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Abstract. Existence principle for the impulsive periodic boundary value problem
u +euw =g(x)+e(t), ulti+) = ulty) + Ji(u,u'), o' (t;+) =u'(t;) + Mi(u,u’), i =1,...,m,
u(0) =u(T), v/(0)=v'(T) is established, where g € C(0,00) can have a strong singu-
larity at the origin. Furthermore, we assume that 0<t1 < ... <t, <7, e € L1[0,T],
c€R and J;, M;,i=1,2,...,m, are continuous mappings of G[0,T] x G[0,T] into
R, where G[0,7] denotes the space of functions regulated on [0, 7.
The principle is based on an averaging procedure similar to that introduced by Manasevich

and Mawhin for singular periodic problems with p — Laplacian in [11].
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1 Preliminaries

Starting with Hu and Lakshmikantham [7], periodic boundary value problems
for nonlinear second order impulsive differential equations of the form

u' = f(t,u,u), (1.1)
u(ti+) = u(t;) + Ji(u,u’), 12
u' (t+) = W/ (t;) + Mi(u,v'), i=1,2,...,m,

w(0) =u(T), u'(0)=1u'(T) (1.3)

have been studied by many authors. Usually it is assumed that the function
f:]0,T] x R? = R fulfils the Carathéodory conditions,

0<ty<ty<...<t, <T are fixed points of the interval [0, 7] (1.4)



and J;, M; : R? - R, i=1,2,...,m, are continuous functions. A rather
representative (however not complete) list of related papers is given in ref-
erences. In particular, in [2], [3], [5], [9], [10] existence results in terms of
lower /upper functions obtained by the monotone iterative method can be
found. All of these results impose monotonicity of the impulse functions and
existence of an associated pair of well-ordered lower/upper functions. The
papers [4] and [30] are based on the method of bound sets, however the ef-
fective criteria contained therein correspond to the situation when there is
a well-ordered pair of constant lower and upper functions. Existence results
which apply also to the case when a pair of lower and upper functions which
need not be well-ordered is assumed were provided only by Rachunkova and
Tvrdy, see [18], [20]-[22]. Analogous results for impulsive problems with
quasilinear differential operator were delivered by Rachtunkova and Tvrdy in
[23]-[25]. When no impulses are acting, periodic problems with singulari-
ties have been treated by many authors. For rather representative overview
and references, see e.g. [15] or [16]. To our knowledge, up to now singular
periodic impulsive problems have not been treated. For singular Dirichlet
impulsive problems we refer to the papers by Rachunkova [14], Rachunkova
and Tomecek [17] and Lee and Liu [8].

In this paper we establish an existence principle suitable for solving sin-
gular impulsive periodic problems.

1.1. Notation. Throughout the paper we keep the following notation and
conventions:  for a real valued function w defined a.e. on [0,7], we put

T
lalloo = supess,eqz [u(t)] and [ufl; = / fus)| ds.
0

For a given interval J C R, by C(J) we denote the set of real valued
functions which are continuous on J. Furthermore, C'(J) is the set of
functions having continuous first derivatives on J and Li(J) is the set of
functions which are Lebesgue integrable on J.

Any function z:[0,7] — R which possesses finite limits

z(t+) = lim z(7) and z(s—)= lim z(7)

T—1+ T—8—

forall t €[0,7) and s € (0,7] issaid to be regulated on [0,7]. The linear
space of functions regulated on [0, 7] is denoted by G[0,T]. It is well known



that G[0,7] is a Banach space with respect to the norm x € G[0,T] — ||z||oo
(cf. [6, Theorem 1.3.6]).

