) - A0102 (k2a kl)ei(k2x1+k1x2) . (3'16)

On the other hand, for ¢5,5,(Z1,Z2) one has T > o, i.e. @ = (2,1), and the Bethe ansatz
(3.14) yields

Vo155 (T1,T2) = —Agyy (K1, ko)l F172HR280) 1 AL o (Ko, ke )el(R2m2hamn), (3.17)

It is seen that Eqgs. (3.16) and (3.17) imply the antisymmetry relation (3.15).
Substituting the ansatz (3.14) into Eq. (3.12) with x1 # x5 leads to the energy

E = —2(cos k1 + cos k2). (3.18)

When 1 = z9, the electrons occupy the same site and interact with one another
through a scattering process. The Bethe ansatz (3.14) for the wave function requires
the scattering to be purely elastic, which means that the momenta k; and ks of the two
electrons are individually conserved (the electrons either keep or exchange their momenta).
The scattering process is determined by two conditions. Firstly, we have to “match” the
wave function defined in the two sectors Q = (1,2) and @ = (2,1) when x; = z9 = z. This
yields the condition

71D0102 (33’ 33) = [A0102 (klv k2) - A0102 (k% kl)] eXp[i(kl + ]{72)33]
= (Ao (s 1) — Agy (bt F)] expliths + ko)a]. (3.19)

Secondly, the Schrédinger equation (3.12) has to be fulfilled for x; = x9 = x, which implies

_e_ikl A0102 (kl’ k2) + e_iszomz (k% kl) + eikz A0201 (kl’ k2) - eikl A0201 (k2a kl)
_eik2 Aalaz (kla k2) + eikl Ao’10’2 (k27 kl) + e_ikl AO’20'1 (kla k2) - e_ikQ AO’20'1 (k27 kl)
—I—[U + Q(COS k1 + cos k‘Q)] [A0102 (k‘l, k’g) — A0102 (k‘Q, k’l)] =0. (3.20)

With the aid of Egs. (3.19) and (3.20) we can express any two of the four amplitudes
Asgroo:(kp1, kp2) in terms of the other two. Simple algebra gives

Aoy (K2, k1) = 5321(2(]@17 k2) At oy (K1, k2), (3.21)

o’,04
where S is the two-particle scattering matrix with elements

sin k1 — sin ko 10} iU/Z 710} (3 22)

ST (ky, ky) = ,
(k1, k2) sink; —sinke +1U/2 9292 sink; — sinkg + iU/2 9292

020
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Here, I is the identity operator with elements I717! = (5010/1 (5020& and II is the permutation

010} -5

operator II_ "}
020,

10} 50203. The natural parametrization of momenta reads
sink, =0  n=1,2 (3.23)

the necessity of introducing the upperscript 0 in AY will be clear later. Within this
parametrization, the S-matrix (3.22) can be expressed as

S1o(A = A! = AJ) = % (3.24)

This matrix has the form of the S-matrix for the XXX Heisenberg model (2.32), where the
matrix elements a, b and ¢ are
iU/2 A

=1 W=y rm V=T

(3.25)

Since it holds
a(A) :e(A) :b(A) = (AN +1U/2) : X :1U/2, (3.26)

Eq. (2.38), which is a direct consequence of the Yang-Baxter equation, is automatically
fulfilled.
We impose periodic boundary conditions on the wave function:

¢0102(07332) = ¢0102(L7$2)7 ¢0102($170) - 1%102(5517[/); (327)

¢010—2(1,$2) = ¢010'2 (L + 1,$2), ¢U102(x17 1) = T,Z)o—ng(ﬂfl,L + 1) (328)

Inserting the Bethe ansatz (3.14) into these conditions yields

eXp(ik’PlL) AO-Q2O—Q1 (]{TPQ, kPl) = AUQ10Q2 (kpla kP2)7 (329)
where the permutations P, Q) € Sy are arbitrary. Choosing say @ = (2,1), one gets explic-
itly

exp(ikp1L) Aoioy (kp2, kp1) = Agyo (kp1, kp2) = SZ;Zg(k:pz, kp1)Ag: o1 (kp2, kp1).

