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Historical remarks

(~ 1910)
/ AN
(~ 1830)
1890-1 - 230 space groups Fedorov, Schonflies
1880 - Jordan-Minkowski theorem Jordan

| finitely many classes of finite integral NV x N matrix groups

1900 - 18" Hilbert problem: ? finite number of space groups
(SG) in an N-dimensional Euclid’s space

1912 - Bieberbach

1948 - algorithm to compute N-dimensional SG  zassenhaus
1968 - cohomology approach (H'(G,V,,/Ta))  Ascher & Janner

dimension N 2 3 4* 5** 6**
arithmetic classes 13 73 710 6 079 85 311
affine classes : SGtypes | 17 | 219:230 | 4783:4895 | 222018:— | 28927 922 :—

* Brown etal. (1978)  ** Plesken and Schultz (2000)
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Why subgroups of /V-dimensional space groups ?

1. “Though this be madness

yet there is method in't” (Shakespeare,Hamlet,|1.2)
(C. Hermann, 1929)
VS.
2. of a space group § —

possible low-symmetry phases (v = 3 Hatch and Stokes, 1988)

3. «— Wyckoff positions in N dimensions —
structural models of quasicrystals (v > 3 buneau and Katz, 1985)
N=4: dodecagonal ones (shechtman etal, 1984)

4. — superspace description of homolo-
gous families of modulated structures (v > 3 Perez-Mato, 1999)
N=4: v-Na,COs ... superspace symmetry (de wolf, 1974)

L attices of space aroup subarouns. Praha 13th November 2007 — p. 3/2



Formulation of the problem

Period 1960 - 1990
- revival of C. Herrman’s study (Herrman, 1929)

(Landau, 1937)

prototypic symmetry G + order parameter y —
symmetry F of a distorted phase ... 7 ...

criteria for low symmetry J (Birman and Goldrich, 1968; Ascher, 1977)
1. - group-to-subgroup
2. relationships

= numerous tables, mostly not very intelligible ones
- 15.239 isotropy subgroups of 230 space groups

(Hatch and Stokes, 1988)

11 group-to-subgroup relationships needed
for checking In parent group g
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N-dimensional space groups

Space group G = (G, T,0,u) C En=VNANO(N)

translation group, — finite
Bravais group B(T)C O(N)
pointgroup G C B(T) < T ... G ~G/T
— (G, T) < arithmetic class of G

G = {e|0}T + {g2|u(g2) }T + - - - + {gplulgp) }T, p = |G]

w:G — 'V, ...system of non-primitive translations w.r.t. to O
giu(g;) — u(gig;) + u(gi)=0mod T', g¢;,9; € G

N-dimensional SGs ~ solutions of Frobenius cng. for all non-
equivalent pairs (G, T) — Zassenhaus algorithm

: applled for N =4 (Brown, Biilow, Neubtiser, Wondratschek & Zassenhaus, 1978)
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Subgroups

(Senechal, 1980)
any of infinitely many subgroups H of G fulfill conditions (i)-(iii)
H=(H,Tg,O,upg) CG=(G,T,0,u) &
(VHCG, WTygCT
(i) u(h) —ug(h)=0mod Ty, h € H

(1) dim T=0 ~ site point groups (Fuksa & Engel, 1994)
(2),...,(N)dimTyge{1,2,..., N—1} ~ subperiodic groups
(N—i— 1) dimTg=N ~ SpPpace groups (Fuksa & Engel to appear)
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Lattices of subgroups of space groups

Subgroups of G form L(G)={C;FH,..} (Birknoff, 1937)
(1) set-inclusion C —— partial ordering of subgroups
(1) binary operations N and U FHCG

FAOHCF HCFUH

sublattice SC L(G) - subset of £(G) closed under both operations
quotient £(G:F) - sublattice containing all H, FCHC G

Infinite lattice £(G) — ... closed under N and U
lattice L4(G) of all subgroups of finite index . .. still infinite

Problem:

For a given space group H, contained in G,
determine finite quotient L4(G : H) = L(G : 'H)
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Lattice £(G,T) of pairs

P(G'",T") - set of all pairs (G',T")
... T" - discrete N-dimensional subgroup of Vy
...G@ C B(T") «— T - G'-invariant
on P(G',T")
(H1,Th) < (H,Tb) & Hy C Ho, T C'TY
. minimal element (C4,0)
lattice £L(G,T) = {(G",T); (G, T") < (G,T)}

