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Abstrakt.

Nazev prace: O vicerozmérnych Kerr-Schildovych ¢aso-prostorech

Autor: Martin Krssék

Ustav: Ustav teoretické fyziky

Vedouci diplomové prace: Dr. Marcello Ortaggio, Matematicky Ustav, AV CR
e-mail vedouciho: ortaggio@math.cas.cz

Abstrakt: V tejto diplomovej praci sa venujeme Kerr-Schildovym (KS) ¢asopriesto-
rom vo vyssich (n > 4) dimenzidch s geodetickym nulovym vektorom ¢. S pouZitim
zovseobecnenia Newman-Penrosového formalizmu do vyssich dimenzii, ndjdeme, pre
metriku v tvare KS ansatzu, zodpovedajice Einsteinové rovnice a zameriame sa na
vakuové riesenia.

Spomenieme najnovsie vysledky v pripade neexpandujticich rieSeni a my sa za-
meriame na expandujice. Zistime, ze jedna z Einsteinovych rovnic, ktori nazyvame
optickd vdzba, plne urcuje £. Zvysok Einsteinovych rovnic uréuje KS funkciu H.

Néajdené rovnice analyzujeme a zistime, ze sa jedna o systém nelinearnych PDR
s nelinedrnymi vizbami, ¢o ndm zabranuje najst analytické riesenie vo veobecnom
pripade. Preto sa musime uspokojit s ¢iastoénymi vysledkami.

Zameriame sa na rieSenia bez "twistu”. V ramci tejto triedy rieSeni najdeme
vhodny ansatz splitujici optickd vizbu s pomocou ktorého sme schopni néjst expli-
citné riesenie vSetkych Einsteinovych rovnic. Ukézeme, ze takéto rieSenie zodpovedd
¢iernej strune a ukdzeme ako sa d4 toto riesenie zovseobecnit, tak aby odpovedalo
¢iernej "p-brane”.

Druhym pristupom je skimanie r-zavislosti KS ¢aso-priestorov. Za r si zvolime
afinny parameter pozdlz vektora . Néjdeme r-zévislost vsetkych Ricciho koefi-
cientov, KS funkcie H a operdtorov smerovych derivécii do lubovolného radu v 7.
S tymito vedomostami sme schopni néjst r-zavislost vsetkych komponent Rieman-
novho tenzora a analyzujeme jeho asymptotické vlastnosti.

Klicova slova: Kerr-Schildové ¢aso-prostory, vyssi dimenze, ¢erné diry, Newman-

Penrose formalizmus.



Abstract.

Title: On higher dimensional Kerr-Schild spacetimes

Author: Martin Krssék

Department: Institute of Theoretical Physics

Supervisor: Dr. Marcello Ortaggio, Mathematical Institute, AV CR
Supervisor’s e-mail address: ortaggio@math.cas.cz

Abstract: In this thesis we investigate Kerr-Schild (KS) metrics in higher (n > 4)
dimensions with geodetic null-congruence ¢, using a generalization of Newman-
Penrose formalism to higher dimensions. We use KS ansatz for metric and find
corresponding Einstein’s equations. We focus on vacuum solutions of Einstein’s
equations.

We give some remarks on recent results about non-expanding solution and we
focus on expanding solutions. One of Einstein’s equation, to which we refer as
the optical constraint, determines completely the null-congruence. The remaining
determine KS function H.

We analyze these equations and find that they are a systems of nonlinear PDEs
with non-linear couplings, what prohibit us from finding analytical solution in gen-
eral case. Therefore, we have to satisfy ourselves with partial results.

We thus focus on non-twisting solutions. Within this class, we find a suitable
ansatz which satisfies the optical constraint and we solve all the corresponding Ein-
stein equations explicitly. We further demonstrate that this solution corresponds
to (static) black strings and we give instruction how to generalize it to the black
p-branes.

Second approach is that we fix r-depependence choosing affine parameter along
null vector ¢. We derive r-dependance of all Ricci coefficients, KS function H and
operators of directional derivative to arbitrary term in r. Using this knowledge we
find r-dependance of all components of Riemann tensor and analyze their asymptotic
properties.

Keywords: Kerr-Schild solutions, higher dimensions, black holes, Newman-Penrose

formalism.
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Chapter 1

Introduction

One of the main tasks of theoretical physics during the last 5-6 decades was, and still
remains, to find a theory which would unify all four fundamental forces of Nature.
During 70s, the quantum description of three of these forces was successfully unified
to one theory, presently known as the Standard Model . However, despite of a huge
effort of physicists world-wide it was not possible to incorporate gravitation into the
Standard Model or to find a consistent quantum theory of gravitation. It turned
out that gravitation at sub-atomic scales is very different from all other interactions
and that there is a need for a new theory.

Nowadays, we have basically three main theories which are aspiring to be cor-
rect quantum theory of gravitation. The main one, which dominates today in the-
oretical physics is string theory, which suggests that problems of quantization of
gravitation can be resolved by considering fundamental particles as one-dimensional
objects, i.e. we can think of them as a tiny strings [1]. Second approach, a wide
family of approaches called canonical quantum gravitation, is trying to develop non-
perturbative methods to quantize gravitation [2]. The most famous of these theories
is the loop quantum gravity in which space is represented by quantized loops called
spin networks [3]. Other approach, gaining popularity recently, is non-commutative
geometry [4].

Our work presented in this thesis is directly in neither of these theories, but in a
field of classical gravitation in spacetimes with more than 4 dimensions. In order to

understand motivation for such work, we will mention main features of string theory

2
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and how it is connected with matter of our research.

One of the main flaws of Standard Model, beside its lack of description of grav-
itation, is that it has 19 free parameters (masses of 3 leptons, 6 quarks, coupling
constants,...) which are needed to fully describe dynamics of the theory [5]. These
parameters in Standard model can take arbitrary values and have to be find ex-
perimentally. However, this is a very inelegant feature of Standard Model, because
it seems that if these free-parameters would have just slightly different values, our
Universe would be very different from what we are presently experiencing and would
not allow creation of galaxies, star systems, stable atoms and support creation of
life.

String theory solves this problem elegantly, because the only free parameter of
this theory is string tension and all particles are considered to be just different
vibrational modes of fundamental string. Beside claiming of explanation of masses
of fundamental particles, there was found spin-two field representing gravitation.
Thus string theory is claiming to be a consistent quantum theory of gravitation.

However, to make this theory consistent we need to introduce supersymmetry
and 6 extra dimensions, i.e. spacetime is required to be 10 dimensional. The two
most popular ways how to deal with extra-dimensions are compactification of extra-
dimensions and brane models. The last one suggests that our universe lives on 4
dimensional brane floating in 10 dimensional space, where 3 fundamental interac-
tions of Standard Model are confined to this brane, while gravitation acts in full
10 dimensional space. This solves so-called hierarchy problem, i.e. explains relative
weakness of gravitation against other interactions [6].

Idea of compactification of extra-dimensions suggests that the reason why we
cannot see these extra dimensions is that they are such small that they are unde-
tectable by ordinary experiments. Scale of these extra-dimensions is not determined
by string theory and theoretically can be as small as the Planck length, what would
make any laboratory test of string theory unrealistic in any foreseeable future, or,
as it suggests so-called large dimensions scenarios, can be sufficiently large to make
string theory testable at LHC which should start to produce the first measurements

SOO11.
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If the scale of extra-dimensions is large enough we could be able to observe
microscopic black-holes at the LHC, see [7], [8], [9], [10] or recent review [11]. This
would not allow us to test just string theory, but also to make laboratory observation
of black holes for first time®.

Beside important role in possible experiments, higher dimensional black holes
(more specific their generalizations black p-branes) are important in investigation of
non-perturbative effect of string theory [1], [13]. Also in gauge/string duality known
as AdS/CFT [14], [15], solutions of higher dimensional gravitation can be useful.

But, first we need to better understand classical black hole solutions in higher
dimensions , in order to understand which effects are specific to string theory and
which are purely classical gravitational effects. Thus, string theory is an impor-
tant source of motivation to understand solutions of classical gravitation in higher
dimensions.

Beside, interesting results for string theory or possible experiments, classical
gravitation in higher dimensions is interesting on its own. For example, famous
topology theorem by Hawking [16], [17] that a stationary black hole horizon has
always the spherical topology does not hold in higher dimensions. Solutions as
black strings, or recently found black rings [18] are well-known counter-examples.
Thus, question of uniqueness of black holes in higher dimensions is much more
complicated, see [21] and [20] for recent progress.

Thus, research in higher dimensional gravitation is interesting from many per-
spectives. In this thesis we will focus on class of solutions called Kerr-Schild solu-
tions, which played important role in four dimensional gravitation and we will try
to analyze some of their properties in higher dimensions.

Let us first give very brief outlook of the most important results about black

holes in higher dimensions before we start to analyze Kerr-Schild spacetimes.