01,05
(3.30)
In the sector of both electrons with spin up, it follows from the explicit form of the
S-matrix (3.22) that

eXp(ik’plL) ATT(k‘pg, k?pl) = ATT(kPI, k?pQ) = ATT(kPQ, k?pl). (3.31)
The periodic boundary conditions thus take the simple form
exp(ik, L) =1 n=1,2. (3.32)

Similarly as in the case of the Heisenberg chain, the wave numbers must be distinct, k1 # ko,
in order to prevent the nullity of the wave function. The same result is obtained in the
sector of both electrons with spin down.
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In the sector of one electron with spin up and the other one with spin down, the
diagonalized form of Eq. (3.30) reads
{ (1 o> ) <ziﬁ’;§z:z;2’z;;;%§ 0)} <Au<kpz7km> - Au<km=km>> 0.
0 1 0 1 Ag i (kp2,kp1) + A1 (kp2, kp1)
(3.33)
This eigenvalue equation has two solutions. The first quantization condition, corresponding
to A”(kpg,kpl) = —A”(kpg,kpl), takes the form

sin k’pg — sin k‘pl — iU/2

i L) = .
exp(ikp1L) sinkpy — sinkpy +iU/2

(3.34)

Introducing the quantity
1
A1 = 3 (sinky + sinks) , (3.35)

Eq. (3.34) can be reexpressed in a more symmetric way

. A1 —sink,, —iU/4
JL) = : : —1,2. :
exp(iknL) A1 —sink, +iU/4 " (3:36)

Since it follows from (3.34) that exp(ik1L)exp(ikeL) = 1, the parameter \; is determined
by the relation

2 M —sink, —iU/4
A\ —sink, +iU/4

(3.37)

n=1
The second condition, corresponding to Ay (kp2, kp1) = A1 (kp2, kp1) = Ay (kp1, kp2), is
equivalent to the previous one (3.32).

3.2.2 N electrons

The generalization of the above results to the case of N electrons is straightforward. The
Bethe ansatz for the solution ¢ of the Schrédinger equation (3.11) in the sector @ with

XQ = {33@1 <z <... < QSQN} (3.38)
is

w()'lo'g...UN (‘Tla T2y ,Z'N) = Z Sign(PQ)AUQlo'QQ...O'QN (kPh kP27 .. 7kPN)
PeSn

N
X exp <i > kpaa;Qa> : (3.39)
a=1

Substituting this ansatz into (3.11) for the case x, # x, (n,m = 1,...,N;n # m), the
energy is obtained as follows

N
E=-2) cosky. (3.40)
n=1

Note that by construction the Bethe ansatz wave function (3.39) is antisymmetric
under simultaneous exchange of spin and space variables. This fact assures the Schrédinger
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equation (3.11) to be satisfied when three or more electrons are occupying the same site.
The only non-trivial case to consider is the presence of two electrons on the same site.
Using the single valuedness of the wave function and solving the matching conditions at
the @-sector boundaries, one gets the nearest-neighbour electron scattering between the
amplitudes

Ao (e ) = 3 ST (s o)A gt (- o ). (3.41)
j K

We impose periodic boundary conditions on the wave function:

¢0’1...0'N(':U17 s axn—1,07$n+17 s axN) = ¢0’1...0'N(':U17 s ax’n—lyL)xn—i—l)' . axN)

1/}01...0']\7("1;17 vy Tp—1, 1axn+17 s 7‘TN) - 1/}01...0']\7("1;17 s an—17L + 17x7l+17 e ,Z'N),(342)
where n = 1,..., N. Inserting the Bethe ansatz (3.39) into these conditions yields
exp(ikp1L) Aggy..oonoor (P2, - - kPN, kP1) = Aogiogs..oon (kP1,EP2, - - kpN). (3.43)

Let us consider the special case P = Q = (1, N,N — 1,...,2), for which Eq. (3.43)
takes the form

exp(ile) AJN___UQ(H (k}N, “eey kg, kl) = AO’10’1\]...0’2 (kl, kN, ‘o /‘Jg). (3.44)

Let us apply the two-particle scattering formula (3.41) to the amplitude on the lhs of this
equation in order to “commute” successively ki with ko, k3, ..., kn:

AO'N...020'1 (kN7 ... 7k27 kl) = Z 52'21;'2 (k17 k2) AO'N...TQO'é (kNa ey kl7 k2)

JévTZ

— 0172 T2T3

- 2 : Schr (kl’ ka2 ) Scrscr’g(kl’ k3) e
ORI 03\7
T2 TN

XS;]J\\Z;;VTN (k1,kN) ATNJ;V___UQ (k1,kny ... ka).  (3.45)