Let me N andlet 0=1% <t; <to < - <ty <ty =T Dbea
division of the interval [0,7]. We denote D = {t1,ts,...,t,} and define
CpH[0,T] as the set of functions w: [0,7] — R such that

U[O](t) lf t - [O,tl],

u[l](t) if te (t17t2]>
u(t) =

L u[m}(t) if te (tm, 1],

where up; € C't;,ti41]) for @ =0,1,...,m . In particular, if v e CL[0,T],
then u' possesses finite one-sided limits
u(t—) = lim uw(t) and u'(s+):= 1im+u(7')

for each t € (0,7] and s € [0,7"). Moreover, u'(t—) = u'(t) for all ¢t €
(0,7] and u'(04) = «/(0). For uwe CH[0,T] we put

lullp = l[wlloe + 4 lloc-

Then CH[0,T] becomes a Banach space when endowed with the norm ||.||p.
Furthermore, by ACL[0,7] we denote the set of functions u € C}[0,T]
having first derivatives absolutely continuous on each subinterval (t;,%;11),
1=1,2,...,m+ 1.

We say that f:[0,7] x R? — R satisfies the Carathéodory conditions
on [0,7] x R? if (i) for each x € R and y € R the function f(.,z,y) is
measurable on [0,7]; (ii) for almost every ¢ € [0,7] the function f(¢,.,.)
is continuous on R?; (iii) for each compact set K C R* there is a function
mg(t) € L[0,T] such that |f(¢,z,y)| < mg(t) holds for a.e. t € [0,7] and
all (z,y) € K. The set of functions satisfying the Carathéodory conditions
on [0,7] x R? is denoted by Car([0,T] x R?).

Given a subset Q of a Banach space X, its closure is denoted by Q.

1 /7

Finally, we will write € instead of T / e(s)ds and Atwu(t) instead of
0

u(t+) — u(t).



If fe€ Car([0,T] x R?), problem (1.1)-(1.3) is said to be regular and
a function ue€ ACKL[0,T] is its solutions if

u’(t) = f(t,u(t),u'(t)) holds for a.e. t € [0,T]

and conditions (1.2) and (1.3) are satisfied. If f ¢ Car([0,T]xR?), problem
(1.1)—(1.3) is said to be singular.

In this paper we will deal with rather simplified, however the most typical,
case of the singular problem with

flt,x,y) =cy+g(z)+e(t) for z € (0,00), y € R and a.e. t € [0,T7,
where
ceR, ¢geC(0,00), ee€ Ly]0,T]. (1.5)

1.2. Definition. A function u€ ACL[0,T] is called a solution of problem
u' +cu = g(u) +e(t), (1.2), (1.3) (1.6)
if w>0 ae. on [0,7],
u'(t) +cu'(t) = g(u(t)) +e(t) forae tel0,7T],

and conditions (1.2) and (1.3) are satisfied.

2 Green’s functions and operator represen-
tations for impulsive two-point boundary
value problems

For our purposes an appropriate choice of the operator representation of
(1.1)—(1.3) is important. To this aim, let us consider the following impulsive
problem with nonlinear two-point boundary conditions

u' +ax(t)u' + a1 (t)u = f(t,u,u') a.e. on [0,T], (2.1)
Atu(ty) = Ji(u, o), AT (t) = Mi(u,v'), i=1,2,...,m, (2.2)
P (Z((?)) +Q (5%) = R(u,u), (2.3)



and its linearized version

u” + as(t)u' + ay(t)u = h(t) a.e. on [0,T], (2.4)
Atu(ty) =d;, AT (t) =d, i=1,2,...,m, (2.5)
u(0) w(T)\ _
P (u’(0)> +Q (u’( )> =, (2.6)
where

(a1, h € L0,T), ay € C[0,T), f € Car([0,T] x R2),
Ji and Mz G[O,T] XG[O,T]HR, i:1,2,...,m,
are continuous mappings,
S , (2.7)
§eR? d;,deR, i=1,2,...,m,

P, @ are real 2 x 2 — matrices, rank(P, Q) = 2,

| R: G[0,T] x G[0,T] —R? is a continuous mapping.

