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Construction of non-constant lower and upper
functions for impulsive periodic problems

Irena Rachunkovd® and Milan TvrdyT

Summary. We present conditions ensuring the existence of piecewise linear lower and upper
functions for the nonlinear impulsive periodic boundary value problem u” = f(t,u,u), u(t;+) =
Ji(u(t;)), o' (ti+) = M/ (t:)), i = 1,2,...,m, uw(0) = u(T), u'(0) = «'(T). This together with
the existence principles which we proved in [5]-[7] allows us to prove new existence criteria, see
Theorems 3.1 and 3.2.
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1. Introduction

This paper deals with the impulsive periodic boundary value problem

(1.1) u =f(t,u,u’),

1.2) u(ti+) = Ji(u(ty)), o'(ti+) =MW (), i=1,2,....,m,
(1.3) u(0) =u(T), u'(0)=u(T),

where

o<t < - <t, <T < o0,
(1.4) [ satisfies the Carathéodory conditions on [0, 7] x R,

J; and M;, i =1,2,...,m, are continuous functions on R.

There are several papers providing the existence results for such problems in terms
of lower and upper functions, see e.g. [1]-[4], [8] and our papers [5]-[7]. However,
up to now, only Proposition 1.3 in [6] gives conditions ensuring the existence of
nonconstant (in particular, piecewise constant) lower and upper functions. The main
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goal of this paper is to find conditions for f, J;, M; giving piecewise linear lower and
upper functions for (1.1)—(1.3). This together with the existence principles which
we proved in [5]-[7] allows us to present new existence criteria.

Throughout the paper we keep the following notation and conventions: For
J C R, C(J) is the set of real valued functions which are continuous on J, C!(.J)
is the set of functions having continuous first derivatives on J, L(J) is the set of
functions Lebesgue integrable on J and L. (J) is the set of functions essentially
bounded on J. For u € L[0,7T], we denote [[ulloc = sup ess;cjo [u(t)]. Further,
D= {ti,t2, ..., tm}, to=0, t,nr1=T and C}[0,T]is the set of functions u: [0,T] — R
of the form

u[o}(t) if tel0,t4],
u(t) = { U0 (t) if t € (t1,ta],

u[m](t) if te (tm,T),

where uy € CHt;, ¢;44] for ¢ = 0,1,...,m. Moreover, AC}[0,T] stands for the set
of functions v € CL[0,T] having first derivatives absolutely continuous on each
subinterval (¢;,t;41), i = 0,1,...,m. For u € C5[0,7] and i = 1,2,...,m + 1 we
define u'(t;) = v/ (t;—) = limy_,— /(¢t) and v/ (0) = v/ (0+) = lim— o ' (%).

1.1 Definition. A solution of the problem (1.1)—(1.3) is a function u € ACH[0, T
which satisfies the conditions (1.2) and (1.3) and for a.e. ¢ € [0, T fulfils the equation

(1.1).

1.2 Definition. A function oy € AC} |0, T is called a lower function of the problem
(1.1)~(1.3) if

(1.5) ol (t) > f(t,o1(t),01(t)) forae. te]0,T],
(1.6) o1(ti+) = Ji(ou(ty)), oy (ti+) > Mi(oy(t:)), i=1,2,...,m,
(1.7) 01(0) = o1(T), 01(0) = oy(T).

A function oy € ACH[0, T is an upper function of (1.1)—(1.3) if it satisfies

(1.8) ay(t) < f(t,oq(t),04(t)) for ae. te€0,T],
(19) O'Q(ti+) = Ji(Ug(ti)), O'é(th) < Mz(Ué(tz)), 1= 1, 2, o,
(1.10) 02(0) = 0o(T), a5(0) < oo(T).
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2. Construction of nonconstant lower and upper
functions

2.1 Theorem. Assume (1.4) and

(2.1) lim (J;(z) —z) =¢; € R for i=1,2,...,m.
Denote

1 m
(2.2) c=—m izlcl-

and suppose that there are A € R, § > 0 and v € {1,2} such that
(2.3) (=D"f(t,z,y) >0 forae t€[0,T] andall x> A,y € [c— 0, c+ ]

and

(24)  (=1D)"(Mi(y) —y) >0 for y€lc—96,c+4], i=1,2,...,m.