(Hl,Tl) A\ (HQ,TQ) — (H1 N Hy, T7 N TQ)

(Hl,Tl) \V4 (HQ,TQ) — (H1 U Hs, (Tl U TQ)

H,UH>
(Tl U TQ) o2 (Hl UHQ)-C|OSU|'6 of T7UT5

~ the smallest (H;U Hy)-Invariant supergroup of 77U T5

H{UH>

)
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Finite quotient £(G : H)

H=(H,Ty,O,upg) CG=(G,T,0,u)
8-step algorithm:
L(G), G - finite
F'? FFOH—
L(T:Ty)~ L(T/Ty), factor group T'/Ty - finite Abelian
T'"? B(T") D H
basic quotient

(FTe) e LG H) = (T,Ty)) ... solutions of coupled Frobe-
nius and subgroup cng = subgroups 7, ~ (/. 7T7) of G

F'?2F DH — all SG
I FC K -check subgroup cng for any 7 K > 'H —
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lllustrative examples

A. G = 207.P432, H = 5.A112, A(a + b, 4b, 4c)

(1) Point groups: |
432 an upward line:

links a to
minimal supergroup

a downward line:

v links a to
4,22 maximal subgroup

maximal chain —

2,2,2, 2422, 4, several consecutive
lines

2

The quotient £(432;2,): sublattices £(4,22;2,) and £(24y2xy2,;2;).
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(2) Translation groups: P,

1
A1,4,4

The quotient £%(P;; A%AA): sublattices L(Py;C222) and L(Pr; F).
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(3) Pairs associated with normal subgroups:

(432,P)

(23,P) (432,F;)

(239F2)
(222.P))

(222,F)

The quotient £1(432, P;;222, F5) = £V (432;222) x L(Py; ).
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Visualization in the program:
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B. G = 80.P224, H = 23.1222, 1(2a, 2b, 2¢)
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C.G =150.P321, H=1.P1, (331 ~a+ 2b,—2a — b,c
Interactive input:

X  space Group

Generators given will be expressed in terms of Message SPACEGROUP SUBGROUP Run

Subgroup
* primitive basis of transl. group

" conventional basis of transl. group

dinien=ion 13_ space group symbol Ep321— Generators given will be expressed in terms of
: # primitive basis of supergroup lattice

T i.._. " primitive basis of subgroup lattice
number of generators 2 Generators r e EEE— - . ;
output file |p321 p1.c331| subgroup symbol EPl:Cj.3.1 " conventional basis of supergroup lattice

" conventional basis of subgroup lattice

Save I Close
number of generators il Generators |

X 1 generator of the supergroup Lattice basis of the subgroup
o s o . |
[FH =S T

N N N ) OO

I Restore I

X Primitive basis of subgroup lattice wrt. primitive basis of supergroup lai| = | O X

X Enter 2.generator of the supergroup |1 |2 Io
|—2 Ifl IO
o o B

Restore
—_— SE——— | Restore
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Program output:
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Info provided on mouse click:

| . Sspacegroups G’ [ ]=]

x

X nodeinformations | — | 0| x |[*== B] X nodeinformations - [0 X
normal lcolor * 2color Zoom: |3 X nodeinformatiol — 0O X
Close -S Close
_ 150P321 L close |
subgroup No. 8: 143p3 _\ subgroup No. 10: f43p3 S —
P& Tr & P: H I B subgroup No. B: 149P312 A
index 6 index 6 Pio32 T Ga
order of point group: 3 order of point group: 3 index 3
index of sublattice: 3 index of sublattice: 3 order of point group: 6
143P3 index of sublattice: 3
transformation matrix transformation matrix
1 2 8 1 2 0 transformation matrix
c} 3 a ] 3 ] 1 2 ]
c} @ 1 e} a 1 0] = 1]
(i} (0] 1
number of generators: 1 number of generators: 1
generator Mo, 1 o o T generator No. 1 number of generators: 2
order: 3 5-'-:121 55131 5£121 HIP312 order: 3 generator No. 1
determinant: 1 : 7 determinant: 1 order: 3
dimension of support: 1 dimension of support: 1 determinant: 1
6 -1 8 1 0-1 8 8 dimension of support: 1
1-1 606 o] 1--1 @ i) 0-1 0 6]
6 6 1 @ 6 6 1 e 1-10 ¢}
e 6 o 1 0
2 ‘1?&"3 generator No, 2
number of subgroups: 1 s number of subgroups: 1 order: 2
1P 1P1 determinant: 1
number of supergroups: 1 number of supergroups: 2 du;en;}.og of ;upport: 1
H3FP3 "} WIP3 . f49P32 —,.-’ A o 8
50121 : S0
X node informations | — |0 X
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index 6 1Pt ¢
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g -1 0 2 order: 2 z 2 7 -
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- 1 number of subgroups: 1
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number of supergroups: 1 321 /
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|sotropy subgroups of 150.P321 Hatch & Stokes (1988)
I (07070) - P1,17 A (0707%) - P1,27 K (%7%70) — O3