Solutions of problems (2.1)—(2.3) and (2.4)—(2.6) are defined in a natural
way quite analogously to the above mentioned definition of regular periodic
problems. Problem (2.4)—(2.6) is equivalent to the two-point problem for
a special case of generalized linear differential systems of the form

x(t) — z(0) — /0 A(s)z(s)ds =b(t) —b(0) on [0,T], (2.8)

Px(0)+Qx(T) =4, (2.9)

where

0= ()= () 40= (o ) @0

and X (t;,T] (t) =1 if te(t,T], X (t;,T] (t) = 0 otherwise. Solutions of

(2.8), (2.9) are 2 -vector functions of bounded variation on [0,7] satisfying
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the two-point condition (2.9) and fulfilling the integral equation (2.8) for all
t €[0,7], cf. e.g. [28]. Assume that the homogeneous problem

" / - U(O) u(T) o
u +ay(t)u' +a;(t)u=0, P (u’(O)) +Q <u’(T) =0 (2.11)
has only the trivial solution. Then, obviously, the problem
¥ —At)x=0, Pz(0)+Qz(T)=0 (2.12)

has also only the trivial solution. In view of [29, Theorems 4.2 and 4.3] (see
also [27, Theorem 4.1]), problem (2.8), (2.9) has a unique solution z and it
is given by

T
x(t) = / (¢, s)d[b(s)] + zo(t), te€0,T], (2.13)
0
where 1z is the uniquely determined solution of
¥ —At)x =0, Pz(0)+Qua(T) =4 (2.14)
and

I'(t,8) = (vij(ts 8))ij=1.2

is Green’s matrix for (2.12). Recall that, for each s € (0,7"), the matrix
function t — I'(¢,s) is absolutely continuous on [0,77]\ {s} and

% (t,s)— A@)T(t,s) =0 forae te][0,7T],

PT(0,s)+QI'(T,s) =0,
C(t+,t) = T(t—,t) =1,

where [ stands for the identity 2 x 2 -matrix. In particular, the component
7.2 of T is absolutely continuous on [0,7] for each s € (0,7) and

0
51 M2(t,s) = v22(t,s) forae te[0,T].

Denote G(t,s) = 712(t,s). Then G(t,s) is Green’s function of (2.11).
Furthermore, we have

%F(t, s) = —T(t,s) A(s) forall te€ (0,7) and a.e. s € [0,T].



In particular,
0
m1(t,s) = ~ % G(t,s)+ai(s)G(t,s) forall te€0,T] and a.e. s € [0,T].

Inserting (2.10) into (2.13) we get that, for each he€ L[0,T], ¢, d;, d}€R,
i=1,2,...,m, the unique solution u of problem (2.4)—(2.6) is given by

t

u(t) = ug(t) —i—/o G(t,s) h(s)ds
@ 9,

(

=1

+ Z (—% G(t,t;) + ar(t) G(t, ti)) d; + zm: Gt t)d, (215)

for t € [0,7],

where wug is the uniquely determined solution of the problem

u +ax(t)u +a (t)u=0, (2.6). (2.16)
Now, choose an arbitrary w € C4[0,7] and put
h(t) = f(t,w(t),w'(t)) for a.e. te€0,T],
d; = Ji(w, '), di = M;(w,w'), 1 =1,2,...,m,
d = R(w,w’).
Then h € L[0,T], ¢ d;,d; € R,i = 1,2,...,m, and there is a unique

u € ACpH[0,T] fulfilling (2.4)(2.6) and it is given by (2.15). Therefore,
assuming, in addition, that the problem

u' 4+ ax(t)u' +a(t)u =0, (2.17)
w0 o (U _ e
P(o) +e(d) = A (2.18)



has a unique solution wg, we conclude that u € CH[0,T] is a solution to
(2.1)-(2.3) if and only if

;

u(t) = up(t) —i—/o G(t,s) f(s,u(s),u'(s)) ds

- ; (—% G(t,t;) + a1 (t) G(t, ti)) Ji(u, u) (2.19)

\

+3 Gt t) Mi(u, ) for t € [0,7].
i=1
Let us define operators F; and Fy: CH[0,T] — CL[0,T] by

(Fyu)(t) :/0 G(t,s) f(s,u(s),u'(s))ds, tel0,T]

and
(Fou)(t) = uo(t) + Z <—% G(t,t:) + ai(t) G(t, ti)) Ji(u, )
T iG(t ti) Mi(u,u'), tel[0,T].

