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X-ray experimental motivation

• Light absorption in alkali
metals

• Core electron excitation above
the Fermi level

• Power-law divergence of
intensity near the threshold

• Mechanism?
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Simple theory

• Noninteracting conduction electrons, one core level

H0 =
∑

k

εk a†k ak + ε0b†b

• Dipole interaction

HI =
∑

k

Wk a†k be−iωt + h.c.

• Intensity — Fermi Golden Rule

I(ω) = 2π
∑

k

|〈0; k |HI |1; 0〉|2 δ(εk − ε0 − ω)
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Simple theory fails!

• One electron transitions only
• Intensity proportional to the density of states
• Intensity does not diverge!figures.2
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What is missing?

• Excitation of electron produces a charged deep hole!
• Deep hole scattering
• Improved hamiltonian (MND =

Mahan–Nozières–de Dominicis)

HMND =
∑

k

εk a†k ak + ε0b†b +
∑
k ,k ′

Vk ,k ′a†k ak ′bb†

• Fermi Golden Rule allows many electron transitions
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Heuristics

• Typical transitions
figures.2
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Anderson Orthogonality Catastrophe

• Overlap of N-particle states with/without core hole ∼ N−
1
2α

• α proportional to the square of the phase shift on Fermi
surface, α ≈ 0.1

• Ovelap ≈ 0.95 for molecules
• Overlap almost zero for metal
• Tends to suppress the edge singularity
• Higher order in interaction strength
• Needs nontrivial core hole selfenergy
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Quantification

• Rewrite the Golden Rule to a Kubo like form

I(ω) = 2<
∑
k ,k ′

Wk W ∗

k ′

∫
∞

0
dteiω+t

〈∣∣∣ T {
b†(t)ak ′(t)a

†

k (0)b(0)
} ∣∣∣〉

• Near threshold behavior⇔ Long time behavior
• Task: long time (low frequency) asymptotic of dynamical

susceptibility

χk ,k ′(t − t ′) =
〈∣∣∣ T {

a†k (t)b(t)b†(t ′)ak ′(t
′)
} ∣∣∣〉
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Many-body theory

• Equilibrium diagrammatic perturbation theory
• Scattering potential

−U
∑
k ,k ′

a†k ak ′bb†

• Relevant sub-diagrams — logarithmic divergence (as
T → 0 and ∆ω→ 0)

1

1
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Diagrams

• Mahan: Divergence anticipated from three lowest orders

+ + + + +

+ + + + + + . . .

Obrázek 5: Diagramy uvažované Mahanem

iω1

iω2

iω3

iω3 − iω
iω2 − iω

iω1 − iω

Obrázek 6: Žebř́ıkovitý diagram ve 2. řádu

Přitom
”
bublinu“v závorce můžeme explicitně spoč́ıtat standardńı tech-

nikou výpočtu součt̊u přes Matsubarovy frekvence vysvětlenou v do-
datku. Snad jen podotkněme, že se součet přes diskrétńı frekvence po-
moćı reziduové věty převede na integrál, př́ıpadně součet přes póly sč́ıtané
funkce. Výpočtem dostaneme vyjádřeńı přes fermiho a boseho rozdělovaćı
funkce f resp. b.

1

Ω

∑
k

1

β

∑
n

1

iωn − εk

1

iωn − iω − ε0

=

= − 1

Ω

∑
k

−b(εk) + f(ε0)

iω + ε0 − εk

=

∫
dερ(ε)(1 − Θ(−ε))

iω + ε0 − ε
,

nebot’ pracujeme při nulové teplotě a b(ε0) = −1. Zaj́ımáme se jen o ener-
gie bĺızké Fermiho energii, pročež můžeme hustotu stav̊u aproximovat
konstantou na intervalu (−ξ, ξ) a nulou jinde. Integrál se pak podař́ı
spoč́ıtat s výsledkem

ρ0 log

(
ω0 − iω

ξ

)
.

Z tohoto výsledku je již ćıtit náznak singularity pro iω ≈ ε0. K správnému
určeńı kritického chováńı je ale potřeba započ́ıtat i jiné, nežebř́ıčkovité
grafy.