!Note, that we would not observe directly black holes, but analogue of Hawking radiation from
these black holes. Hawking radiation was already experimentally observed in solid states [12], so
we may expect to occur in a gravitational case and thus saving us from growing black hole to

dangerous size [11].
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1.1 Basic black hole solutions

General relativity describes dynamics of space-time. Fundamental equations of this
theory are Einstein’s equations, which in a natural units A = G = ¢ = 1 and without

cosmological constant have a form
1
Rab — §gabR = 87TTab, (1.1)

i.e. they say how geometry of spacetime (left-hand side of these equations) is coupled
to matter (described by right-hand side of these equations). Dynamical variable of
Einstein’s equations is metric tensor g,;, which is a symmetric rank-two tensor, i.e.
it has generally @ independent components. Thus, to solve Einstein’s equations
(1.1) means to find all independent components of the metric tensor. Our work in

whole thesis will be restricted to the case of vacuum space-times?, where geometry

of space-time is given by vacuum Finstein’s equations
Ry = 0. (1.2)

Even vacuum Einstein’s equations are a system of non-linear partial differential
equations and there exists no general analytical solution. However, it is possible
to find some solutions if one assumes that metric tensor possess symmetry. In the
case of spherical symmetry we are able to find that the most general spherically

symmetric metrical tensor should have a following form [17]
ds* = —f(t,r)dt® + g(t,r)dr* + r*dQ?, (1.3)
where
dQ* = df? + sin® 0dg*. (1.4)

If we insert this metric into the vacuum Einstein’s equations we find well-known

Schwarzschild solution

2M dr?
ds® = — (1 - 7) dt* + - + r2dQ2. (1.5)

2However, we will occasionally mention generalizations containing simple form of energy-
momentum, like electromagnetic field, or cosmological constant, and we will give corresponding

references.
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Generalization of this solution to arbitrary dimension is quite straightforward and

was found by Tangherlini in 1963 [22]

2M dr?
d82 = — (1 — m) dt2 + ﬁ + TZin_Q, (16)
rn—3

this solution is usually referred as a Scharzschild-Tangherlini solution.

If we impose less-restrictive symmetry we are able to derive solution representing
rotating black hole. In four dimensions black hole can rotate just in a single plane,
however in higher dimensions situation is different and we can have L”T_IJ planes of
rotation [23], where |--- | represents integer part of a given number.

Solution with a single plane of rotation is given by [23], [24]

z
ds* = —dt* + S (dt — asin® 0dg)* + Zdr2 + Xdb?
+  (r* + a*) sin® 0dp* + r? cos® 0dQ?_,, (1.7)
where
Y =1+ a*cos? 0, A=r*+a®— = (1.8)
T
In the case n = 4 this is well-known Kerr solution [25], which is one of most

important known solution in general relativity. Generalization of this solution with
more spins are Myers-Perry solutions [23], which will be briefly described in section
1.3. Other black hole solution in higher dimensional gravitation are black strings
and generally black p-branes [13], black rings [18] and many other solutions, for
example solutions with supersymmetry, or cosmological constant. We refer reader

to reviews [24], [19] for more details.

1.2 Original Kerr-Schild solutions

In 1960s Kerr, et. al. [26], [27], [28], [29] found, in four dimensions, general class
of solutions which contains Kerr solutions as special case. This class of solutions
is presently known as Kerr-Schild spacetimes. In this approach we do not demand
spherical symmetry or axisymmetry of metric tensor, but we use following ansatz

for a metric

Gab = Mab + 2Hl€ak’b, (19)
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where function H is some analytic function and 7, is metric of a four-dimensional
Minkowski space-time and k* is a congruence of null vectors with respect to both
metrics gqp and 1g

Jark k" = napkk" = 0. (1.10)

It is usefull to use null coordinates

D=

uw=2"2(z+1t), (=2

(z +1y),

NI

v=2"3(z—1), ¢=2"2(z —1y).

Most general null direction in such coordinates is given by
k=du+Yd(+Yd(—YYdv, (1.11)

where Y is some analytic function of coordinates and Y its complex conjugate.
Advantage of using complex function and coordinates is that then we have just half
of necessary equation, because other half can be obtained by complex conjugation.

General solution of Einstein’s equations in such case exists and is given by

ds® = 2d¢d¢ + 2dudv
+ PR [m(Z+2) — b ZZ] (du+YdC +Ydl — YYdv)*, (1.12)

where

= pYY +qY +qY +c, (1.13)
= —PF*, (1.14)
and Y is given implicitly by
F=0, (1.15)
and [ is defined as
F=¢+(qY +¢)((=Yv) = (pY + ) (u+Y(), (1.16)

where ¢ and 1 are arbitrary analytic functions of the complex variable Y and m, p,
c are real constants and ¢ is complex constant.
Let us note, that equations (1.15) and (1.16) fully determine ¥ and consequently

fully determine the null-congruence k. This is known as the Kerr theorem and in
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four dimensions its solution is the most general shear-free, geodetic congruence in
flat space [27], [30]. This is an important result not only in investigations of Kerr-
Schild spacetimes, but have applications also in other field of physics, for example

twistor theory [30].

1.3 Myers-Perry solutions

In 1986 Myers and Perry [23] used generalization of the Kerr metric [25] and thus
obtained one of very few known Kerr-Schild solutions in higher dimensions repre-
senting black hole rotating in many planes of rotation.

As it was mentioned earlier, black holes in higher dimensions can rotate in L”T_IJ
plane of rotation and thus it is convenient to pair the coordinates as x* = {z%, y*},
where a = 1, - L”T’lj Consequence of this is that Myers-Perry black holes have
separate solutions for odd and even dimensional spacetimes. Let us start with odd

dimensions. In this case Kerr-Schild metric (1.9) is fully determined by

n—2
]
r(z®dz® + y*dy®) + aq(z*dy® — y*dz®)
k = kodz® = dt , 1.17
v * ; 2 4+ a,? (117)
and
2
wur
H=—, 1.18
F (1.18)
where a, are some constants and r is defined implicitly by
222 oo 2
$Oj + y()!
—— =1 1.19
a=1 7’2 + aa2 ’ ( )
and ,
5] 9 a2 2
aq” (2" +y**)
F=1- 1.20
; (r2 +as?)? ( )
1272
I= ] ¢ +a.®). (1.21)
a=1
In even dimensions the solution is given by
15 r(z®dz® + y*dy®) + aq(z*dy® — y*dz®)  zdz
k= koda® =dt + ) = +5= (1.22)
pory e+ Qg r
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and r is defined implicitly by

1"22) 4o 2 2

e 4 y“ z

T 1.23
— 2 + a,? + r2 ( )

with F' and II as in previous case. We can easily check that in 4 dimensions this is
equivalent to the Kerr metric in coordinate basis [25]. There exist generalizations

of Myers-Perry solution to the case of dS and AdS spacetimes [31].

1.4 Outline

Generalization of these results to the higher dimensions will be our main interest
in this thesis. We will see that this generalization is not straightforward at all and
that we will encounter many problems. Situation indeed is very different from four
dimensional case because we have many degrees of freedom.

As a illustration take the Kerr theorem, mentioned at the end of section 1.2. In
four dimensions introducing complex function Y allowed us to specify null congru-
ence k uniquely by this single function. Consequence of this was that null congruence
k was fully determined by simple partial differential equation of first order, which
we know how to solve analytically.

As we will see in following chapters, in higher dimension our null congruence
will be specified by n — 2 functions and resulting equations will be system of non-
linearly coupled partial differential equations. However, we will try to analyze these
equations and try to find their solutions at least in some special cases.

We will start in chapter 2 with introduction of Newman-Penrose formalism in
higher dimensions and we will summarize most important results which we will need
in following calculations.

We will continue in chapter 3 with adopting Kerr-Schild ansatz metric (1.9) in
Newman-Penrose formalism and we will find Einstein’s equations for it.

In chapter 4 we will analyze Einstein’s equations, we will give reasons why we
have to give up hope to solve them analytically in general case and we solve them

at least in some special cases.



Chapter 2

Newman-Penrose formalism in

higher dimensions

In investigation of Kerr-Schild spacetimes we will use generalization of Newman-
Penrose (NP) formalism [32] in higher dimensions. In this chapter we will give

introduction to tetrad formalism and to Newman-Penrose formalism.

2.1 Frame formalism

At each point of space-time it is possible to introduce n-tuple of n independent
vectors m,’, where normal letters are tensor indices and indices with hat are frame
indices and label the different vectors of the n-tuple. Both kinds of indices run from
0 to n — 1, but we always have to keep in mind that they are two different kinds of
indices. Einstein summation convention holds for both kinds of indices.

This n-tuple of vectors in four dimensions is usually called tetrad or, what is
more appropriate in higher dimensions, frame, from where we have name for the
whole formalism- frame formalism.