The former one, Fj, is a composition of the Green type operator
T
h € L[0,T] — / G(t,s)h(s)ds € C*0,T],
0

which is known to map equiintegrable subsets! of L;[0,T] onto relatively
compact subsets of C[0,T] C C4[0,T], and of the superposition operator
generated by f € Car([0,T] x R?), which similarly to the classical setting
maps bounded subsets of CH[0,T] to equiintegrable subsets of L;[0,T].
Therefore, it is easy to see that F; is completely continuous. Furthermore,
since J;, M;, v = 1,2,...,m, are continuous mappings, the operator F;
is continuous as well. Having in mind that F, maps bounded sets onto
bounded sets and its values are contained in a (2m+1) -dimensional sub-
space? of C% [0,T], we conclude that the operators F» and F = F| + F}
are completely continuous as well.
So, we have the following assertion.

i.e. sets of functions having a common integrable majorant
%i.e. spanned over the set {ug,G(.,t;), (—% G(.,t) + a1 G(.,ti)) ,i=1,2,...,m}
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2.1. Proposition. Assume (1.4) and (2.7). Furthermore, let problem (2.11)
have Green’s function G(t,s) and let ug € ACKL[0,T] be a uniquely defined
solution of problem (2.17), (2.18). Then u € ACY}, is a solution to (2.1)—(2.3)
if and only if w= Fu, where F : CH[0,T] — CL[0,T] is the completely
continuous operator given by

((Fu)(t) = uo(t)

+/0 G(t,s) (f(t,u(s),u'(s))—ai(s)u(s)—az(s) u'(s)) ds

0 (2.20)
> (_% Gt t)+ar (DG, ti)) Ji{u, o)

+3 Gt ) Mi(u, ), t € [0,7T].
=1

\

In particular, if a1(t) = a2(t) =0 on [0,7],

oy 8) a0 0)

then problem (2.11) reduces to the simple Dirichlet problem

and its Green’s function is well-known:

( JE—
ﬂ%;@ if 0<s<t<T,
Gto) =1, Ly (2.21)
—i:—zif0<t<s<T
T = ==
and

(T —

5 -t if 0<s<t<T,

T

a—G(t,S): "

5 - if 0<t<s<T.
LT

Furthermore, let us notice that the periodic boundary conditions (1.3) can
be reformulated as

u(0) = u(T) = u(0) + u'(0) — /(T),
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i.e., in the form (2.18), where
R(u,v) = u(0) +v(0) —v(T) for u,v € G[0,T).

It is easy to see that, in such a case, for any ¢ € R the only solution to
(2.17), (2.18) is wug(t) = c¢. Therefore, we have the following corollary of
Proposition 2.1:

2.2. Corollary. Assume (1.4) and (2.7) and let the function G(t,s) be
giwen by (2.21). Then w € AC} is a solution to (1.1)—(1.3) if and only
if w= Fu, where F : ChL[0,T] — CH[0,T] is the completely continuous
operator given by

¢

(Fu)(t) =u(0) +u (0) —u'(T) + /0 G(t,s) f(t,u(s),u'(s)) ds

N\

m a .
_ ; Ep G(t, t;) Ji(u,u') (2.22)

+ Gt t) Mi(u, ), t € [0,T].

L i=1

2.3. Remark. Similarly, u € AC}, is a solution to the impulsive Dirichlet
problem (1.1), (1.2), u(0) = u(7T) = ¢ if and only if w = Fy, u, where

(Fgipu)(t) =c+ /0 G(t,s) f(t,u(s),u'(s))ds

- f: % G(t,t;) Ji(u,u') + Z G(t,t;) Mi(u,u'), t €[0,T].