Identifying 7y = o/, the combination of Egs. (3.44) and (3.45) yields

exp(—ik‘lL) AalaN___Uz(kl,kN,...,kg) = T Zigz JZA / / é(kl,kN,...,k'Q),
04,0h..,0y
(3.46)
where
O10N...02 __ 0172 T2T3 TN — 10'1
TyJIoN % = ST (ki ko) ST (ks ka) - S0 17 (s ). (3.47)

T2, TN—1
In this way the task of finding the quantization condition for k; is transformed to the
eigenvalue problem of the T7-matrix.
Let us introduce the inhomogeneous transfer matrix

TAY, AT = > S (A—A)) Spaat (X = A9) - SN A=), (3.48)

0'10'
Y15 YN
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At the point A = \?, using the equality S 27(0) = 00143041, for our S-matrix (3.24) and
1
identifying v, = 7,—1 (n =1,..., N) one finds that

Ty =T =500 00\, (3.49)

Performing the above procedure for P1 = n (n = 1,...,N), one gets the following
eigenvalue equation for k,, momentum:

exp(—ik,L) A=T, A, T, =TA=X%X....2%). (3.50)

3.3 Boundary conditions within the inhomogeneous QISM

The transfer matrix (3.48) is by the structure very similar to the one defined in the QISM
by Eq. (2.12). The important difference is that the spectral parameters of the S-matrices
in (3.48) are inhomogeneous, dependent on the sites n = 1,...,N. As we shall see, this
complication does not prevent from the diagonalization of the transfer matrix (3.48) by
using an inhomogeneous version of the QISM described in section 2.

We recall that the S-matrices in the definition of the transfer matrix (3.48) are equiv-
alent to the one of the XXX Heisenberg chain (2.32) with the matrix elements a, b and ¢
defined in Eq. (3.23). As before, the transfer matrix (3.48) is the trace of the monodromy
matrix 7 in the auxiliary &-space,

T AL, AR = Tre Te(M A, A%0). (3.51)
The monodromy matrix is expressible as the product of local L¢,-matrices
Te X 0%) = La(h = M) Lea(A = AD) -+ L (A — AY). (3.52)

Yang-Baxter equations, obtained within the homogeneous QISM (section 2), now take
the following forms. Considering L¢,()\) defined by (2.18), the counterpart of the Yang-
Baxter Eq. (2.19) reads

LenO = 1)LenN =X)Lyl = A2) = Lo (1t = ) Len(h = XD Ley(A — ). (2.19')
Then, the analogy of the Yang-Baxter Eq. (2.21) is
Len\— 1) TeX Y, 20T (A8, A%)
= Ty M AT 5N, o %) LA — ). (2:21')
Introducing R(X) = Il¢, Ley, this equation takes an equivalent form
RO 1) [TOGAL - A @ T (s A A%)]
= [T A, ..., 00) @ T A . AN RO — w). (2.25")
In analogy with Eq. (2.35), the L¢,-matrix is expressible in the &-space as follows

Gn(A= X)) fn(X = A%))
: .

Su(h—2A0) (A — AD) (8.53)

L,(A—=2) = <
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The operator elements act on the local vector e, in the following way:

dn(/\ - )‘gz)ejz_ = CL(/\ - )‘2)627 Bn(/\ - )‘g)er—t = b()‘ - )‘g)ef_w

(3.54)
An(A = ADet =0, on(A = X0)er = e(A — \0)e;t
These relations can be written in a compact form
oy (aA=A0) [ +
Ln(A—\y)e, = < 0 (= X0) ey (3.55)

The monodromy matrix is expressed in the auxiliary £-space as

AN, A%) B XY, .. Q)
TN, N8 :< b N bt N > 3.56
(A5 A N) COs A, %) DAY, ... %) (3:56)

The Yang-Baxter equation (2.25’) implies the commutation rules of type (2.50)-(2.52) for
the matrices A, B, C and D. Note that the shifts of spectral parameters A\ and p by
{\%1 are “canceled” in parameters a(y — ), b(u — A) and ¢(p — A), i.e. the inhomogeneity
does not enter into the commutation procedure of the matrix B with A or D. When the
monodromy matrix acts on the generating vector Q (the tensor product of e vectors on
the chain of NV sites), the representation (3.52) and Eq. (3.55) imply that

. _(TIoa(h =20 [-]
T(AA?,...,)\?\,)Q_( ! 0 Hilec(A—Ag)>Q' (3.57)