Dual frame is defined by either of the equivalent relations
mdcmi’C = 55&, m'm®, = &0, (2.1)
Using this we can find the frame components of any tensor 77 from relation

T,0 = memby - T, (2.2)
10
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and inverse relation is given by
T =mém?. . T,%. (2.3)
The frame vectors determine differential forms

m® = mda’, (2.4)

and their duals

mg = mAb(?b. (25)

a

So, the metric form will be given by
ds® = mym® = ggdx®da®. (2.6)

The directional derivative of function along a frame vector will be denoted by |; or

by 5@
v Of

@ Oxb

The frame components of a covariant derivative are projections of coordinate co-

fa=6f =m (2.7)

variant derivatives

T&-l?:“;é = Td~?:..;gmégm¢idm6e T (2'8)
and they are given by
b — b d rpbe-- b d--
T e =150 = DTy — - 10 1+ (2.9)

where F&Eé are Ricci rotation coefficients

I% = —m m;"m., (2.10)

we can lower first index to obtain
Taie = 9adl % (2.11)

We can define new 1-forms called connection forms, which are projections of Ricci

rotation coefficients on frame vectors

re =1 me, (2.12)
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and curvature form, which are projections of frame components of curvature tensor
on frame vectors

Ry = Rojogm® Amd . (2.13)

abe
Both of them can be obtained from frame forms using Cartan equations

dm® = mb A F&i) = F&Eémb Ame (2.14)

1 a a a ¢

Equation (2.14) determines just skew-symmetric part of the Ricci coefficients ' albel”

The symmetric part I ;). of the Ricci coefficients is given by

20 pye = Gable: (2.16)

since

0= Gabe = Gabje — 2L (abye- (2.17)

In all calculations in this thesis we will restrict just to the case of rigid frames, where

g,;, are constants and thus from (2.16) we can find that Ricci rotation coefficients are

skew-symmetric in the first two indices. Thus they can be determined from (2.14)
by

I

abé

= T = Vapg + Diea) — Degaay (2.18)

bae

For more details and derivations see [27], [29] or [33].

2.2 Newman-Penrose formalism

Special form of tetrad formalism was developed in 1960s by E. Newman and R.
Penrose [32], who used a special form of the frame metric g,;. While in tetrad
formalism Minkowski metric, with orthonormal frame vectors, was used, the idea of
Newman and Penrose was to use null metric, which turned out to be very useful,
mainly in the investigation of algebraically special spacetimes (according to Petrov
classification) [17], [29]. One feature of this approach is that we obtain large amount
of equations, from which many are redundant, however advantage of this approach

is that all obtained differential equations are of first order.
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2.2.1 Null frames

NP formalism which we will use in the analyzes of Kerr-Schild spacetimes has to be
generalized to higher dimensions. This was done in papers [34], [35] and [36].

We choose our frame metric to be

01
10
g&B = . . 1 st . ) (219)
1
where --- always represents zero, except diagonal where it represents 1. So, this

0

means that we are choosing null frame with two null vectors m” = n and ml =

and n — 2 orthonormal space-like vectors m for which

1, = n*n, = n“mga = l“m%a = 0,
ng = 1, (2.20)
miamz = 5;3..
From now on, indices taken from start of alphabet runs a,b,---=0,...,n — 1 and
indices from middle of alphabet ¢,7,---=2,...,n — 1.

Lorentz transformations of frame vectors m® can be described by null rotations
(where ¢ or n are fixed), spatial rotations of the vectors m’ (spins) and boosts.

Null rotations:

(= ¢ (2.21)
W= n4zm —%/226, (2.22)
o= m — 2l (2.23)

where z; are some real functions and 22 = ziz;.

Spins:

o~
|
\.N

(2.24)
o= n, (2.25)

o= Xim (2.26)
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where X € SO(n — 2).

Boosts:

(= M, (2.27)
i o= Aln, (2.28)
mto= m', (2.29)

where )\ is some function A € R.

2.2.2 Ricci rotation coefficients

We can find Ricci rotation coefficients (2.10) in this null frame. They will give us

information about covariant derivatives of frame vectors. We will define them to be

é,d
lay = Lsmgmy
)
Nap = Nagmgmy, (2.30)
i i épnd
My = Mgmgmy.

Note, that in notation used in (2.10) these coefficients are

N;, = —r%é = Ty, (2.31)
Lyy=—TY, = Ty, (2.32)
My, = —T', = —Ty.. (2.33)

If we take first derivatives of scalar products of basis vectors from previous section

(2.20) we find
Loz = Nig= ]\Z/-/%a =0, (2-34)
Nog + Li, = AZ/IO&“‘L%(}:M1a+N%a:]\Z/[3a+J\J4%a:07 (2-35)

which reduces a number of independent rotation coefficients to n?(n — 1) /2.
We define covariant derivatives along the frame vectors in analogy with 4 dimensional

NP formalism, which acts on scalar as

Df = fo=1Vaf,  Af=fi=n"Vof,  &f =fr=m"V.f.  (2.36)
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Expansion, shear and twist

In four dimensions for complex null frame we can define well-known optical scalars,
namely expansion, shear and twist. In higher dimensions the situation is more
complicated. We will be able to obtain similar quantities as in 4 dimensions, but
with difference that they will be not scalars anymore, they have to be generalized
to vectors or matrices.
Physically interesting case is when the vector £ is geodetic. From (2.30) we can see
that

lapl’ = Ligla + Ligm{?, (2.37)

so vector (¢ is geodetic iff L;; = 0. In a such case, according to transformation
properties of rotation coefficients given in [36], we can find that Ly is invariant

under null rotations and transforms under boosts simply as

L= AL (2.38)

1) 177

and thus it has special geometric meaning, because it characterizes null congruence

in an invariant way. The matrix L;: can be decomposed into

L%]ﬁ = Sg} + A;j, (2-39)

where
G = L(Aijf) =05 + 9(5;5, (2'40>
i = Ly (241)

where o5 and A;; are shear and {fwist matrices, respectively. From these we can

define three scalars under space and null rotations #, o, w, which we call expansion,
shear and twist scalars, respectively.

They are given by

1 2

SA.A.
n—2 " 7

0 w? = A A (2.42)

ijo ij g

0::0

i

where Einstein summation convention applies.
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2.2.3 Curvature tensor and Ricci tensor

In order to solve Einstein’s equations we have to find components of Ricci tensor in

Newman-Penrose formalism. Second Cartan equation (2.15) will be used

5 1
dl“&g, + T A FJEQCd = 572&5.

(2.43)

Ricci rotation coefficients are determined from connection forms which are skew-

symmetric, so we have just these independent forms I'gq, I'g;, I'y;, I';s:

dlgi + Ty AT = %Rfﬁ = %Rﬁiai)m& Amb

dTg; + Doy AT + Ty ATy = %Rm _ % Ryt Amb

dly; = To1 ATy + Ty ALy = %Rii = %Riiai)m& Amb,

dT5; + Ty ATy; — Tig ATy + Ty ATy = %Rﬁ _ % Ry A

The Ricci tensor is defined to be

R&B = Ri)d = Réaéi,'

It has the following independent components obtained from curvature tensor

Roy = i,

Roi = Rigoi + Higii
Ry = Rigo; + Rjoz0,
Rii = R,
Gijio

Ry = Ry + R
R

= Rijo; + Roiij + Riigso
where we have used basic symmetries of curvature tensor

Raééd = _Ri)&ad’
Raééd = _Raixzév

abed Raciai; = RJ&E@'

(2.44)
(2.45)
(2.46)

(2.47)

(2.48)

(2.55)
(2.56)
(2.57)
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2.2.4 Other issues in NP formalism

Expressions given above are the most important equations of NP formalism in higher
dimensions, which we will use directly in our calculations in following chapters.
However, if we talk about generalization of NP formalism to higher dimensions we
should mention that this contains many other issues than we just mentioned here.
We found here just rotation coefficients, connection and curvatures form for null
congruence. To give complete generalization of NP formalism to higher dimensions

it means to find:

1. Transformation properties of rotation coefficients under transformations (2.21)-

(2.29), see [36].
2. Commutators of directional derivatives (2.36), see [35].
3. Ricci indetities, see [36].
4. Bianchi identities, see [34].
5. Classification of the Weyl tensor [37].

We refer reader for more details to given references and [38].



Chapter 3

Kerr-Schild spacetimes

Kerr-Schild (KS) spacetimes are very important in four dimensional general relativ-
ity. They include Kerr metric, which is one of the most important exact solutions
of Einstein’s equations in vacuum. Beside Kerr metric, KS spacetimes contain also
pp-waves and some Kundt spacetimes. Moreover electromagnetic field can be in-
cluded and so contain Kerr-Newman metric and pp-waves coupled to a null Maxwell
field. For references, see original paper [27] or the reference book [29]. Kerr-Schild
spacetimes also played a role in discovery of Mayer-Perry black holes in higher di-
mensions. Here we will try to find the generalization of the method [27] to higher

dimensions.

3.1 Kerr-Schild ansatz

We will study spacetime with metric given by Kerr-Schild ansatz
Gab = Nab + 2Hkakb7 (31)

where 7),, is usual Minkowski metric in n dimensions, H is a scalar function and k,
is a null vector field

¢%k,ky, = 0. (3.2)

From this we can see that —g = 1 and that k, is also null with respect to Minkowski

metric.

18
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Contravariant metric tensor is given by
g® =n® — AHE L. (3.3)

We choose null coordinates (u, v) in Minkowski spacetime which are related to Carte-

sian coordinates t,z!,..2""! by

So then (3.1) can be expressed as
ds* = 2dvdu + dw;dz’ + 2HK?. (3.4)

Now, we have to find the general field of real null directions in Minkowski spacetime.

We will find it to be * [35]
1 1
¢ = m!' =du—zds — 57 dv, (3.5)
and the frame will be completed to be

n = m® =dv+HL, (3.6)

mi = dat + Zdv. (3.7)
We will make the standard identification [29], [39]
=k (3.8)

Frame directional derivatives (2.36) are acting on scalar function as

fo=Df = (90— 20— %,2231‘)f, (3.9)
fi=Af = (0.-HD)f, (3.10)
fi=0f = (04 70.)f (3.11)

It will turn out to be useful to have commutators of directional derivatives. In order

to find these commutators we first have to find commutators of D with all space-time

'Note, that z; and z; represents same quantity.
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directional derivatives.