150 D3 P321

r Ala 1 0 150 D2 P321 nf P1 1 (1,0,0),(0,1,0),(0,0,1) (0,0,0)
I, A2a § O 1ot Ps pfc  P1* 1 (1,0,0),(0,1,0),(0,0,1) (0,0,0) rg
Is Béa 1 1 5C3 C2 pfepfs P11 (2,1,0),(0,1,0),(0,0,T)  (0,0,0) g 8
1' 6t Pl pfe,pfs C1 1 (1,0,0),(0,1,0),(0,0,1) (0,0,0) cC p
A A2a 0 0 150 D2 P321 nf P1** 2 (1,0,0),(0,1,0),(0,0,2) (0,0,0) ! <
Az A2a 0 0 150 D P321 nf P1** 2 (1,0,0),(0,1,0),(0,0,2) (0,0, 1) ﬁ u
As B12a O 1 5 9 ife,ifs Pl 2 (1,2,0),(1,0,0),(0,0,2) (0,0,0) re 8
5 ) 2 ifc,ifs P2 2 (1,2,0),(1,0,0),(0,0,2) (0,0,3) r
1 ¢! Pl ifeifs €1 2 (1,0,0),(0,1,0),(0,0,2) (0,000 Y
HiH, BG6b 0 0 149 D) P312 nf c1** 6 (2,1,0),(1,1,0),(0,0,2) (0,000 U Pp
HyH,  B6b 0 0 149 D) P312 nf C1 6 (2:1.0),(1,1,0),(0.0.2) (0,0, 3) ; r
HsHs  D36b 0 2 143 gL P3 ifc C1 6 (2,1,0),(1,1,0),(0,0,2) (L,2,0) Ie F
5 C2 C2 ife,ifs C11 6 (1,2,0),(3,0,0),(0,0,2) (0,000 f g
5C3 C2 ifeifs C15 6 (1,2,0,(3,0,0),(0,02)  (0,0,3) |t
1 G Pl ifc,ifs 4D1 6 (1,1,0),(1,2,0),(0,0,2) (0,0,00 o0 o
KiK, B3a 2 0 149 D} P312 nf  Cl 3 (2,1,0),(1,1,0),(0,0,1) (0,0,0) { 2
KK,  B6b 00 0 143 C} P3 ifc c1* 3 (2,1,0),(1,1,0),(0,0,1) (0,0,0) e h
KsKs Di8a 2 2 143 C! P3 ifc €1 3 (2,1,0),(1,1,0),(0,0,1) 120 tC :o
5C3 C2 ifcifs C11 3 (1,2,0),(3,0,0),(0,0,1) (0,0,0) S
1 ¢ Pi ifc,ifs 4D1 3 (1,1,0),(1,2,0),(0,0,1) (0,0,0)
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D. dim=4: G = P1022, H = P5, P; ~ 5a, 5b, 5¢, 5d
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E. dim=4: G = P5432, H = P4, P5 ~ 5a,5b, 5¢, 5d

Space groups G' <2>
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summary

(1) For SG ‘H = (H,Ty,0,uy) C G = (G,T,0,u) the soft-
ware determines 4 quotients: £(G : H), £(G ) L(T :Tg)
and L((G,T):(H,Ty)), giving .
(2) The quotient £(G : H) will include

of the problem whenever H is a maximal G-
Invariant translational subgroup of any of them.

(3) The software displays:

() the quotient L(H; U Hs : Hy1 N Hy) for any two subgroups
H1 and Ho of G.

(i) the smallest sublattice Sy of £(G : 'H) containing all
subgroups with same point group H’ and same translational
group 1".

(4) IS displayed the normal sub-
groups.
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Future plans

Possible enhancements, extensions, ...
— effective calculations In

— within the
quotient £(G : H)

— of -
dimensional SG that would make the collection of C-
programs for determining space group subgroups complete
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