=1

3 Existence principle

3.1. Theorem. Let assumptions (1.4) and (1.5) hold. Furthermore,
assume that there exist r € (0,00), R € (r,00) and R’ € (0,00) such
that

i) r<v <R on [0,T] and ||V||ec < R" for each X € (0,1] and for
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each positive solution v of the problem
V() =X (e (t) + g(v(t)) + e(t)) for ae. t €]0,T],
Ato(ty) = X Ji(v,v'), 1=1,2,...,m,
AT () = A M;(v,0'), i=1,2,...,m,
v(0) =o(T), v'(0) =v(T);
(i) (g(x)+e=0) = r<z<R;
(i) (g(r)+e) (g(R)+e) <0.
Then problem (1.6) has a solution w such that
r<u<R onl0,T] and |u'[-c <R’

Proof.  STEP 1. For A €[0,1] and v € CH[0,T] denote

=N :/0 g(v(s))ds+Te
(3.5)

m

+ Z M;(v,0") + )\ci Ji(v,v").
i=1

i=1
Notice that
Zx(v) =0 holds for all solutions v € C3,[0,7] of (3.1)-(3.4). (3.6)
Indeed, let v € CH[0,T] be a solution to (3.1)-(3.4). Then

/0 v"(s)ds = Z /t - V' (s) ds = Z [0 (tig1) — V' (ti+)]
= o/(T) —v'(0) — Z ATV (t) = =\ Z M;(v,v")
and
/0 cv'(s)ds = CZ /t - v'(s)ds = CZ [0(tis1) — v(ti+)]

= c[v(T) —v(0) — f:AJrv(ti)} = —/\ci Ji(v,0").
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Thus, integrating (3.1) over [0,7] gives (3.6).

STEP 2. Consider system (3.7), (3.2), (3.4), where (3.7) is the functional-
differential equation

V" = AN=cv' + g(v) +e®)] + (1 =) = Ex(v). (3.7)

Due to (3.6), we can see that for each A €[0,1] the problems (3.1)—(3.4) and
(3.7), (3.2)—(3.4) are equivalent. Moreover, for A=1, problem (3.7), (3.2),
(3.4) reduces to the given problem (1.6) (with u replaced by v).

Now, notice that in view of (2.21) we have

T
/ G(t,s)ds:%t(t—T) for t € [0, 7]
0

and define for A € [0,1], v e Cp[0,T], w>0 on [0,7], and ¢ € [0,T]

(Fyu)(t) = u(0) + /(0) — /(T)

A /0 G(t,5) [ il (s) + glus)) +e(s)] ds

H(1-N) %E)\(U)

(3.8)

0 / S /
A D 5o Gl ) Ti(u ) + N Y Gt 1) Mi(u, o).
L i=1 =1

In particular, if A\ =0, then

(Fou)(t) = u(0) +'(0) — u/(T) + —oT Eo(u) for te[0,T].
Let us put
Q={uecChH0,T]: r<u<Ron [0,T] and ||v'|s < R'}.

Arguing similarly to the regular case (see Corollary 2.2), we can conclude that
for each A € [0,1] the operator Fy: Q C Ch[0,T] — CL[0,T] is completely
continuous and a function v € Q is a solution of (3.7), (3.2)-(3.4) if and
only if it is a fixed point of F). In particular,

u € Q is a solution to (1.6) if and only if F(u)=u. (3.9)
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STEP 3. We will show that
Fyx(u) #u forall ued and Xe]0,1]. (3.10)

Indeed, for A € (0,1] relation (3.10) follows immediately from assump-
tion (i), while for A = 0 it is a corollary of assumption (ii) and of the
following claim.