8UD - D@v = —(aUZE)(s;, (3.12)
&uD - D@u == —(auZ:L»)(S;, (313)

Now, we can find commutators of all frame directional derivatives, which are given

by

DA - AD = —HmD + (&LZE)(S; = —H‘()D + (Zm + HZg‘())ég (3.15)
Dé; —6;D = Z}-lg(% + Z;‘Oau = Zjlg(% + Z;m(A +HD) (3.16)

A(Sg — 5;A = (8u2;)8u + H‘;D - H(Dd; - (%D)

= Zm(A + HD) — H,Zj-':iéj- + ’H‘gD (3.17)
5g5§ — 53(5; = —(2;23 — Z}-Z;)auau — (Zj'ﬁ — Zﬂj)au

These commutators can be simplified, as we will see later by assuming null congru-

ence to be geodetic.

3.2 Rotation coefficients

In order to find the rotation coeflficients we have to first find exterior derivatives of

frame vectors (2.14)

dn = Ham® AN +HA=Ham® AL+ Hzm® A mt (3.19)
At = —zm® ANdr'— z%zmm& ANdv = —zm® A mi (3.20)
dmi = Zam® ANdv = z;m®* A (n—HL). (3.21)

From this we can calculate the connection coefficients by using the first Cartan

equation (2.14)
Al = —Lgm® Amb (3.22)
dn = —Nym®* Amb (3.23)

dm' = —]\Z/[&,;m& Amb . (3.24)



3.2. Rotation coefficients On higher dimensional Kerr-Schild spacetimes 21

Here we should not forget that from the Cartan structure equation we can only
obtain antisymmetric part Fafbé}' Full expression for F&Ba is given by equation (2.18).

In the following three subsections we will show detailed calculations of rotation
coefficients. For a reader who is not interested in these calculations we suggest to

skip to the last subsection 3.2.6, where all results will be listed.

3.2.1 Antisymmetric part of rotation coefficients

Let us first compute all antisymmetric parts of rotation coefficients from which we
will then compute all coefficients.

L.y, ¢ are found from equation (3.22) to be

Zam® Ami = L,;m" Amb (3.25)
= Lyy = 0, (3.26)

Loy = Zips (3.27)

Lo = (3.28)

Leq = 25— 2 (3.29)

N ¢ are found from equation (3.23) to be

—Hjam® AL+ Hegm® Amt = Ngm® Am? (3.30)
= Npg = —Hp (3.31)

N = Hay, (3.32)

Nayg = Hzp +H, (3.33)

Nijy = Hzp— Mz (3.34)

M, @ are found from equation (3.24) to be

—2zzam® A (n—Hl) = ]\Zagmd A mb (3.35)
— ]\%4[@1] =z + Hzp, (3.36)

]\i/[[b]f] = Zpj (3.37)

May = —Haz;, (3.38)

Mgy = 0. (3.39)
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3.2.2 L coefficients

Here we will determine all L,; using the knowledge of antisymmetric parts of rotation
coefficients and equation (2.18). Some of the rotation coefficients will be found o be

zero by constraints (2.34)

Loy = Lot = Ly; =0, (3.40)
Ly = %(L[id] - L[bf]) =0, (3.41)
L = %(Nﬁd] — Nog) =Hyp, (3.42)
Ly; = %(Lﬁ{] + Nigp — J\Z(oﬂ) =0, (3.43)
Lo = 3(a— Loy =20 (3.44)
Ly = %(L[}ﬂ + ]\%4[16} — Nig) = =21 — Hzgo = Ouz;, (3.45)
Ly = %@m 1 6]~ 1 pi) =~ (3.46)

3.2.3 Nai) coefficients

As in the previous section, we will obtain N;; from the knowledge of antisymmet-
ric parts of rotation coefficients and equation (2.18). Also some of the rotation
coefficients will be found to be zero by constraints (2.34) and we will simplify cal-
culations because we will be able to express some of N, ; through L,; with the help

of constraints (2.35)

Nig = Njj = Ny; =0, (3.47)

Nog = —Lig =0, (3.48)

NOI — _Lll — _H|O’ (349)

Nyj = —Li;=0, (3.50)
1 i

Ny = §(N[}‘(5] + M[bl} — L[i{]> =0, (3.51)
1

Ny = 5Ny — Nag) = —Hj — Hayi, (3.52)
1 i J
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3.2.4 ]\24&5 coefficients

As in the previous two sections, we will obtain ]\ZJ 4, from the knowledge of antisym-
metric parts of rotation coefficients and equation (2.18). Also some of the rotation
coefficents will be found to be zero by constraints (2.?4) and we will simplify cal-
culations because we will be able to express some of ]\14 4 through L.; andN,; with
help of constraints (2.35). Indeed, these constraints will save us so much work, that

(2 (2
we will have to calculate just coeffcients M;: and M3,

M;y = M= M;; =0, (3.54)
My = —Liy = z5, (3.55)
My = —Lii = z1, (3.56)
My = —Li =z (3.57)
Mg = —Ng=0, (3.58)
1\%411 = —Nyi =+H; +Hey, (3.59)
My = Ny =M, (3.60)
My = %(M[361+A2[bﬂ_Lﬁj1>:0’ (3:61)
My = %(M[ﬁﬁf‘gﬁﬂ_Nfiﬂ)ZQHZ[%ﬂ’ (3.62)
M]k — (3.63)

3.2.5 Condition of geodecity

Physically the most interesting case is when the null congruence is geodetic. As it
was shown in the previous chapter in such a case matrix L;; has special geometric
meaning and characterize null congruence in an invariant way. Thus, we have to
prove that null congruence is geodetic in a case of Kerr-Schild spacetimes. In four
dimensions this is done for example in the standard reference book [29] and its
straightforward generalization to higher dimensions was given in [39].

Explicitly, Proposition 1 from [39] states that:

The null-vector ¢ in the Kerr-Schild metric (3.1) of an arbitrary dimen-



3.2. Rotation coefficients On higher dimensional Kerr-Schild spacetimes 24

sion is geodetic, if and only if the energy-momentum tensor satisfies

Tawk®k® =0

This condition is clearly satisfied in a case of vacuum space-times, which will be of
our main interest here, but let us note that it is also satisfied in spacetimes with
cosmological constant and in the presence of matter fields aligned with the KS vector
¢, for example Maxwell field.

Thus, proposition 1 from [39] is satisfied in space-times, which are of our interest
here and we can follow discussion in the previous chapter. We found that condition
of geodecity is equivalent to the vanishing of coefficient L;; . In the previous cal-
culations we found that ]\14 o6 1s given by this coefficient. Thus we can simplify our

calculations by setting both of these coefficients to zero
Ly = —]\%4@@ =0. (3.64)
As a consequence of this we are obtaining constraint
Zy5 =0, (3.65)

which will then simplify some other coefficients.

Note, that if ¢ is geodetic and

Ny = M;

5 =0 (3.66)

holds, then frame (3.5)-(3.7) is parallely transported along /.
Condition of geodecity will also simplify commutation relations of frame direc-
tional derivatives (3.15)-(3.18), which will be useful in the calculations of Riemann

tensor.

DA —AD = —H|()D + Z;n(S;,
D(Sg — (%D = 23-';5

'z

A(S% — (%A = Z%|1A + (ng + HZ;M)D — Hz:

3l

(3.67)

(3.68)

5, (3.69)

505 — 68, = 2z5(A+ HD). (3.70)

Note, that if we use our results for rotation coefficients, we can easily check that

these commutators are in agreement with the general results given in [35].
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3.2.6 Summary

Here we can summarize all rotation coefficients found in previous calculations in a
clear way. We will use representation by tables, where rows are running first indix

and columns second one.

Ly |b=0|b=1]b=]
a=0] 0 0 0
a=1] 0 | Hy | 0
a=1 0 —Z;n _Zﬂj’

N; |0 1 ]

0 |0 —H5 0
110 0 0
7 0 _Hﬁ — HZ;H 'szﬁ

M,y | 0 i J
0 |0 i Zilk
i |0 0 0

Table 3.1: Rotation coefficients L,;, N; ]\14613 for geodetic congruence ¢ in the KS

ab’

spacetime (3.1) in the frame (3.5)-(3.7).

