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0 . Introduction

The paper is devoted to linear boundary value problems for generalized linear
differential equations

1)  a(t)—(0) - / A[A(s)] 2(s) = £(t) — F(0), te[0,1],
(0.2) Mx(O)—i—/O K(s)d[z(s)]=r (e R™)

and the corresponding controllability problems. In particular, we obtain the
adjoints to these problems in such a way that the usual duality theory can be
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extended to them. In contrast to the papers [Tv73], [Tv74], [SchTv] (cf. also
[SchTvVe]) the right-hand side of the equation (0.1) can be in general a regu-
lated function (not necessarily of bounded variation). Similar problems in the
space of regulated functions were treated e.g. by Ch. S. Honig [Ho75], [H682],
[Ho80], L. Fichmann [Fi] and L. Barbanti [Ba], where the interior (Dushnik)
integral was used. In this paper the integral is the Perron-Stieljes integral
and, in particular, we work with the equivalent Kurzweil definition (cf. e.g.
[Ku57], [Ku80], [Sch85] and [SchTvVe]). Let us notice that by [Ka] and by the
relationship between the interior and the Perron-Stieljes integrals (cf. [H680]
and [Sch73]), the left-hand side of the additional condition (0.2) represents
a general form of a linear bounded mapping of the space of functions regulated
on the closed interval [0, 1] and left-continuous on its interior (0, 1), equipped
with the supremal norm, into R". For the direct proof of this assertion by
means of the Kurzweil integral, see Theorem 3.8 in [Tv89].

1 . Preliminaries

1.1. Notation. Throughout the paper R™ denotes the space of real column
n-vectors, R" = R. Given a k X n-matrix M, its elements are denoted by m, j,
ie.

n
|M| = max, Z M,
7j=1

is its norm, det M is its determinant and rank (M) denotes its rank. (In partic-
ular, ¥* = (y1,92. .., yn) for y € R™.) The symbols I and 0 stand respectively
for the identity and the zero matrix of the proper type.

If —oo < a <b< oo, then [a,b] and (a,b) denote the corresponding closed
and open intervals, respectively. Furthermore, [a,b) and (a,b] are the corre-
sponding half-open intervals. Any function f : [a,b] — R™ which possesses
finite limits

FH0) = lim £(7) and f(s—) = lim f()
for allt € [a,b) and s € (a, b] is said to be regulated on [a, b]. An n-vector valued
function x : [a,b] — R™ is said to be regulated on [a,b] if all its components
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z;(j =1,2,...,n) are regulated on [a, b]. The linear space of n-vector valued
functions regulated on [a,b] is denoted by G"(a,b). G} (a,b) stands for the
space of all functions from G"(a,b) which are left-continuous on (a,b). For
r € G"(a,b) we put ||z|| = supscjoy|z(t)]. It is well known that both G"(a, b)
and G7 (a, b) are Banach spaces with respect to this norm (cf. [H675, Theorem
[.3.6]). Given f € G"(a,b), t € [a,b) and s € (a,b], we put

ATf(t) = f(t+) = f(t) and  A7f(s) = f(s) = f(s—).

Moreover, we define

fo+) =f), fla=)=f(a) and A7f(a) = A7f(b) = 0.

Given M C R, x denotes its characteristic function. BV"(a,b) denotes
the Banach space of column n-vector valued functions of bounded variation
on [a, b] (equipped with the norm

feBV"(a,b) = || fllsv = [f(a)| + var; f,

where var®f stands for the variation of f on [a,b]). If, moreover, —oo <
¢ < d < oo and a matrix valued function U is defined on [a,b] X [c,d], then
Viab)x[e,d] (U) denotes its two-dimensional Vitali variation on [a, b] x [c, d]. (For
the definition and basic properties, see [Hi, Section III.4].) Furthermore, for
given t € [a,b] and s € [¢,d], the symbols U(¢,.) and U(.,s) denote the func-
tions

U(t,.): 7 €le,d|— U(t,7) and U(.,s):7 € [a,b]+— U(r,s),

respectively. In the case [a,b] = [0,1] we write simply G", G} and BV"
instead of G" (0, 1), G7 (0, 1) and BV"(0, 1), respectively. Analogously, we write
v(U) instead of vig1)x[0,1)(U). (More details concerning regulated functions or
functions of bounded variation may be found e.g. in [Au], [H675], [Fra] or [Hi],
respectively.)