CLAIM. u € Q s a fived point of Fy if and only if there is © € R such
that u(t) =x on [0,T], z € (r,R) and

g(z)+e=0. (3.11)
PROOF OF CLAIM. Let u € Q be a fixed point of Fp, i.e.
/ / t (t — T) =
u(t) = u(0) +u'(0) —u(T) + o7 Zo(u) forall te€[0,7]. (3.12)

Inserting ¢t = 0 into (3.12), we get w(0) = u(0) + «/(0) — «'(T"), which
implies that «/(0) = «/(T"). Similarly, inserting ¢t =7 we get w(7T") = u(0).
Furthermore,

2t =T _
u'(t) = 5T Eo(u) for te0,T].

Since u/(0) = «/(T), it follows that Zg(u) = 0. This means that u is
constant on [0,7]. Denote z = u(0). Then 0= Zq(u) =T (g9(z)+e), ie.,
(3.11) is true. On the other hand, it is easy to see that if € R is such that
(3.11) holds and wu(t) = x on [0,7], then u € Q is a fixed point of Fp.
This completes the proof of CLAIM.

STEP 4. By STEP 3 and by the invariance under homotopy property of the
topological degree, we have

deg(I — F1,Q) = deg(I — Fy, Q). (3.13)
STEP 5. Let us denote
X ={uecCpl0,T]: u(t) =u(0)on [0,7]} and Qy=QNX

Notice that Qp = {u € X: r<u(0) < R} and Qy = {u € X: r<u(0) < R}.
By CraiMm in STEP 3, all fixed points of Fy belong to €2y. Hence, by
the excision property of the topological degree we have

deg(I — Fy, Q) = deg(I — Fp, Q). (3.14)
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STEP 6. Define

(Fan)(t) = u(0) + [1 = p+ St (¢ =T)] (9(u(0) +¢)

for t €[0,T],u € Qo and u€0,1].

(3.15)

We have
(Fou) = u(0) + g(u(0)) + & and (Fiu) = Fy(u) for each u € X.

Similarly to F), the operators FL, p € [0,1], are also completely contin-
uous and, by CLAIM in STEP 3, we have

(Fiu) #u forall ue 0.

Let ¢ and i_; be respectively the natural isometrical isomorphism R — X
and its inverse, i.e.

i(x)(t)=u for xeR  and i—1(u) = u(0) for veX,
and assume that u € [0,1), x € (0,00), u=1i(z) and ﬁu(u) = u. Then

1—u+gt(T—t)] (9(z)+€) =0 forall tel0,7].

If t =0, this relation reduces to g¢(z) +€ = 0, which is due to assump-
tion (ii) possible only if x € (r, R). To summarize, we have

(ﬁuu) #u forall wedQy andall pel0,1].

Hence, using the invariance under homotopy property of the topological de-
gree and taking into account that dim X =1, we conclude that

deg(I — Fy, Q) = deg(I — Fy, Qo) = dp(I — Fp, ), (3.16)

where dp(I — ]?0, Q) stands for the Brouwer degree of I — Fy with respect
to the set €y (and the point 0).

STEP 7. Define ®: z € (0,00) — g(z) + € € R. Then
(I — Fo)(i(x)) = i(®(x)) for each z € (0,00).
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In other words, ® =i_, 0 (] — Fy)oi on (0,00). Consequently,

dp(I — Fy, Q) = dp(®, (r, R)). (3.17)
Now, put
U(z) = o(r) Z:f + ®(R) ;:Z .

We can see that ¥ has a unique zero o€ (r, R) and

O(R) — o)

lwo) = R—r

Hence, by the definition of the Brouwer degree in R we have
As (W, (r, R)) = sign V' (zo) = sign (D(R) — ®(r))

By the homotopy property and thanks to our assumption (iii), we conclude
that

dp(®, (r,R)) = dg(¥, (r, R)) = sign (®(R) — ®(r)) # 0. (3.18)
STEP 8. To summarize, by (3.13)—(3.18) we have
deg(I — F1,Q) # 0,

which, in view of the existence property of the topological degree, shows that
F; has a fixed point v €. By STEP 1 this means that problem (1.6) has
a solution. O
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