All these coefficients hold if condition of geodecity is satisfied, which is the most
interesting physical case, and with the help of which we were able to simplify our

calculations. In terms of functions z; this condition is
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3.3 Connection and curvature forms

From the knowledge of rotation coefficients we can now easily find the connection

forms which will be needed for finding curvature forms and consequently curvature

tensor. We have just these independent connection forms I'g;, I'g;, I'y;,

given by
Loi

T

7

Iy

7

I

ij

YR

—Li&m& = Nﬁémd = _H|O£’

R @ X R
. a R a . a .
—L;;m®* = Mg,m"® = Zgm® = dz,

—Nigm® = Migm® = (H; + Hzy)l — Hagmd |

i R J X

Exterior derivatives of these connection forms are found to be

dlgy =
dly; =
dl'y; =

dl'ss =

v

_H‘()Idm& /\ g + H|0Z2\amd /\ mfz 7

ddZ; = O,

(M + Hagi)ia + Hozgpzpalm® AL —Hazgzpem® An
[(Hs + M)z + (Hagp)ialm® AmF

and corresponding curvature forms are given by equations (2.44)-(2.47).

ij

(Mo + 2

i|a

(H‘g + HZm)]é A mé
(HZH&Z’;“; + H‘()zﬂ&)md Ami ,

(—Hmzf

fa T 2Hz250) 0 A mt |

[(Hy; + Hzgpi)a + szkﬁz,;,‘&]md AN+ Hegzpan A mé
[(H}; + Happ) 240 + (Hz,%ﬁ)‘&]md A mkF

(HH o235 — 2H22[2\3}21;|3)£ Amb

2((Hapy)a + (M + HAzp) 2016 Am®

2H (2452500 = 25 ka) T AT

I+, which are

(3.72)
(3.73)
(3.74)

(3.75)

(3.76)
(3.77)

(3.78)
(3.79)

(3.80)
(3.81)

(3.82)

(3.83)
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3.3.1 Curvature Tensor

Now, we can easily find components of the Riemann tensor using relation
Ry = Ragédmé A m‘z . (3.84)

Independent components of Riemann tensor can be summarized in the following

table
Rsioi —Hopo
Ryp; 0
Raii; Hyop + Hozn + Mz + Heypzn + Haizg;
Ryiz; 2H a2 + 2H %50
Riyo; 0
Ryg; —Hozi; — 2Hzk; %3k
Rgisi 0
Rii; (Hh + szu) — H? Zhi%h — (H‘; + Hzﬂi)zﬂi — (HZs ) — HH, 525 + 27‘(22[;“;]25“;
Ry 2(Hy; + M)z + 2(HO:2) 5
Rijii 2R (2 — Zia%ik — 2% 4

and other dependent components of curvature tensor can be summarized in the

following table

Rz 0

Rizo1 (R + Hzyi) o + Hegazii

Ry Heppzi; — Mz

Riso1 —2(Hz5) 10

Rson 0

Risip | 2(H)i + 200y, + HAzp) 2z — 2H Gz — 265 %)

Components in these two tables are related each to other by symmetry (2.57), i.e
symmetry under exchange of pair of indices. For non-zero components these sym-

metries are
Rizi = Reiis (3.85)

Riz; = R (3.86)
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oy

- (3.87)

Rij01

Ry = Rugs (3.88)

To check this explicitly we need just commutators (3.67)-(3.70). It is a straight-
forward but tedious work, which would take a lot of place and thus we will not write
it in this thesis. To check the symmetries (2.55)-(2.56) (i.e. antisymmetry under
exchange of indices inside the first or second pair of indices) is trivial and thus only

symmetry which is left is as follows
Ry = Rijig- (3.89)

At the first sight this symmetry seems to not be satisfied, because Rj;;; does not
seem to be symetric under exchange of indices 7 and j, but if we use commutators
(3.67)-(3.70) we will find that this symmetry holds. Thus Riemann tensor which we
have just found, satisfies all symmetries of Riemann tensor.

We can use it as a check of our calculations and also, as we can see, to simplify
our expressions for components for Riemann tensor, because some of the components
of Riemann tensor in the second table are in more compact form than in the first
one. Let us pick up each component in its most compact form from either of two
previous tables and all non-zero independent components can then be summarized

in the following table

Rpioi —Hop

Raii; (Hi +Hei)o + Hegpzigi

Ryiy; 2(Hz1)10

Riyi; —Mozy; — 2M233%0

Riziy | — (05 + 230) (M + Happ) — M2 (i — 2250 %50 — M) — HHoz
Rz 2(Hy; + M)z + 2(Ho20) 5

Ry PH (Z52500 — 251 %0)

Table 3.2: Independent non-zero components of the curvature tensor
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3.4 Einstein equations

In order to write Einstein equations we have to find components of Ricci tensor
given by (2.49)-(2.54). Using the previous results can be found that they are given
by

Ryy = Ry =0, (3.90)
Ry = Mo — Hiozp — 2Hz200 (3.91)
Riy = —(0 + z0) (M + Hazyn) — (g2 — 2200 %00) (3.92)
— (Hzp)p — HH g (3.93)

Ry; = (Hyp+Heyi)p + Happen + 2005 + Hagi)zp; + 2(HG25) 5, (3.94)
o= —2Hzpzn — 2(Hio — Hagp)za)- (3.95)

We can transform two of these components to more elegant and convenient form

using commutators (3.68)-(3.70)

Rﬁ = —Hm; — 2(Hzi\i)|€ — 2HZ%|iZi\i - (H|i + ’HHl(j)Zgﬁ, (3.96)

Fi J i

Now, we can summarize all independent non-zero components of Ricci tensor in

the following table If we use commutators (3.68)-(3.70) and expressions for rotation

0i Hiop — Hio#

il

— MMz

RA
Ry | —Hpp — 2(Hzp); — 2Hzi21 — (Hg + HHp) 2y
i; | (M +Hei)o + 2(Hzg;)

5+ 2HpEy; + ez

— 2z — 2(Ho — Heyi) )

R
R

i

Table 3.3: Non-zero components of Ricci tensor.

coefficients from the table 3.1, we can check whether our results are compatible
with [39]. After some straight-forward but tedious algebra we can see that our

results agree with the results of this paper if we make identification

H— —H,
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which is correct, because in [39] Kerr-Schild metric (3.1) with a minus sign is used,
while we are using a plus sign. Thus we can conclude that our results presented
here are fully consistent with [39]. With the knowledge of all components of Ricci
tensor we can write down vacuum Einstein’s equations for KS spacetimes (3.1) in
the frame (3.5)-(3.7) as follows

R,; =0, (3.98)

where all R,; are given in the table 3.3. Solutions, or at least our attempts to solve

these equations, will be presented in the following chapter.



Chapter 4

Vacuum Kerr-Schild solutions

In preceding chapter we found vacuum FEinstein’s equations for metric in a form of
the Kerr-Schilld ansatz (3.1). In this chapter we will try to solve these equations,
or at least to analyze them and show solutions in some special cases.

In a following calculations, values of optical scalars (expansion, shear and twist)
will play important role. Let us recall definitions of optical scalars (2.42) and express

them in terms of Zij5

Ly = —z, (4.1)

0 = —%Z;ﬁ, (4.2)

o? = 033075, (4.3)

W= 2% (44)
where shear matrix o;; is

735 = —003; — 2. (4.5)

4.1 Vacuum Einstein’s equations

Einstein’s equations in vacuum can be found from results of previous chapter. They

are explicitly following equations, which we have rearranged according to increasing

31
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complexity
H’Zilkzﬂk + (H|0 - HZ’;?V;?)Z(%U) = 0, (4.6)
Hpop — Rz — 2Hz255 = 0 (4.7)
HW + 2(Hz%|i)ﬁ + QHZ;HZ;H + (Hﬁ + HH|0)Z;|; = 0, (4.8)

Let us start our analysis with the first one. We can contract this equation with d;;.

Note, that then this is equivalent to Einstein’s equation

Ry; =0,
to obtain
Hzijs + Mz — Hagj =0, (4.10)
where we have used notation
Zz2|k = ZikEilk Zf\z = (%)2- (4.11)

From equation (4.10) we can find expression for H5, but just under assumption that
the expansion, i.e. Z; 1s non-zero. So, solutions with zero and nonzero expansion

have to be treated separately.

4.2 Non-expanding solutions

The case with zero expansion 6, i.e. Z; =0 s the simplest case, (4.10) implies that
Z5 = 0. (4.12)

Using this, we can find other Einstein’s equations to be

Hm;+2(HZE|1)|%+2HZE‘1,Z%‘1 = 0, (4.14)

(H|%+HZ%|1)\6 = 0. (4.15)
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With the help of commutators (3.68)-(3.70) we can find identities

Zip = A (4.16)
Zip = %o = 0 (4.17)
Hip = Hpops (4.18)

Hpo = 0, (4.19)
(0 + 1) Hy = 0, (4.20)
(6; + QZi\i)Hﬁ = 0. (4.21)

Note, that this case was fully solved in [39], where it was found that non-expanding
KS spacetimes are equivalent to the Kundt solutions [40] of Weyl type N, which
belongs to the family of spacetimes with vanishing scalar invariants (VSI). Similiar
as in n = 4, in higher dimensional spacetimes Kundt solutions of Weyl type N consist
of two subfamilies: Kundt waves and pp-waves. For more detail discussion of these

solutions see [39], [40], [41].

4.3 Expanding solutions

In a case of non-zero expansion 6, i.e. z

;i # 0, we can express H g out of equation
(4.10) and obtain

% i

Ho=H—. (4.22)
il

This can be inserted into the first Einstein’s equation (4.6), which will then take

form
Rilk=l)k

2 Ry =
ik~ 7|k
k=1 Ziiliin

which can be expressed in terms of rotation coefficients as

o - Luli g

ik jl% - (n . 2)9 R (424)

what agrees with the result in [39].
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It is important to observe that this condition on z;; does not contain H and so it
is purely geometrical condition on the null congruence ¢ in the Minkowskian metric.
We will refer to it, in agreement with [39], as the optical constraint.