For given linear spaces X and Y, the symbol #(X|Y) denotes the linear
space of all linear mappings of X into Y. If & € 2(X)Y), then # (&), 4 (=)
and &* denote its range, null space and adjoint operator, respectively. For
PCYand & € (X)Y), the symbol & (P) denotes the set of all z € X for
which & x € P. If X is a Banach space and M C X then cl(M) stands for the
closure of M in X.

1.2. Integrals. The integrals which occur in this paper are the Perron-Stielt-
jes ones. For the original definition, see [Wa] or [Sa]. We use the equivalent
summation definition due to J. Kurzweil (cf. [Kub7], [Ku80], [SchTvVe|). The
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basic properties of the Perron-Stieltjes integral with respect to scalar regulated
functions were described in [Tv89]. Given a p x g-matrix valued function F
and a ¢ x n-matrix valued function G defined on [a, b] and such that all integrals

b
/ Fr® dlgs(B] (=12 g k=120 q:j = 1,2,...,m)
exist (i.e. they have finite values), the symbol

/ F()d[G(#)] (or more simply / FdG)

stands for the p x n-matrix M with the entries

q b
)
k=1va

The integrals

/ab d[F|G and /ade[G]H

for matrix valued functions F, GG, and H of proper types are defined analo-
gously. The extension of the results obtained in [Tv89] for scalar functions to
vector valued or matrix valued functions is obvious and hence for the basic
facts concerning integrals with respect to regulated functions we shall refer to
the corresponding assertions from [Tv89].

1.3. Lemma. Let W(t,s) be an n x n-matriz valued function defined on
[0,1] x [0,1] and such that

(1.1) v(W) + vargW (0,.) < oo.

Then for any g € G™, the function
12 w) = [ ave o)
is defined and has bounded variation on [0, 1],
(1.3) w(t+) = /01 d[W (t+, s)]g(s) if t€]0,1),

(1.4) w(t—) :/0 ds[W(t—,s)]g(s) if te (0,1].
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Proof. Let g € G™ be given. Since (1.1) implies that varjW (¢,.) < oo for any
t € [0,1] (cf. e.g. Lemma 1.6.6 in [SchTvVe]), the function (1.2) is defined for
any ¢t € [0, 1]. Furthermore, let an arbitrary subdivision {0 =ty < t; < ... <
tr = 1} of [0, 1] be given. Then by Lemmas [.4.16 and 1.6.13 of [SchTvVe] we
have

Z w(t;) —w(tj-1)] < ZV?M%(W(%’, ) = W(ti—1, ) llgll < o(W)lgll,

and consequently
vargw < v(W)]|g]| < oo.

In particular, w € G™. Moreover, by [SchTvVe, Lemma 1.6.14]) all the func-
tions

W(t+,.) and W (s—,0),t€[0,1), s € (0,1]

are of bounded variation on [0, 1]. Thus the integrals on the right-hand sides
of (1.3) are well defined. As g is on [0, 1] a uniform limit of a sequence of finite
step functions and any finite step function on [0, 1] is a linear combination of
simple jump functions on [0, 1]

(]_5) X[0,0]5 X[o,1], O S [07 1]7

it is sufficient to verify the relations (1.3) for the case that g is a simple jump
function of the type (1.5). Let g = x[o,,], where ¢ € [0,1]. Then for any
t € [0, 1] we have

w(t) = /01 dW(t,s)+ (W(t,o+) —W(t,0)) =W(t,o+)— W(t, o).

Consequently,

w(t+) = W(t+,0+) — W(t+,0) if ¢t €]0,1)
and
w(t—) =W(t—,0+) — W(t—,0)if te (0,1].

On the other hand, we have

/1 d[W(t+, s)]g(s) = W(t+,0+) — W(t+,0) if t €[0,1)

and
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/1 d,[W (t—, 8)]g(s) = W (t—, o+) — W (t—,0) if ¢ € (0,1]

This means that the function g = x - satisfies the relations (1.2) for any
o € [0,1) . Similarly we could verify that the function g = x[,,1) satisfies (1.2)
for any o € [0, 1], and this completes the proof. O

2 . Boundary value problem

We will consider the boundary value problem of determining a function z :
[0,1] — R™ fulfilling the generalized differential equation (0.1) and the addi-
tional condition (0.2).

Throughout the paper we assume

2.1. Assumptions. A(t) is an n X n-matrix valued function of bounded vari-
ation on [0, 1], left-continuous on (0, 1], right-continuous at 0, and such that

det [I + ATA(t)] #0 on [0,1]
(where A(1+) = A(1), cf. Notation 1.1; f : [0,1] — R™ is regulated on [0, 1]

and left-continuous on [0,1); M is a constant m x n-matrix; K (t) is an m x n-
matrix valued function of bounded variation on [0,1] and r € R™.