Comparing Eqgs. (3.56) and (3.57) with one another, the action of the elements of the
monodromy matrix on the generating vector {2 reads:

N N
A0 = JJar =N, ca=0, D= ][] - ). (3.58)

The eigenvectors of the transfer matrix are searched in the ansatz form

M
SN, A A ) = [ BOW, (3.59)

where A1, ..., Ay are free spectral parameters. Performing the whole commutation proce-
dure between Eqs. (2.61)-(2.64), one ends up with the crucial relation (2.65), where the
eigenvalue of the transfer matrix (2.66) is replaced by

N a(Ma A N a(\ — o)
AL A A, A a(A = \0) — A=\ — Tl
( s N\ ; s Ny ) M) };[1 1;[ 1:[10( n)lzllC()\—)\a)
(3.60)

and the Bethe equations (2.68) for the spectral parameters Aq,..., Ay take the form

—A9) T @0 — Ag) chg — Aa)

= =1,2,...,M. .61
g —0) g A — ) cOa — Ag) T (3:61)

(B#a)
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Eq. (3.50) is thus equivalent to the quantization condition

M . .
Aq — sinky, 2
exp(—ik,L) = H )\Sli sin—le/ n=1,...,N. (3.62)

a=1

The Bethe equations (3.61) take the explicit form

Ao — sink, +1U/2 Ao —Ag+iU/2
= -1 =1,..., M. 3.63
g Ao —sinky, gl( N etz CT b (3.63)
(Ba)

Finally, shifting A\, — A, —iU/4 and after some simple manipulations one gets the results
in the well-known symmetric form

M . .

Ao — sink, —iU/4
exp(l ) g)\a—Sinkn+iU/4 n (36 )

and
N . ) M .
Ao — sink,, —iU/4 Ao — Ag —iU/2
= =1,..., M. .
(B#a)

These general results are in agreement with the respective Eqs. (3.36) and (3.37), obtained
for the special case N =2 and M = 1.

3.4 Ground state and its energy

Logarithming Eqgs. (3.64) and (3.65) one arrives at

M
4
k,L = 2rl, + Z 2 arctg [ﬁ()\ﬁ — sin k:n)} , (3.66)
p=1
al 4 - 2
;2 arctg [E(Aa — sin kn)] =2nJq + ; 2 arctg [ﬁ()\o‘ — )\5)] , (3.67)
(Ba

where I,, and J, are integers or half-integers. Here, we have used the formula

YW _de-m @ =2arctg <5> . (3.68)
T+ 1y Y

In the thermodynamics limit L — oo, N — oo, M — oo with the finite particle density
N/L and spin M/L, the numbers {I,,} and {J,} are consecutive sequences I,y = I, + 1,
Jot+1 = Jo + 1 symmetrically distributed around 0. The corresponding real numbers {k;, }
and {\,} are situated in the intervals

~Q<k.<Q, —B<A<B. (3.69)

— 36 —



In the continuum limit k,, — k(z), A\a — A(z) and I,,/N — x, the density of k is p(k) and
the density of A is o(\). Eq. (3.66) implies

k(z) = 272 + /_ Z d\ o(\) 2 arctg [%(A ~sin k:)] . (3.70)

The differentiation of this equation with respect to k yields

2rp(k) =1 +cosk:/B dX o(N) 8U
PR = 5 U2+ 16(\ —sink)?

(3.71)

The second equation is obtained from Eq. (3.67) by differentiating with respect to A:

/ “ ak ph) U N / T o) v (3.72)
o TP T 6 sk~ s YN0 sk

The parameters () and B are determined by the conditions

Q N B M
/_Q dk p(k) = 7 /_B dAo(\) = < (3.73)

The energy (3.40) is expressible, for real k, and in the continuum limit, as follows

Q
E(M,M') = —2L/ dk p(k) cos k. (3.74)
-Q
The global ground state corresponds to a half-filled band N = L with zero total spin
M = M'" = N/2 (N is even). This corresponds to B = oo and Q = 7 [9]. With these
values of B and @), Eqgs. (3.71) and (3.72) can be solved by using the Fourier method, in
particular, the following Fourier transforms:

/ Fdd o 8U vl
L 2m UZ+16)2 ’
/_Z %em U2 i—UAL/\? = (3.75)
The final results read
o) = 5 [ D, (3.76)
T
Eo(N/2,N/2) = —AL /0 h dww[l{i(eg[;](ig)ﬂ)]’ (3.78)

where Jy(w) and J;(w) are the Bessel functions.
The complete thermodynamics of the 1D Hubbard model is reviewed in Ref. [10].
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3.5 Absence of Mott's transition conductor-insulator

When an interaction parameter of electrons is varied, the system of electrons in the ground
state can undergo a conducting-insulating Mott transition. In the Hubbard model one
expects that the Mott transition occurs at some critical U, > 0. In what follows we show
that this is not the case of the 1D Hubbard model in which there exists no Mott transition
for all U > 0.