Because we have expression for H5, we can try to simplify Einstein’s equation

(4.7) by substituting this expression there

22 2
il ilk
Jli 10
which we can simplify as
Z? 2, ,z?A
ik i1 ik
Jla 713 10

The term in brackets is

2 _ 2 2 2 A [ o S 20 A o3l
(Z%z Zav%) &m0z — 25
|0

(4.27)

2 ?

3l %315

and with the help of this and (4.22)we can simplify equation (4.25) to the following

form
FURFIRZIIGID _ ZREG R
> = .
il il

With the help of optical constraint we find out that this Finstein’s equation (4.7)

(4.28)

s in a case of expanding null congruence trivially satisfied .Unfortunately, it seems
that we are unable to simplify other Einstein’s equations significantly in the most
general case.

Before we continue our analyzes, let us summarize Einstein’s equations for ex-
panding null congruence ¢

i

2 — 22
Hpp = H—— (4.30)
“jli
Hpp + Q(Hzﬂi)\% + 2Hzy525 + (Hﬁ +HH)z; = 0, (4.31)

We have to keep in mind that beside these equations, our null congruence also has

to satisfy the condition of geodecity
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4.3.1 Comments on solving Einstein’s equations

Our strategy in solving these equations can be divided into two steps:

1. At the beginning we should determine null congruence ¢. We can see that
the condition of geodecity (4.33) together with the optical constraint (4.29)
contains no terms with function H, i.e. these two equations determine the
form of null congruence ¢. Solution of these two equations should be the most

general null congruence admitted in a case of geodetic Kerr-Schild spacetime.

2. With the knowledge of most general admitted null congruence we can solve

rest of Einstein’s equations (4.30)-(4.32) in order to determine function H.

Let us just note that problem of finding most general null congruence admitted
by optical constraint and condition of geodecity, i.e. step 1., can be considered on
its own. It is analogue of Kerr theorem in a four dimensions, mentioned at the
end of section 1.2, and results are interesting even without solving other Einstein’s
equations.

Problem is that resulting equations (4.30)-(4.33) are extremely complicated and
idea to solve them analytically in general seems to be hopeless. If we will take a
look just on simplest of them, i.e. condition of geodecity (4.33), we can see big
difference from a four dimensional case. If we rewrite this equation in terms of

partial derivatives using (3.9)
1
(81, - zjﬁj - 522(?“)2’1' = O, (434)

we can see that it is a system of quasilinear partial differential equations with non-
linear coupling. To find a general analytic solution is not possible, or at least
there exist no general procedure how to do it. In a four dimensions situations is
much simpler, condition of geodecity is just a quasilinear partial differential equation
Y}s = 0 together with its complex conjugate [27], i.e. quasilinear PDE without non-
linear coupling. This is actually one of great advantages of using complex frame in
four dimensions, because then we have just one variable Y and solution is easy.
The optical constraint (4.29) is a system of non-linear partial differential equa-
tions, which also we do not know how to solve in fully general case. Rest of Einstein’s

equations (4.30)-(4.32) seems also hopeless to solve in full generality.
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This means that we are forced to give up hope to find general Kerr-Schild solution

in a higher dimensions and we have to be satisfied with much less general and

complete solutions. There are three different ways how to proceed now in order to

find at least some Kerr-Schild solutions.

1. To try to analyze case when null congruence ¢ is non-twisting. We will see

that this will simplify our equations very much and we will be able to find

some restriction on solutions.

2. To try to guess some solutions which can be admitted by our equations. We

will find such ansatzes, which will be based either on some symmetry or on

Myers-Perry ansatz based on analogy with a four dimensional Kerr-Schild

solutions.

3. It seems that one of most general results which one can obtain is by method

started in [39]. This method is based on fixing some kind of r-dependency

along null congruence ¢ and investigating just r-dependency and asymptotic

behavior of Kerr-Schild solutions. This seems to be possible to do in fully

general case.

4.4 Non-twisting solutions

In this case we have w = 0, i.e.

s = Zan

gl
From what follows that

@5 T Al

i A =0

Thus the optical constraint will take form
Z%|I%Zj'|fc = .7:2%..
where

)

Zrn|n

(4.35)

(4.36)

(4.37)

(4.38)

We can start our analysis of optical constraint with dividing our analysis into two

main categories according to degeneracy of the matrix z;;.
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Non-degenerate z;;

-1

In a case of non-degenerate z;;, i.e. det z; # 0, we can always find its inverse %

ilj
Let us multiply with z-

j|flz the optical constraint (4.37) to obtain

Zjn = F o, (4.39)

Le. that matrix z;; is diagonal. Thus we proved that in a case of a non-degenerate
z;; non-twisting solutions are also non-shearing. From [39] we know that only non-

shearing non-twisting solution is Schwarzschild-Tangherlini solution.

Degenerate %

Solutions with det z;; = 0 should represent black-string, according to [39]. For more
details and analyzes in general case consult [39]. In the following we will find some
ansatz, which will satisfy this condition and we will observe that it indeed represents

black string.

4.5 Some explicit solutions

As was mentioned in the section 4.3.1, to solve system (4.29)-(4.33) analytically in
a general case seems to be hopeless and as we could see that even in non-twisting
case we were not able to find general solution. What we can do now, is to try to
guess some solutions which would solve the system (4.29)-(4.33).

Solutions with dependency z(z?)

Our guess, when we are attempting to solve condition of geodecity (4.33) is to try
ansatz z(z'), i.e non-twisting solutions independent of coordinates u and v. Indeed,

in a such case condition of geodecity (4.33) will take simple form
We may restrict ourselves to the case with zero twist, i.e.
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If we combine these two conditions, by inserting second one to first one, we obtain
equation

Oizjz; = 0;2° = 0, (4.42)

from where follows that

Null congruence given by ansatz z; = @
We can guess a particular solution
o
i =V2—, 4.43
5= Vas (1.43)
where 7 is given by expression
r=riz; = /(22)2 + (23)2 + - + (27 1)2, (4.44)
Note that
22 =2 (4.45)

We can derive important identities which we will use in following computation:

oir = 3 (4.46)
and
r0, = x'0;, (4.47)
from which it follows '
2:0; = \/556?1& =20, (4.48)

We can easily find that directional derivatives of z; are

Z§|i = O, (450)
\/—(SijT‘Q — (L’il’j

and from last one we can obtain following useful relations

-3
- V2 — (4.52)
2 n—3
=5 (0 — wizy) (67" — wirj) = 2——.

i

(4.53)

“ij=ilj

We can easily verify that optical constraint is satisfied. Determinant of z;; is zero,

i.e. this solution corresponds to degenerate case mentioned in previous section.
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Einstein’s equations for the above ansatz z; = \/5%

Because (4.43) satisfies optical constraint, we can continue calculation of the rest of
Einstein’s equations in order to determine function H.

Einstein’s equation (4.30) will take form

Hpp = Ny (4.54)

r

Second Einstein’s equation (4.32) in a case of non-twisting null congruence ¢ is

Hpio + 2H 2; = 0, (4.55)

J
which we can, with help of commutator (3.68), transform to the following form
Mo + 2H 525 — Hjizy; = 0. (4.56)

Inserting previous result (4.54) we obtain

-, (n—4)
H;—H 7

and remaining Einstein’s equation (4.31) become

i
7 - HUZ;ZE =0 (4'57)

n—3
r

Thus, equations (4.54)-(4.57) determine fully function H in a case of null congruence
given by (3.5) with (4.43). These equations contain directional derivatives along
frame vectors, so in order to solve (i.e. integrate) these equations we have to shift
to standard partial derivatives. Thus, Hﬁ expressed through partial derivative will
be

H; = 0H + z0,H. (4.59)

If we insert this to equation (4.57) we will obtain

(n—4)
V2

We can multiply this equation by z; and we will get

OH — 20,H —H

% —V220,H =0 (4.60)

V20,H = —9,H — HM, (4.61)

r
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which we can insert back to equation (4.60) to obtain
Zj
V2

Note, that, because of (4.46) , this equation tells us that dependence of function H

OH = “L0,H. (4.62)

on z' is fully given by its dependence on r. Using previous two equations we can

find frame directional derivative (4.59)

(n—4) z
s = — —. 4.63
H|z H \/5 r ( )
Taking directional frame derivative of this expression we find
4 ; 4 4 4
M= _ =) 64 o) ] - Y Y e By P k]
V2 r r? r r
(4.64)
and inserting previous result (4.61) we find that
Hﬁﬁ =0, (4.65)
which allow us to simplify Einstein’s equation (4.58) to
O H = 0. (4.66)
Using (4.61) we can find frame derivative H; to be
1 (n—4)
Ho = OyH — V20, H — S0uH = 0,H + ﬂHT, (4.67)
with this we can simplify Einstein’s equation (4.54) to
O,H = 0. (4.68)

Thus Einstein’s equations (4.54)-(4.58) for congruence determined by (4.43) were

found to be
oH = 0, (4.69)
OLH = 0, (4.70)
OH = _Hﬁ%;ﬂ' (4.71)

First two equations simply tell us that function H is independent of coordinates u

and v. According to (4.62) dependence of H on z* is fully given by its dependency on
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r. Thus H is function of only coordinate r and this dependence is fully determined

by third equation (4.71). We can easily integrate this equation and find that

H— (4.72)

r(n—14)’
where M is an arbitrary constant.