2.2. Remark. Assumptions 2.1 ensure that
¢
(2.1) 23 €GN s 2(t) — (0) — / d[A(s)] 2(s)
0
defines a linear bounded operator on G} and
1
(2.2) x :x € G} — Mzx(0) +/ K(s) d[z(s)]
0

defines a linear bounded mapping of G? into R™ (cf. [Tv89, Proposition 2.16
and Theorem 2.8]). Hence, by

L

(2.3) d:xEGLH(%/x

)EG%XR’”

we define a linear bounded mapping of G} into G} x R™.
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2.3. Remark. It is well-known (cf. [SchTvVe, Theorem II1.2.10]) that under
our assumptions there exists a unique n X n-matrix valued function U(t, s)
such that

t
(2.4) Ult,s) = I+/ d[A(T)]U(r,s) for t,s€0,1].
0
It is called the fundamental matriz solution of the homogeneous equation
t
(2.5) z(t) — z(0) —/ d[A(s)]xz(s) =0 on [0,1]
0

and possesses the following properties

(2.6)  |U(t,s)| +vargU(t,.) + vargU(.,s) + v(U) < M < o0

for t,s €10,1],

2.7y  U(t,7)U(r,s) =Ul(t,s) for t,s,7 €]0,1],
(2.8)  detU(t,s) #0 for t,s €10,1],
(2.9) Ut+,s) = [I +ATA@)|U(t, s) for t €[0,1),s € [0,1],
U(t—,s) =Ul(t,s) for t € (0,1],s € [0,1],
Ut,s+) =Ult,s)[I + ATA@)] Y for te€[0,1],s€][0,1),
Ut,s—) =Ul(t,s) for t €[0,1],s € (0,1].

For a given ¢ € R", the equation (2.5) possesses a unique solution z :
[0,1] — R™ on [0,1] such that x(0) = ¢ and this solution is given by (cf.
[SchTvVe, Theorem I11.2.4])

(2.10) z(t) =U(t,0)c, te]|0,1].
It is well-known (cf. [SchTvVe, Theorem II1.2.13]) that for any f : [0,1] — R"
of bounded variation on [0, 1] (f € BV™) and any ¢ € R™ there exists a unique

solution = of (0.1) on [0, 1] such that x(0) = ¢. This solution has a bounded
variation on [0, 1] and is given on [0, 1] by

(2.11) z(t) = U(t,0)c+ f(t) — £(0) +/0 ds[U(2, 9)1(f(s) = £(0)).

To extend this assertion also to equations (0.1) with right-hand sides f €
G7, the following lemma will be helpful.
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2.4. Lemma. For a given f € G}, the function

212 w0 =10~ 50) - [ 4 - F0)

is defined and regulated on [0, 1] and left-continuous on (0,1). The operator
(2.13) U:feG) —9YeiG]

18 linear and bounded.

Proof. The function v is obviously defined on [0, 1]. Let us put

(2.14) Wi(t,s)=Ul(t,s)if t>s and W(t,s)=U(tt)if t <s.

Then

(2.15) / AUt $)](F(s) - F(0)) = / AW () (F(s) — F(0))

holds for all ¢,7 € [0, 1] such that 7 > ¢ and all f € G’} . Since obviously (2.4)
implies that

(2.16) v(W) + vargW (0,.) < oo,

we may use Lemma 1.3 to show that ¢ € G} for any f € G}. The boundedness
of the operator ¥ follows from the inequality

()| < 2(vargW (1, )| < 2(v(W) + vargW(0,.)) || f]]
(cf. [SchTvVe, Lemma 1.6.6]). O
2.5. Proposition. For any f € G} and any ¢ € R™ the equation (0.1) pos-
sesses on [0,1] a unique solution x € G} such that x(0) = c. This solution
belongs to G and is given by

(2.17) z=®c+ Uf,

where W is the linear bounded operator on G7 given by (2.12) and (2.13) and
® is the linear bounded mapping of R™ into G7 given by

(2.18) ®:ceR"— U(t0)c.
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Proof. Let f € G} and ¢ € R" be given. Then by Lemma 2.4 the function =
given by (2.17) is defined on [0, 1] and belongs to G} . Hence the integral