In order to determine whether the ground state is conducting or insulating, it is nec-
essary to evaluate the chemical potentials

M-i-:EO(M+17M7U)_EO(M7M7U)7 H— :EO(M7M7U)_EO(M_17M7U) (379)
Due to the symmetry (3.5), the chemical potentials fulfil the relation
g +p =U. (3.80)

The system is conducting is g+ = p— and insulating if gy > p—; this is related to the fact
that in the insulating phase there are bounded pairs of T electrons while in the conducting
phase the interaction is screened. It was shown in ref. [9] that

_ > Ji(w)
p_(U)=2— 4/0 dww[l - e}1<p(wU/2)] . (3.81)

Consequently, 4+ (U) > p—(U) and the 1D Hubbard model is insulating for all U > 0.
There is no conducting-insulating transition in the ground state of the 1D Hubbard model,

except at U = 0.
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4. Kondo effect




4.1 Hamiltonian

The Kondo model describes the interaction of a conduction band with a localized spin
impurity. The conduction band is defined by the Hamiltonian

Hy =" e(k)el, cxo, (4.1)

k,o

where ck, (CLU) is the annihilation (creation) operator of an electron with momentum k and
spin component o € {1, |}. The conduction band is coupled via spin exchange interaction
to a spin sg localized at r = 0,

Hy=JY Wit =0)s50 U0 (r =0) - s0. (4.2)

Here, U, (r = 0) [¥X(r = 0)] is the Fourier transform of ck, (CLJ). For simplicity, the
impurity spin sy will be considered to be the spin-1/2, but the exact analysis can be
performed for any spin S =1/2,1,3/2,....

The system is rotationally invariant and therefore it is useful to expand the electron
operators ck, and cLo in the basis of the spherical functions:

Z Z lm( )Cklmm Cka f; ZZ: < >Cklma (4.3)

1=0 m=-1

One assumes for simplicity that from the angular modes only the s-wave modes with
I = m = 0 have nonzero coupling to the impurity. The total Hamiltonian H = Hy + Hj
then reads

H=3" e(k)ch oChima + D choo oSoochionor - S0. (4.4)

k,lom,o k,k!

o0’

Let us restrict ourselves to momenta k close to the Fermi surface, k¥ = krp + ¢ with
q < D where D is a cut-off of the order of kr, and consider the linear dispersion law

e(k) =ep+vp(k —kp). (4.5)

We shift the energy by ep, set vp = 1 and leave in the free-electron part of H only the
relevant electrons with [ = m = 0. Using the notation cyo9, = cxs and CLOO’U = CLU, one
thus gets

H = Z kCLUC]m + JZ CLO—SO'O'ICIC/O'/ - S0- (46)

k,o k,k/

o0’

This Hamiltonian is effectively one-dimensional. In the coordinate representation in
terms of the operators ¢, (z) = [ dk exp(ikz)ckq, it takes the form

H:/dzn —iZcL(aj) x) + Jé(x Zc Z)See'Cor (T) - So | - (4.7)
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In the first quantization, the Schrodinger equation for N electrons (o1, 21),..., (0N, ZN)
and one impurity (09,9 = 0) is written as follows

N
(‘IZ 0z, ) Yor.on.o0(T1-- 2N) + J2_316<xn>

X Z Sonol, 50006¢01...U;L...0N,06 (xlv <. 7xN) =0. (48)

cr;“cr(’)
4.2 S-matrices

The Kondo model was solved by Andrei [11] and Wiegmann [12], for reviews see Ref. [13,14].
Let us first study the Schrodinger Eq. (4.8) for a single electron interacting with the
impurity:

.d
<_1£ — E> ¢0’,0’0 + z]5 Z Sgo! * UOU(/)’I]Z)O_/’O_(I) (II}) = 0 (49)