With use of (3.5) and (4.43) we can find that
¢ = (du — dv — V/2dr). (4.73)
Thus metric for ansatz (4.43) is given by

) M 2
ds%g = 2dvdu + dv;da’ +2—— (du —dv + \/§dr> . (4.74)

7’(”—4)
To understand this solution it is more instructive to make transformation of coor-

dinates. Using (3.4) null vector (4.73) in Cartesian coordinates will take form

0= —/2(dt + dr), (4.75)
then metric will be
2 2 1,2 2 2 102 M 2
dspg = —dt” + (dz*)” +dr® +rodY;, 5 + 4m (dt +dr)”, (4.76)
where was used relation
drdz’ = dr? +r?dQ2_,. (4.77)
We can make trasformation
dt + dr = dU, (4.78)

where U is some new coordinate and we will obtain

dsps = — <1 - T(fg@) dU? + 2dUdr + r2dQ%_; + (da')’, (4.79)

where we redefined constant R, = 4M. Using information from first chapter and [17]
we can easily see that first three terms of this metric corresponds to n—1 dimensional

Schwarzschild-Tangherlini solution in Eddington-Finkelstein coordinates. If we de-

2

note by ds;_,(S) metric of n — 1 dimensional Schwarzschild-Tangherlini solution

then (4.79) we can rewrite as

dshg = ds?_(S) + (d:vl)z, (4.80)

n

from where we can see that it corresponds to black string [24], [13].
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Generalization to black p-branes

In previous calculations we derived analytically black string solution by guessing
ansatz for functions z; in a form (4.43). We know that black string is topologically
S xR, where S~V represents (n— 1) dimensional Schwarzchschild-Tangherlini
solution.

This solution is easy to generalize to black p-branes [13], which play important
role in string theory. Black p-branes are topologically S™P) x RP, i.e. black string
being just special name for black 1-brane.

Such generalization can be easily done by omitting (p — 1) coordinates from
ansatz (4.43) and definition of r-parameter (4.44). We can directly see that metric

in such case would be

~ p
ds’y = — (1 By ) dU? 4 2dUdry 4+ r2dS2_,_, + Z dxodx®, (4.81)

—p—3 p
TI()n’p )

a=1
where dr, represents r-parameter defined as in (4.44), but with (p — 1) coordinates

omitted, i.e.

Tp = ni VI%q. (482)

a=p+1

We can rewrite this as
p
dslp = ds) ,(S)+ Y dwdz®, (4.83)
a=1

from where we can directly see that black p-brane is topologically S x RP.

4.6 Fixing r-dependence

As we mentioned before, it is possible to choose some r dependence and analyze KS
spacetimes then. This is very useful mainly in analyzes of asymptotical properties of
the Riemann tensor. Natural such dependence is to choose r as a affine parameter

along null vector /, i.e. then

_9
or

This means that we have to make transform of coordinates

D (4.84)

(u,v,2") — (r, xA), (4.85)
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where index A runs from 1 to n — 1.

In such coordinates other frame derivatives are given by

0 0
and
9,0

In order to analyze asymptotical properties of Riemann tensor (table 3.2), we have
to find asymptotical r-dependance of given directional derivatives, function H and
directional derivatives of functions z;.

We may start with analyzing r-dependance of directional derivatives of functions

z;. Condition of geodetecity (4.33) tells us that
Zjo = Orz; = 0. (4.88)
To analyze r-dependance of z;; we use commutator (3.68) and we obtain equation
aer- = Zilffszli" (4.89)
Note that this is equivalent to the Sachs equation used in [39)].

Nondegenerate 23

Now, we focus on case when det z;; # 0 and we can obtain

Z;rltarz;‘j = Zpjj- (4.90)
Here we can use identity
0r(6i5) = 37“(2;];;121%\3) = (87«2{‘];1)2,;'3 + z{‘kl&nz% =0, (4.91)
from where we can find that
z{‘g&zk‘; = —(8,“2{“;1)21;‘3. (4.92)

If we insert this result back to (4.90) we obtain

Oz )Zi\j' = Zm|j (4.93)

Lt}
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from where it follows

(4.94)

(4.95)

where a,,; is matrix of functions with the property 0,a,; = 0. We can easily invert

this equation under assumption that r goes to infinity

(Séé a:~
% % -3
22‘3:—7]+T—2J+O(T )

Generalization of this result is the expansion [39], [42]

k (qp—1)..
Z5 = Z M + 0P,

rp
p=1

where O(r™") represents all terms which goes to zero as r~" and faster and (a?™');;

is p — 1 power of matrix ;s

(4.96)

(4.97)

v

With knowledge of (4.97), we can now easily find the r-dependance of z;;. We

start with commutator (3.68), which if we apply on z; we obtain
Orzyi = 2%

We can multiply this equation by z_|k1 and we obtain

(2

—1 _ o
%5 O = Zi

and because of (4.95) we can use

-1
&,ZA L= —52];,

ik
to simplify this equation to
8r(z%’|£z;|i) = 0.
Solution of this equation is
Z1 = byzy;,

where z;; is defined by (4.97) and b; are some functions independent of r.

(4.98)

(4.99)

(4.100)

(4.101)

(4.102)



4.6. Flel’lg r—dependence On higher dimensional Kerr-Schild spacetimes 45

Using previous results we can find r-dependance of operators of directional
derivatives (4.86) and (4.87). In order to do so we have to use commutators (3.68)-

(3.70). Let us start with (4.87). Commutator (3.68) is given by

Dé; — 0;D = z;;05, (4.103)
we can apply this on function r to obtain
Ow; = z;3;w;. (4.104)
If we multiply this equation by z; kl we obtain
ziiﬁl&«wg = wg, (4.105)
and using (4.100) we can simplify it to
éi(zigu@):: 0. (4.106)
This equation is solved by
w; = wgzﬂj, (4.107)
where &Y is some integration constant of equation (4.106).

j
Analogously, if we apply commutator (4.103) on coordinates 2 we find that

0

where 5540 are some integration constants. Thus we can write that r-dependance of
operator ¢; is given by

5 = 25 (w00, + €1°0,) (4.109)

In similar way we can find r-dependance of A operator. Commutator (3.67) is given
by
DA — AD = —H|()D + Zm@. (4.110)

We can apply this commutator on r to obtain
0,U=—-0H+ 23155 (4.111)
using result (4.107) we can rewrite this equation as

&(U + H) = W?ZE\}Ziliﬂ (4.112)
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which we can with help of (4.98) simplify to

0, (U + H) = w0, 2. (4.113)
Solution to this equation is easily found to be

U=U°-H+u? HETE (4.114)

where U° is some function independent of r. Similarly, if we apply commutator

(4.110) on function z* we can obtain
A A0 A0
Yo=Y" + §i 27 (4.115)
Thus we can conclude that r dependance of operator A is given by
A= (UO —H+ w?Zm)ar + (YAO + S?OZ%H)@A. (4.116)

Now, only remains to determine the r-dependance of KS function H. If we consider

just the leading term in expansion (4.97) then equation (4.30) has a simple form

-3
O,H = —H(”T—), (4.117)
which solution si given by
H
H=- — (4.118)

where Hj is function independent of r. Generalization of this result to arbitrary

term in 7 was already done in [39] and for non-degenerate case is given by

_Tn 2q— 3HT2

where H, is function independent of r, 0 < 2¢ < n — 2. For more details about

m) =, (4.119)

0

meaning of functions (ap,, ) see [39)].

Let us summarize previous results:

A= Z o=, (4.120)
p=1
Z,;li - b] Zl], (4121)

q
1
H - T : (4.122)
rn—2q—3 H r? 4+ (a(éu))2
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D = 0, (4.123)
I

A= Ug +Y*o (4.124)
0,0

51 wig -+ fg a?, (4125)

where a;; are matrices and Ho function independent of r, (a(()%)) are some constant

defined in [39], 0 < 2¢ < n — 2 and coefficients U, Y4, w; and & are given by

W = Wiz, (4.126)
& = JA Ozﬂi’ (4.127)
U = —H+w) HEATR (4.128)
YA = vA 4%, (4.129)

where w?, f{‘o, w? and 52740 are functions independent of 7.
Now, we can start to analyze the properties of Riemann tensor given in table 3.3.
With the previous knowledge we can expand all obtained expressions just in terms

of z;; and H. We will use shortcut d,H whenever it will be convenient, because we
2lj

know that
22, — 22,
OH =H—L 1k (4.130)
“il
Then Riemann tensor will be
Roioi = 00N, (4.131)

Roii; = (00,H + €8°0uM) 2215 + 25 (00,0, H + €1°0,04M)

+ O Hz by + 2Hz525,1;, (4.132)

Roii; = 22530 H — 2H(z3215 — 25 %) (4.133)

Ryi; = _arHZﬂj - 2HZ;;|3Z[2|1;]7 (4.134)
0 0

Ri%ij’ = —Zﬂ,;(wgar + f]? 8A){zg‘i[(w§&n + flA 6,4)7‘(]} — Zill%zill( 8 H +§ GAH) 7