[ s

is defined for any ¢ € [0, 1]. Inserting (2.12) into this integral and taking into
account (2.1) and (2.14)-(2.16) we obtain by Theorems 2.19 (substitution) and
2.20 (change of the integration order) of [Tv89]

AdWMﬂ$=AMMMWMW+ANMMU®—ﬂW
—AdM@KAmWh%U@—ﬂW)
=W@®—Hc+AdM®Hﬂ@—ﬂw
jédeMMWWwﬂU®—ﬂW
ZKWﬂ%Jh—AdﬂWﬁMﬂﬁ—ﬂW
= 2(t) — 2(0) — £(8) + £(0)

for any ¢ € [0, 1]. Hence z is a solution of (0.1) on [0, 1]. Obviously, z(0) = c.
The uniqueness of this solution follows from the uniqueness of the zero solution
to the equation

on [0, 1] (cf. [SchTvVe, Theorem III.1.4]). The boundedness of the operator ®
is evident and the boundedness of ¥ has been proved in Lemma 2.4. O

Now, by a standard technique due to D.Wexler (cf. [We]) we may prove the
normal solvability of the operator .« given by (2.3).

2.6. Proposition. The operator o has a closed range in G} x R™.

Proof. By (2.17) a couple (f,r) € G} x R™ belongs to the range # (<) of the
operator o if and only if there exists a ¢ € R” such that

(#®)c =71 — (V)
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ie. (o) =0O_1(% (D)), where
O:(f,r)eG} xR —r—(#¥)f € R™

is obviously a continuous operator. % (#®) being finite dimensional, it is
closed and consequently % (&) is closed as well. O

2.7. The adjoint operator to «. By [Tv89, Theorem 3.8] the dual space
to G™ may be represented by the space BV" x R”, while for (y,d) € BV™ x R™
the corresponding linear bounded functional on G} is given by

(2.19) r € G} — (x,(y,0)) == x(0) + /01 y*(s)d[z(s)] € R.

The adjoint operator &* to & may be thus represented by the operator
" :BV" x R" x R™ — BV" x R™

defined by the relation

(220) (o, (y,7,0)): =(Lw (y,7) + 0" (#x) = (x, 7 (y,7,0))
for any x € G},y € BV",v € R" and § € R™.

The operator &* : BV™ x R” x R™ — BV™ x R™ fulfilling (2.20) will be
called the adjoint operator to .

Let x € G}, y € BV™", v € R™ and § € R™ be given. Inserting (2.1)
and (2.2) into (2.20) and making use of the Substitution Theorem (cf. [Tv89,
Theorem 2.19]) we obtain

(2.21) (73,(y,7,9))
- /01 y*(s)d {x(t) — /01t d[A(s)] 3«"(8)}

+ 6% (M x(0) +/0 K(t) dlz(t)])
_ /0 (" () + 6° K (1)) d[z(t)]
roats )+ [ af [Lr e dae] «o
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Furthermore, integrating by parts (cf. [Tv89, Theorem 2.15]) we get

ez [ [ veaae] s

——([ v dae)s) - [ ([ v dam) )
+ > ATw ()ATz(t) = > Atw () Ata(t),

where
wm:ly@qmmetemu
As
ATw*(0) = —y*(0)ATA(0) = 0,
Atw*(t) = —y*(t)ATA(t) for te€ (0,1)
and

A~w*(t) = —y* (t)ATA(t) =0 for te (0,1],

the relation (2.22) reduces to

/ " / e ()] (0

— / v (s) d[A(s)Dx(m— / ( / y*(s) d[A(s)]) d[z(t)]

0

+ )y ATA) AT ().

0<t<1

Let us put B(t) = ATA(¢t) for t € [0,1) and B(1) = 0. Then B(t+) = B(t—) =
0 fort € (0,1), B(0) = B(0+) = B(1—) = B(1) =1 and B(t) # 0 if and only
if ATA(t) # 0. Hence by [SchTvVe, Lemma 1.4.23] or [Tv89, Corollary 2.14]

we have
[ rease={ OFAD <

wherefrom by [Tv89, Proposition 2.12] the relation

[ ([ v ase) dew) = - Y roaramatao

0<t<1



MatiematiCa ponemica 110 (LJJL), INO. 24, PD. 249424

follows. Consequently,

e [a] [ v o)
= ([ @) - [ ([ v daso) )

where the convention A(14+) = A(1) is used. Finally, inserting (2.23) into
(2.21) we obtain

0 = [ 045500~ [ 6) A ) dle)
#5050 )0
This proves the following theorem.
2.8. Theorem. The operator
(2.24) (Y, 0%) € BV X R* X R™ +—
(015750~ [ ) o)
5 M — /01 V' (s) d[A(s)]) € BV" x R*
(where A(14) = A(1)) is adjoint to o .