The wave function is searched in the Bethe—ansatz form
V.00 () = exp(ikx) [Apo,0(—2) + Asyet ()] . (4.10)
For x # 0, this function obviously satisfies Eq. (4.9) and implies the eigenvalue
E=k. (4.11)

At z = 0, the Schrodinger Eq. (4.9) leads to
1
4(0) {—i (Aogs = Aooy) + 55 50 (Ao + AUOJ)} = 0. (4.12)

Here, we used the equality 6(x) 4+ 6(—x) = 1 and the consequent renormalization prescrip-
tion

1
O(x)d(x) = 0(—x)o(z) = 5(5(3:) (4.13)
For the scattering S-matrix of the electron with number n = 1,2, ..., N, which relates the
amplitudes according to the standard prescription

Asgry = > ST Agr o1, (4.14)

an
!
ol ,O’O

we thus get
i+ Jsp-s0/2  i—(J/2)+ Jllyo
i—Jsp-s0/2 i+ (J/2) — Jy

Here, we took the advantage of the fact that the permutation operators Il,,0 = (I,0 + Sp,

Sno = (4.15)

s0)/2. Since I1? = I the S-matrix (4.15) can be transformed to a more convenient form

Ing —ic pg

Sno = exp(—ig) ) (4.16)

1—ic

where

2.J o 1—(3J%/4) + 21
“ T P =T

(4.17)
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As concerns the scattering S-matrix for two electrons n and m away from impurity,
since the Hamiltonian does not contain any interaction term one might be tempted to
consider Sy, = Inm. However, this choice would not satisfy the “mixed” Yang-Baxter
equation for the scattering of two electrons and the impurity

SnmSnOSmO = SmOSnOSnm (418)

due to the non-commutativity of S,9 and S,,9. The solution of this problem consists in
the fact that for free non-interacting electrons an arbitrary electron-electron S-matrix is
allowed. Being inspired by the Hubbard model, we consider

Spm = . (4.19)

This choice evidently satisfies, besides the standard Yang-Baxter equation for three elec-
trons

Snmsnksmk = Smksnksnmy (4'20)

also the mixed one (4.18) for two electrons and the impurity.

Let us introduce the “state variables” A = 1 or 0 depending on whether n refers to an
electron (n =1,2,...,N) or to the impurity (n = 0), respectively. Then, the expressions
for the S-matrices (4.16) and (4.19) can be unified:

A0 — XNV — ic Ty,

Spm = exp [—i(A — A)¢] 00 i (4.21)

The Bethe ansatz for the amplitude of N electrons and the impurity is analogous to
that of the Hubbard model, the corresponding energy depends on the momenta of electrons
as follows

E=> kn. (4.22)

4.3 Boundary conditions within the inhomogeneous QISM

Let us consider N electrons localized on the line of length L. Imposing periodic boundary
conditions for the electrons leads to IV eigenvalue equations for their momenta analogous
to the ones (3.50) for the Hubbard model:

exp(—ik,L)A =T,A n=1,...,N. (4.23)

Here, the operator T,,, defined by the previous Eq. (3.47), is now built with the S-matrices
of the Kondo model (4.21):

Tn = Onn—1--- SnlsnOSnN B Sn,n+1- (424)
We define the transfer matrix

T A AL . AY) = Tre Te(s A0, A7, .., AR) (4.25)
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with the monodromy matrix expressed as the product of local L¢,-matrices
Te(A A0, AL, AN) = Leo(h = M) Ler(A = A) -~ Len (A = ARy).- (4.26)
The operator of interest T,, is determined simply by
T, =TA=X52000,...0%)  n=1,...,N. (4.27)

Comparing the S-matrices of the Kondo model (4.21) with those of the Hubbard
model (3.24) it is clear that they are equivalent if one identifies U/2 — —c¢, up to a trivial
exponential prefactor which appears in each T, just once. We can therefore adopt the final
results (3.64) and (3.65) of the inhomogeneous QISM applied to the Hubbard model, with
the identification sink, = A) (n =1,...,N) and with the inclusion of the n = 0 impurity
term and the corresponding )\8. Namely, in the sector with M (0 < M < N) down-spin
electrons, the electron momenta are given by

M .
. . Ao — A +ic/2
eXp(lk‘nL) = eXp(lqb) gl m n = 1, e ,N (428)
and the spectral parameters Aq,..., Ay are determined by the Bethe equations
-\ +ic/2 — Mg +ic
=1,...,M. 4.29
H)\ — A —ic/2 H/\ —A\g —ic GT e (4.29)