Prvńım takovým grafem je diagram druhého řádu, vynesený v obráz-
ku 7. Zaṕı̌seme jej v Matsubarových frekvenćıch a spočteme jej

13

• Result

I(ω) ∼

(
ξ

ω − ω0

)2ρ0U

Θ(ω − ω0).
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Kondo effect

• Single Impurity Anderson Model (SIAM)
• Free hamiltonian∑

kσ

εk a†kσakσ + ε0

∑
σ

b†σbσ +
∑
kσ

(Vk b†σakσ + V ∗k a†kσbσ)

• Spin up–spin down scattering

U b†
↑
b
↑
b†
↓
b
↓

• Kondo scale a → 0
• Characteristic divergent quantity log a
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Common features

• We want to find a critical behavior
• Diagrams of all orders needed
• Specific class of diagrams of the same type (parquet)
• The same origin of the divergence: singularity in

Bethe-Salpeter equations
• Two different models — difference?
• Just different one particle propagators!
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Parquet diagrams

• Parquet type diagrams

� � �

• Non-parquet diagram

Γ

Γ Γ

Obrázek 9: Korekce k úplně ireducibilńımu vertexu

kde εα je celková energie v kanálu α. Funkce má podstatnou singularitu
při nulové energii v libovolném kanálu. Z této funkce se pak snadno spočte
hledaná susceptibilita χ(ω)

χ(ω) =
1

2U

[(
ξ

ω

)2g

− 1

]
,

jež potvrzuje Mahan̊uv výsledek.
V druhém článku stejných autor̊u [5] se použ́ıvá stejná aproximace G,

avšak složitěǰśı aproximace G a I. Problém spoč́ıvá v tom, že selfenergie
hlubokého elektronu v režimu g2L � 1 nemůže být zanedbána a zmenšuje
kritický exponent. Podobně jsou na tom korekce k úplně ireducibilńımu
vrcholu I. V I je potřeba započ́ıtat i

”
parketovou“korekci, vyobrazenou

na obrázku 9. V prvńım článku byla mı́rou divergence veličina L. Ta
vzešla z integrálu

−t(ε) =

∫ ξ

ε

G(x)dx;

v selfkonzistentńım výpočtu se za mı́ru divergence bere právě funkce t.
Parketové rovnice se uvažuj́ı opět v

”
logaritmické“přesnosti, tentokrát

ale v̊uči t. Jejich řešeńı vyjádř́ıme pomoćı neznámé hodnoty t a neznámé
funkce I. Ze źıskané vrcholové funkce Γ pak podle Schwingerovy-Dysonovy
rovnice [2] spoč́ıtáme selfenergii a I. Z výsledných rovnic dostaneme ex-
plicitńı tvar I(t) a posléze i funkci t(ε).

Výsledkem selfkonzistentńıch výpočt̊u je stejná suscptibilita χ jako
v neselfkonzistentńım př́ıpadě, selfkonzistence nám ale poskytuje správný
tvar plného př́ıměsového propagátoru

G(ε) = − 1

ε + Σ(ε)
= −1

ε

(
ε

ξ

)2g2

.

19
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Resummation

• How to sum relevant diagrams? Use two particle Green’s
functions!

• Find two particle vertex Γ

• Bethe-Salpeter equation in two channels

� � �

� � ��� � ��� �

� � ��� � ��� �

• Both channels needed
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Parquet equations

• Diagram reducible in one channel is irreducible in the other
• Decomposition

Γ = Λeh + Λee
− I

• Totally irreducible vertex I ≈ U
• Parquet equations for irreducible vertices Λα

Λα
′

= I +
〈
ΛαGG[Λα + Λα

′

− I]
〉
α

• Nonlinear integral equations
• Analytic solution in the critical regime only
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• Λα depends on one frequency only
• Inconsistency of parquet equations: Getting rid by specific

averaging
• Averaged parquet equations

Λee = U−

〈
ΛehGcG

〉2

eh

χeh [1 +
〈
ΛehGcG

〉
eh ]

Λeh = U−

〈
ΛeeGcG

〉2

ee

χee [1 + 〈ΛeeGcG 〉ee]

• χ— simple bubbles

χee(iνm) =
1
β

∑
n

Gc(iωn)G (iνm − iωn)

χeh(iνm) =
1
β

∑
n

Gc(iωn)G (iνm + iωn)
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Approximation 2

• Λee is finite — replace it with a constant Ū
• Λeh is divergent, keep the divergent part only

Λeh(iνm) ≈ −
Ū2χee(iνm)

1 + Ūχee(iνm)

• Taylor series near zero frequency (threshold)

χ(z) ≈ χ(0) + χ′(0)z

• "Kondo" scale
a ≡ 1 + Ūχee(0)→ 0
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Solution (model specific – X-ray)

• Use proper propagators, calculate χeh(0) = −ρ0 log ξ
∆ω

• SIAM — χ(0) not divergent
• Selfconsistent solution

Ū ≈ U −
| log a |
χeh(0)

a = exp [−(Uχeh(0) − 1)] ≈
(
∆ω
ξ

)Uρ0

• Power law divergence in Γ, hence in I(∆ω)

• Kondo — exponential behavior
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Conclusion

• Absorption intensity diverges as power law, confirming
Mahan’s result

• Common origin of the divergence—singularity in a BS
equation

• Input to parquet equations is different
• Exponential × algebraic behavior
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