2.9. Corollary. Let y € BV", v € R" and § € R™. Then (y,7v,d) € A (a*)
if and only if

(2.25) y () =y (1) + /t y*(s) d[A(s+)] — 0" (K(t) — K(1))

for te€]0,1],
(2.26) y*(0) + 0" (K(0) — M) =0, y*(1)+6 K(1)=0.

Proof. By (2.24) (y,7,d) belongs to .#(«) if and only if
(2.27) yH(t) = / “(s) d[A(s+)] — 8* K(£) on [0,1]

Y
(2.28) 5 M = /0 y* (5)d[A(s+)].
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For ¢ = 1 the relation (2.27) yields y*(1) — ¢* K(1) = 0. Thus, (2.27) may be
rewritten as (2.25). Furthermore, for ¢ = 0 we get from (2.27)

(2.29) 4 (0) = /0 y*(s) d[A(s+)] — 6% K(0).

Since
1
/ y*(s)d[A(s+) — A(s)] =0 forall yeBV",
0

the relation (2.29) reduces by (2.28) to

y*(0) = 6"(M — K(0)).
This completes the proof. O
2.10. Definition. The problem of determining a function y : [0, 1] — R™ of

bounded variation on [0,1] and § € R™ such that (2.25) and (2.26) hold is
called the adjoint problem to the problem (0.1), (0.2).

By (2.19), Proposition 2.6 and Theorem 2.8 the linear operator equation

ve= (.

where h € G is given by h(t) = f(t) — f(0) on [0, 1], fulfils the assumptions
of the fundamental theorem on the Fredholm alternative for linear operator
equations (cf. e.g. [Rud, Theorem 4.12]). Hence we have

2.11. Corollary. The problem (0.1), (0.2) possesses a solution if and only if

1
(2.30) / g (1) d[f (H)] + 6 r = 0

0
holds for any solution (y,d) of the adjoint problem (2.25), (2.26).

2.12. The adjoint problem. For any 6 € R™ fixed, the equation (2.25) is
a generalized linear differential equation which was treated in detail in Section
II1.4 in [SchTvVe]. Let us recall here some basic facts. For given § € R™ and
n € R™, the equation (2.25) possesses a unique solution y on [0, 1] such that
y(1) = n. This solution is given on [0, 1] by

(2.31)

y (1) = V(L 1) = 6" (K(t) — K(1)) - 5*/1t (K(s) = K(1))ds[V (s, )],
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where V' is an n x n-matrix valued function uniquely determined on [0, 1] x [0, 1]
by the relation

V(t,s) = I+/tV(t,T) d[A(t+)], t,s€][0,1].

The relationship of the matrix valued functions U and V' is given by Theorem
I11.4.1 of [SchTvVe]. Under our Assumptions 2.1 we have according to this
theorem

(2.32) Ult,s) =V(t,s)+V(t,s)ATA(s) + ATA)U(t,s) for t,se[0,1].

It is easy to verify that a couple (y,d) € BV™ x R™ is a solution to the
adjoint problem (2.25), (2.26) if and only if y is given by (2.31), where n* =
—0* K (1) and ¢ satisfies the algebraic equation

(2.33) M+/ K(s s,0)]) = 0.

Let us put W(t) = V(¢,0) — U(¢,0). Then by (2.32) W(t) = ATA(t)U(¢,0)
and consequently

W(0) = W(0+) = W(t+) = W(t—) = W(1-) = W(1) = 0

holds for any ¢ € (0, 1). This implies that

/K V(s,0)] /K 0)]

holds, i.e. the equation (2.33) may be rewritten as

(2.34) 5 (M + /01 K(s)d,[U(s,0)]) = 0.

Inserting n* = —0* K (1) and

/t K1), [V(s,0)] = K1)(V(L 1)~ 1)

into (2.31) we may now easily complete the proof of the following characteri-
zation of the adjoint problem to (0.1),(0.2).

2.13. Proposition. A couple (y,0) € BV" x R™ is a solution to the problem
(2.25), (2.26) (i.e. (y,0) € # (™)) if and only if

(2.35) y*(t) = —0" (K /K V(s,t)]) for te]0,1]
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and & verifies the equation (2.34). Moreover, for the dimension dim 4(/*) of
the null space A (*) of the operator < the relation

(2.36) dim .#(o*) = m — rank (M + /01 K(s)d,[U(s,0)])

18 true.