(B2a)

After the substitution of the state variables A) = 0 and A = 1 forn =1,..., N, Eq. (4.28)
takes the form

M
, , Ao — 1 +ic/2
eXp(lk‘nL) = eXp(lqb) H ﬁ n = 1, e ,N, (430)

while the formal inversion of Eq. (4.29) results in

Ao —1—ic/2\ N (Ao —ic/2) H Ao — Ag —ic
Ao — 1 +ic/2 Ao +ic/2) Aa —)\ﬁ—i-lc

(ﬁ?f&)
M .
Ao — Ag —
i Mo T A TIC

Note that the equations for the momenta {k,} and for the spin spectral parameters {\,}
have decoupled. The ¢-parameter in Eq. (4.30) can be omitted since it only shifts trivially
k,, by the uniform ¢/L.

4.4 Ground state and its energy

Using a formula similar to the one (3.68), one gets from Eq. (4.30) (taken with ¢ = 0) that

o 1Y
kn="FInt ﬁz_l [©(2X\5 —2) — 7). (4.32)
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Here, I,, is an integer and

x
O(z) = —2 arctg <E> . (4.33)
The expression for the energy (4.22) becomes
N o M
Y. T ne Y [0 =2) =] (434)

where n, = N/L is the electron density. Taking the logarithm of Egs. (4.31) one finds that
the spectral parameters {)\a}é\f[:l satisfy the following set of coupled equations

M
NO@2Xo —2) +O(2ha) = —21Ja + Y _O(Na—Ag),  a=1,...,M, (4.35)
B=1

where the numbers {I,}), are distinct integers or half-integers.

Let us now concentrate on the ground state determined by specific choices of quantum
numbers {I,}_; and {J,}2,.

e Since the integers {In}évzl in the energy (4.34) can take arbitrarily large and negative
values, the energy spectrum is unbounded from below. It is therefore needed to
introduce a cutoff K, say as follows

2T
—1I, K. 4.
7 < (4.36)

In the ground state, the quantum numbers {In}iy:l take their minimum values al-
lowed by the cutoff. Since they have to be distinct and run from —K L/(27) upwards
with the unity step, setting e = 0 they read

Ii,Is,....Iyn=—N,—-N—+1,...,0. (437)
Consequently, K = 27 N/L = 27n,.

e As concerns the quantum numbers {J,}M | in Eq. (4.35), they also have to be
distinct and, since |©(z)| < 7, they are bounded by the general restrictions

J(N,M) = —%(N -M-1)<J, < %(N —~ M —1)=J"(N,M). (4.38)

The state with the lowest energy is a spin singlet, M = N/2, induced by consecutive
numbers Jy11 = J, + 1 which fill the interval

1 /N
J-<J,<JY, g = 5 <5 — 1> . (4.39)
In the thermodynamic limit N, L. — oo with n, = N/L held fixed, we define the density
o(A) of the solutions {\,} of Eq. (4.35). All A-solutions are real in the ground state and
thus from Eq. (4.34) the ground-state energy FEj becomes

N

Ey=>)_ Z%In + e /_OO d\ c(\) [6(2A — 2) — 7. (4.40)

n=1
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The relation for o(\) is obtained from Eq. (4.35) by the standard procedure, with the final
result

N 1 o N c
A= - — ——————0o(X). 4.41
O'( ) T |:C2+4()\—1)2+c2—|—4)\2:| /_OO T C2+()\—)\/)2U( ) ( )

The solution of this equation is obtained with the aid of Fourier transforms:

1 N 1
oA = 2¢ {cosh[w(/\ — 1)/ * cosh(w\/c) } ' (442)

Finally, inserting {,}_, from (4.37) and o()\) from (4.42) into the relation for the energy
(4.40), one arrives at

L(1+ic)'(3 —ic)

T
Ey=—-——N?—in.In
0 U r —ier{ +ic)

2L

(4.43)

The complete thermodynamics of the Kondo model is reviewed in Refs. [13,14].

All studied models possess short-ranged particle interactions, on the same site or point
(Hubbard, Kondo) or the nearest-neighbour one (Heisenberg). The Bethe ansatz for sys-
tems with long-ranged interactions among particles is reviewed in the monograph [M4].

Integrable models in the (1+1)-dimensional Field Theory (e.g. sine-Gordon) are solved
by using the Thermodynamic Bethe ansatz.
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