0
- Z%|1%Z§'|i(wgarH + f}f OaH)b; sz‘kzﬂlb b

— Hep[(@00, + &8 00) mpbi] — M2 (22 — 22 zn) — HOH)2
- (U —H -} #2iib 0z

3l

O H— (U° —H —w? PN A KR

ZjiOr

- & Zl%|ibiaA(Zj|iH) YA 04 (2H), (4.135)

5l
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0 A0
Ri%j’l% = Q(wi 0O,H + 5[ O H + HbZ)Zg““szd
0 0
+ (WPOH + & 0aH) (252 — zezi) + M) g2 + & Oazip)
0

— ZI%\Z(W?ZﬂmZmﬁ + 5{‘ 8Az5|;)], (4.136)
Here we found r-dependance of all components of Riemann tensor in general case.
This may be usefull in further calculations. For now, let us analyze only properties
of Riemann tensor at infinity. Because of previous results we know that to the

leading term holds

z; = O0(r™), (4.138)
H = O0(r"). (4.139)

If we use these two relations we can find that all components of Riemann tensor

seems to be to the leading term in r
Riyjeg = O(r'™"), (4.140)

except component Ry;;; where last term seems to be of order O(r*=™). However, if

we take trace of this component we obtain
Rij = Ry (4.141)
If we use Einstein’s equation Rj; = 0 we can easily find that last
Aa(zH) = O(r' ™). (4.142)

With this we proved that all components of Riemann tensor to the leading term are

1
Ripeq = O <r"—1) . (4.143)

We can see that this result is in a agreement with general analyzes [42]. This
means that Kerr-Schild spacetimes do not "peel oft” and do not contain radiation
what is also in agreement with our knowldege about Kerr-Schild spacetimes in four

dimensions.



Conclusion

In this thesis we investigated Kerr-Schild spacetimes in higher (n > 4) dimensions.
For this we used a generalization of the Newman-Penrose formalism to higher di-
mensions. This has been developed only very recently and our work is thus one of
the first investigations that use it in its full strength.

We used special ansatz, so-called Kerr-Schild ansatz, where spacetime is fully
determined by null congruence ¢ and by a function H. For such ansatz we found
explicitly all Ricci rotation coefficients, connection forms and curvature forms. We
could observe that condition of ¢ to be geodetic is very important from both physical
viewpoint and viewpoint of calculations (it allow us to simplify many calculations).
Then using this knowledge we were able to find frame components of Riemann and
Ricci tensor. From there we found general form of gravitational part of Einstein’s
equations in higher dimensions for Kerr-Schild ansatz. These results were derived in
full generality and thus they may be useful in future studies of Kerr-Schild spacetimes
in higher dimensions. For example, in analyzes of solutions with electromagnetic
field or cosmological constant.

We restricted ourselves to the vacuum case and we proceeded to analyze Ein-
stein’s equations. We found that one of Einstein’s equations does not contain func-
tion ‘H and together with condition of geodecity it determines fully null-congruence
¢. Because of this we named this equation, in agreement with references, optical
constraint. Rest of Einstein’s equations determines unknown functions H.

We found that we have to distinguish two main classes of solutions, according
to value of expansion. Because non-expanding case is already well-studied and
understood, we focused on expanding solutions. In this case we found that one of
Einstein’s equations is trivially satisfied as a consequence of rest of equations.

We summarized remaining Einstein’s equations and we discussed possibility to

solve them. We found that situation in n > 4 dimensions is much more complicated
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than 4 dimensional case, where general solutions exists. We could see that these
equations are systems of non-linear PDEs with nonlinear couplings. Because we
are unable to solve such systems we had to give up our hope for finding analytical
solution in general case.

Therefore, we argued that best what we can hope is to find some partial results.
We gave three possible ways how to proceed. First of them is to restrict ourselves
to the case of non-twisting /. We found that in such case we have to divide our
analyzes to two classes, according to degeneracy of matrix 2;- We proved that, if
det(z;lj) # 0, then non-twisting solution is automatically non-shearing. We know
that the most general solution of this kind is Schwarzschild-Tangherlini. Solutions
with det(zm) = 0 were little discussed in general, according to earlier works this
case should include black strings.

Other way how to deal with impossibility to solve Einstein’s equations in general
case, was idea to guess some ansatz null-congruence ¢, which would satisfy these
equations and condition of geodecity. We restricted ourselves to the non-twisting
case and we gave some instructions how to guess such ansatz. We were successful and
we found one, which would satisfy condition of geodecity and optical constraint. We
solved rest of Einstein’s equations and determined function H in this special case.
We could see that this corresponds to black strings and with some modifications to
more general black p-branes. This is in agreement with previous analyzes, because
our ansatz for ¢ was satisfying condition det(z;;) = 0 and thus black strings are
solution which we would expect.

Then we decided to fix r-dependence and analyze asymptotical properties of
Riemann tensor. We choosed affine parameter r along null vector £. We had to make
transformation of coordinates and we were able to find r-dependance of matrix z;;
and 20 expressed as expansions. With knowledge of this and using properties of
commutators of operators of directional derivatives we could find r-dependance of
operators of directional derivatives.

With knowledge of this we could find expansions of all components of Riemann
tensor to arbitrary order in r. This result we obtained in generality and so it can be

usefull in future calculations. Because of complexity of Riemann tensor we decided
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to ananalyze properties of Riemann tensor at infinity. We kept just leading terms in
all components and we were able to find that all components of Riemann tensor are
O(r'=") to the leading term in 7. This result is in an agreement with four dimensions

and its implication is that KS spacetimes does not contain gravitational radiation.
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Appendix A

Notation

Notation used here and in main references [27], [23], [39] are different from each
other. Here we adopted notation which is mostly combination of all of them and is
trying to be most instructive and clear. In following we give review of this notation
and also notation used in [27], [23], [39]. We hope that it will help the reader to

orientate faster here and in main references.

Metric, indices

Metric in a null frame herein is given by

01
9arb=| 1 0 ,
(where ... represents diagonal matrix) while in [23] is difference in signs
0 -1
9o = | —1 0

Space-time indices herein are written in Latin lower case, same as in [39], while

[27] and [23] are using Greek lower-case.

Frame or abstract indices are herein Latin lower case with hats. This nota-

tion is based on [43] and is very handful, because it makes clear difference between
56
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frame and spacetime indices. In [39] frame indices are written usually in same way
as spacetime indices, just in case where authors want to stress difference are frame
indices written in round brackets. Other references [27] and [23] are using Latin
lower case for frame indices.

Beside this, reader should keep in mind that ranges of indices, according to place

of index in the alphabet, are as follows

a,b,--- - Latin lower case from beginning of alphabet runs from 0 to n — 1.
1,7, -+ - Latin lower case from middle of alphabet runs from 2 to n — 1.
a,3,--- - Greek lower case runs from 1 to L”T’QJ, where |---| represents integer

part of given number.

Note, that these conventions about ranges of indices holds equally for frame and

space-time indices.

Symbols used

In following we give list of symbols used in this thesis and in main references. Note,
that some symbols used here do not have to have analogues in other references, this
denoted as ” —” in the table. Note, that we give list of corresponding symbols in main
references, but they do not necessarily describe same quantity, but corresponding
quantity. For example, functions z; used herein are not same functions as Y, Y used
in [27] in 4 dimensions, but they do play same role. Symbols are divided to categories
for easier orientation.

Metric:

Here | [27] | [23] | [39] | Description

n 4 | N+1| n | number of dimensions

Nab | M | M Nap | Minkowski metric

Gab | Guv Guv Jab | Spacetime metric

9sp | YGab Gab Jap | frame metric
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Frame, frame derivatives:

mg €qo | Ea | M | covariant frame vectors
m® | e* | BE*| m® | contra-variant frame vectors
n 3 | — | n | special symbol for m®
4 et | — | ¢ | special symbol for m!
k® k* | k* | k* | Kerr-Schild null-vector, ¢ = k
ziz | Y,Y | A¥ | — | functions determining Kerr-Schild vector
H h H | H | Kerr-Schild function
04 - O 0, | directional derivative along a-th frame vector
la a — — | short notation of directional derivative
D — D | D | directional derivative along 0-th frame vector
A — A | A | directional derivative along 1-th frame vector
Connection:
F%é I'y. | — | — | Ricci rotation coefficients
Gl — | — | N F% coefficient
ng — | = | Ly Fi;j coeflicient
i N ]\i[jk F%ﬁﬁ coeflicient
S5 — | = | Si | symmetric part of L;;
3 — | = | Ai; | anti-symmetric part of L%ja, twist matrix
o3 - oi; | shear matrix
0 0 | — 0 | expansion scalar
o 0 | —| o | shear scalar
w w | — | w | twist scalar
Iy | T'ap | = | — | connection form
Curvature:
R | R curvature form
aied | Rabed | Rabed | Rabea | frame components of curvature tensor
Ciiod - Caved | Capeq | frame components of Weyl tensor
R,; Ra Ry R, | frame components of Ricci tensor
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Other:
r r | r | r | affine parameter, "radius”
r, | —| — | — | affine parameter in n — p space dimensions. See sec. 4.5.
s, | — — | angular part of spherical metric in n dimenions
A | — | — | — | boost weight, see sec. 2.2.
X7 | = | = | = | Spin matrix, SO(n — 2) see sec. 2.2.