Since, on the other hand, z € G7 is a solution of the homogeneous boundary
value problem (2.5),

Mx(0) +/0 K(s)d[z(s)] =0

(i.e. x € #(=)) if and only if z(t) = U(t,0)c and

([ Koo

the following assertion follows immediately from (2.36).

2.14. Proposition. dim #(«) — dim #(&*) = n — m.

3 . Controllability type problem

In addition to Assumptions 2.1 let us assume
3.1. Assumptions. U is a linear space and # € 2 (U, G}).

We will consider the problem of determining x € G} and u € U such that

(3.1)  a(t) — x(0) —/0 d[A(s)] 2(s) + (2 u)(t) = (2u)(0) = f(t) - F(0)

and

(3.2) M z(0) + /0 K(s)dz(s)] =7

hold.

3.2. Remark. If m =n,
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then the condition (3.2) reduces to the couple of conditions
(3.3) z(0) =2° (1) =2

Furthermore, if U = L} (the space of n-vector valued functions square inte-
grable on [0,1]), P and ¢ are Lebesgue integrable on [0, 1], @ is square inte-
grable on [0, 1],

A(t):/o P(s)ds, f(t):/0 ¢(s)ds on [0,1]

and

t
#uely— / Q(s)u(s)ds,
0
then the equation (3.1 reduces to the ordinary differential equation
(3.4) = Pt)r + Q(t)u + q(t)

on [0, 1]. Thus, the given problem (3.1), (3.2) is a generalization of the control-
lability problem for linear ordinary differential equations. The problem (3.1),
(3.2) could be also considered as a (possibly infinite dimensional) perturbation
of the boundary value problem (0.1), (0.2).

To obtain necessary and sufficient conditions for the solvability of the prob-
lem (3.1), (3.2) in the form of the Fredholm alternative the following abstract
scheme will be applied.

3.3. Abstract controllability type problem. Let X, Y, Y* and U be lin-
ear spaces and let

heY,yeY" — (hy)y €eR
be a bilinear form on Y x Y. For M C Y and N C Y*, let us denote

*M={yeY": (my)y=0 forall mec M}
and
Nt={heY : (hyy)y =0 forall yc N}

Let & € 2(X)Y), 2 € #(U,Y) and h € Y be given and let us consider
the operator equation for (z,u) € X x U

(3.5) AT+ 2 u=h.
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Let us denote
(3.6) Ny ="% (@) and A} ="%(2).

(obviously .47, and .+ are linear subspaces of Y*.)

Let us assume that

(3.7) ("% (o))" =% () and dim.A], < oo.

(33) @ (o) = (W)

Furthermore, let k& = dim .47, and let {y',4* ...,5"} be a basis of .#7,. In
virtue of (3.8), the equation (3.5) possesses a solution in X x U if and only if
there exists a solution v € U to the equation

(3.9) ¢u =D,
where ¥ € 2(U,R*) and b € R¥ are given by

¢:ueUm ((2u,9)y)j-12,..1 € R
and
b= ({(h, ?J>Y)j:1,2,,,,,k e RF.

Since dim % (¢) < k < oo, it follows that (*2(%¢))* = 2 (%) (cf. [Ru]) or, in
other words, the equation (3.9) possesses a solution in U if and only if

(3.10) v*b = 0 for all v € R* such that v*(Cu) =0 for all u € U.
It is easy to verify that the condition (3.10) is equivalent to the condition
(3.11) (hyy)y =0 forall ye # NA,.

This completes the proof of the following proposition.

3.4. Proposition. Under the assumption (3.7), the equation (3.5) possesses
a solution in X x U if and only if (3.11) holds.

Let us notice that up to now no assumptions on topologies in X, Y, Y
and U and on the boundedness of the operators &7, # have been needed. Of
course, the assumptions of the above proposition are fulfilled if X and Y are
Banach spaces, Y* is the dual space of Y, ({., y)y for y € Y* are linear bounded
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functionals on Y), % () is closed in Y and the null space #(r*) of the adjoint
operator &* to o has a finite dimension. (In this case 47, = #(*).)

The given problem (3.1), (3.2) reduces to the operator equation (3.5) if we
put X = G2, Y = G? x R*, Y* = BV” x R* x R™,

1
((F27)s (ysys )y = 6% 1+ 7 F(0) + / y*(s) d[f(s)]
for fe G}, reR", yeBV", ve R" and § € R,

(#u)() . (#)(0)

h(t) = (f(t) B f(0)> €G! xR™,

Q:uEUH( >EG%XR’”,

and if we make use of (2.3) again. By Propositions 2.6 and 2.13 the assumptions
of the above proposition are fulfilled and hence the following assertion is true
(cf. Corollary 2.9).

3.5. Theorem. The problem (3.1), (3.2) possesses a solution in G} x U if
and only if

(3.12) /0 () dLf(O)] + 6 F =0

holds for any solution (y,d) of the system (2.25), (2.26) such that

(3.13) /0 v () dl(@W)H)] =0 for all el

3.6. Corollary. The problem (3.1), (3.2) possesses a solution in G} x U for
any [ € G} and any r € R™ if and only if the only solution (y,0) of (2.25),
(2.26) which fulfils (3.13) is the zero solution (i.e. y(t) =0 on [0,1], 0 =0).

3.7. Remark. The system (3.1), (3.2) is sometimes (cf.[Hala], [Ma], [La])
called completely (%, M, K)-controllable) if it possesses a solution in G} x U
for any f € G} and any r € R™. The problem (2.25), (2.26), (3.13) adjoint
to (3.1), (3.2) in the sense of Theorem 3.5 is a generalization of classical ob-
servability problems for linear ordinary differential equations and Corollary 3.6
is a generalization of the well known theorem (cf. e.g. [Russ], [Ro]) on the
duality between controllability and observability problems for linear ordinary



vi.rvray., GULELS 11 t11€ Space Ol regulated 1unctions

differential equations. Often, controllability is considered for homogeneous dif-
ferential equations. In an analogous situation for the given problem (3.1), (3.2)
(i.e. f(t) = f(0) on [0,1]) we obtain that the system

(3.14)  x(t) — x(0) — /0 d[A(s)] z(s) + (Zu)(t) — (Bu)(0) =0 on [0,1],

(3.2) possesses a solution in G} xU for any r € R™ if and only if the only couple
(y,9) € BV™ x R™ fulfilling (2.25), (2.26) and (3.13) is the zero one. In fact,
it follows immediately from (3.12) that (3.14), (3.2) has a solution in G} x U
for any r € R™ if and only if J = 0 holds for any couple (y,d) € BV"™ x R™
fulfilling (2.25), (2.26) and (3.13). By 2.12 this implies that y(¢) = 0 on [0, 1]
for any such couple, of course.

3.8. Corollary. IfU = G"; and
t
% ueGhy o / d[B(s)]u(s), te[0,1],
0

where B(s) is an n X h-matriz valued function of bounded variation on [0, 1],
right-continuous at 0 and left-continuous on (0, 1], then the problem (3.1), (3.2)
has a solution if and only if (3.12) holds for any solution (y,d) of the system
(2.25), (2.26) such that

/t1 y*(s)d[B(s+)] =0 forall te]0,1].

Proof. follows from Theorem 3.5 and from the relation

/Oly*(t)d Uotd[B(s)]u(S)} _

= (/0 yr(t) GI[B(t)])U(O)Jr/0 (/1t y*(s) d[B(s+)]) d[u(t)]
for all we G", and y e BV",

which can be verified analogously as the corresponding relation for the n x n-
matrix valued function A(t) in the proof of Theorem 2.8. O

3.9. Corollary. If U = G"; and
t
@ ueGy o / B(s) d[u(s)],
0
where B(s) is an n X h-matriz valued function of bounded variation on [0, 1],

then the problem (3.1), (3.2) has a solution if and only if (3.12) holds for any
couple (y,0) € BV"™ x R™ fulfilling (2.25), (2.26) and y*(t)B(t) =0 on [0, 1].
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Proof. Since by the Substitution Theorem (cf. [Tv89, Theorem 2.19]) the

relation
[vwamoni= [ voa] [ 56 aue)]

:Aywmmmw

holds for all y € BV" and u € G?, the proof follows immediately from Theorem
3.5. U
3.10. Definition. Let T'= {t,t5,...,t,} be such that

(3.15) 1>t >ty >...>t,>0.

Then by Ur we denote the subset of G} consisting of all functions u € G}
which are constant on each of the intervals

[O,t,/], (tl,l], (tk+1,tk], k:1,2,...,l/—1.
3.11. Proposition. Let T = {t,to,...,t,} fulfil (3.15) and let Ur be defined

by Definition 3.10. Then Ur s a linear space. Furthermore, if y € BV™, then
the assertion

1

(3.16) /y%MMM:OﬁmHuﬂh
0

15 true if and only if

(3.17) y*"(r) =0 forany 7€ Ur.

Proof. The first part of the proposition is evident. Let us suppose that (3.16)
holds. Then for a given 7 € T, the function x(1; belongs to Uy and (cf. e.g.
[Tv89, Proposition 2.3])

/0 y*(t) d{x( ()] = y* (1) = 0.

Analogously, xq1; € Uz, while

i.e. (3.17) is true.

On the other hand, since obviously Upr C BV", it follows from [SchTvVe,
Lemma 1.4.23] that (3.16) holds for any y € BV™ satisfying (3.17) and any
u € UT. O
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3.12. Corollary. Let T = {ty};_, be the set of points in (0,1) such that
(3.15) holds, and let Ur be defined by Definition 3.10. Let us put

# :u€Ur—ueGY.

Then the problem (3.1), (3.2) has a solution if and only if (3.12) holds for any
couple (y,d) € BV™ x R™ fulfilling (2.25), (2.26) and such that y(1) = 0 for
any 7 €T.

Proof. follows immediately from Theorem 3.5 and Proposition 3.11. O

3.13. Remark. The case considered in Corollary 3.12 is a generalization of
interface boundary value problems for ordinary differential equations which
are usually defined (see e.g. [Br], [Col, [Sch80] or [Ze]) as follows:

Let 1 >t >ty > - >1t, >t > 0and let T = {t,}}{_,. Let P(¢)
and an n-vector valued function ¢(t) be Lebesgue integrable on [0, 1]. Let an
m X n-matrix valued function K (¢) have bounded variation on [0, 1], let M;, N;
(1 =0,1,...,v) be m x n-matrices and let r € R™. Then an n-vector valued
function z(t) is called a solution to the interface boundary value problem
(3.18), (3.19) if it is regulated on [0, 1], left-continuous on (0, 1] (i.e. z € G})
and absolutely continuous on every interval (¢, ],

(3.18) 2'(t) — P(t)z(t) = ¢(t) a.e. on [0,1]
and
(3.19) H x = Myx(0) + Noz(1) + zy:[]\/[zx(tﬁ) + Nz (t;—)]

—i—/o Ky(s) d[z(s)] = .

Indeed, let us put U = Uy, where Uy is defined by Definition 3.10 . Fur-
thermore, let us put

(3.20) M = i:[Mi + N]

1=0

and

v

(3.21) K(s) = Ky(s) + Z[MZ X[0,t:1(8) + Ni X1 (5)] + Ny for s €[0,1].

=1

Then

#x =M z(0) + /0 K(s)d[z(s)]



MatiematiCa ponemica 110 (LJJL), INO. 24, PD. 249424

holds for any = € G} and = € G7} is a solution of the interface boundary value
problem (3.18), (3.19) if and only if there exists u € Ur such that

(3.22)
z(t) — (0) —/0 d[A(s)] z(s) — (u(t) —u(0)) = f(t) — f(0) on [0,1]
and

(3.23) M z(0) + /0 K(s)d[z(s)] =,

where

A(s):/o P(r)dr and f(s):/0 q(r)dr for se€[0,1].

The problem (3.22), (3.23) obviously verifies the assumptions of this section.
Since by (3.20) and (3.21)

K(0) = Ko(0) + M — My and K (1) = Ko(1) + No,
the adjoint problem to (3.22), (3.23) is given by the system (2.25),
(3.24) y*(0) + 6% (Ko(0) — M) =0, y*(1) +6*(Ko(1) + No)
and
y*(t;)=0 for i=1,2,...,v

Furthermore, for any ¢ € [0, 1] we have
K(t)_K(l) KO +Z zXUt +NZX[0t)( )]

Thus, it is easy to see that a couple (y,d) € BV™ x R™ is a solution to the
system adjoint to (3.22), (3.23) if and only if y*+3* K| is absolutely continuous
on every interval [«, f] such that [, 3] C [0,1]\ T,

—(y* + 0" Ky)'(t) +y* P(t) =0 a.e. on [0,1],
(y* + 0% Ky)(0) = 6" My,
(y* + 0" Ko)(1) = —6" Ny,
At (y* + 0" Ko)(t;) = 6" M;, i=1,2,...,v,
A (Y +0"Ky)(t;)) =0"N;, i=1,2,...,v,
y*(t;) =0, 1=1,2, ,
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