Then for each A € [A, 00) there exist k€ (c—6,c+6) and o, € ACL[0,T] such that
o,(t) > A, ol (t) =k fort € [0,T] and, forv =1 (v = 2), 0, is a lower (upper)
function of (1.1)—(1.3).

Proof. Let v =2 and A € [A, c0).
e STEP 1. Fora, ke R, xR andi=1,2,...,m, define

.. a+kt if tel0,t,
a =

Ji(@(t%av k)) + k(t - tz) if ¢ € (tiatiJrl]v 1= 1727 <o, M,
and

gi(z) = Ji(z) —x — ¢
By virtue of (2.1), there are constants A; > A, i=1,2,...,m, such that
orT .
(2.5) lei(x)] < — forall x> A; and (=1,2,....m
m
Furthermore, we have
a+kt if t€[0,ty],

(2.6) pltiak) = atkt+ Y, (¢ +e5(p(ta k)
if te (tiatiJrl]’ 1= 1,2,...,TTL

-----

and suppose that k € [c — 0, ¢+ d]. Then
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t
@(tha k) —a+kt1 >A1+ (1—%) Z|C]| ZAI

j=1
_ or o
Furthermore, by (2.5), we have |e1(p(t1,a, k))| < —. Consequently, in view of (2.6),
m
we get

oti+,a, k) =a+kty +cy +e1(o(t,a, k)

— 6T
> Ay + |er| + 6T + ( 1—— ) D lesl = el = — > 4.

7j=1
Now, let 1 <7 < m and let
(27) Sp(tj_'_aa’/7 k) > Aj+1 and @(tj,a, k) > Aj

for each j =1,2,...,7— 1. Then, by (2.5), we have
~ oT , ‘
lej(p(t;,a,k))| < — foreach j=1,2,....i— 1.
m

Hence, using (2.6) and (2.5), we get

m

j=1 J=t
- 0T :
and |e;(p(ti, a,k))| < — In view of (2.6), we have
p(tit, @ k) =a+kti+ > (c; +¢;(p(t; ak)))
=1
>Az+1+z |Cj|+(1——)5T>Az+1

which means that (2.7) is true for any j € {1,2,...,m}. Similarly we can show that
o(T,a,k) > Ap,. Thus

- ~ oT
> A
(2.8) o(t,a, k) > A and |g;(p(ti,a, k)| < —

forall t € [0,T], k€ [c—0d,c+6] and i=1,2,...,m
e STEP 2. We will prove that there is k € (¢ —d,c+0) such that

(2.9) 0(0,a,k) = o(T,a, k).
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By virtue of (2.6) and (2.8), > 1", |ei(¢(t;, a, k)] < 0T and
- ~ RS -
TG, k) — T (k—ct =S elolt;
P(T,a, k) = (0,0, k) =T (k= c+ ;:1 eilp(ti,a, k)))

for each k € [c — 0,c + §]. In particular, p(T,a,c — ) — ¢(0,a,¢ — 0) < 0 and
o(T,d,c+8)—p(0,a, c+38) > 0. Since ¢ is continuous, the existence of k € (¢c—4, c+9)
satisfying (2.9) follows.

e STEP 3. Define 05(t) = ¢(t,a, k) for t € [0,T]. Then o(t) = k for ¢ € [0,T] and
oo(ti+) = Ji(oa(t;)) for i = 1,2,...,m. By (2.4) we have k< MZ(E), i.e. oy satisfies
(1.9). Moreover, by (2.8) and (2.9), we have o5(t) > A on [0, 7] and 05(0) = 03(7T)
and so (1.10) is true. Finally, by (2.3), o5 fulfils (1.8), i.e. 09 is an upper function
for (1.1)-(1.3).

The case ¥ = 1 can be treated analogously. O

Theorem 2.1 gives piecewise linear lower and upper functions which are bounded
below. Now we will show conditions guaranteeing the existence of lower or upper
functions bounded above. This is the contents of the next theorem. Its proof is
similar to that of Theorem 2.1.

2.2 Theorem. Assume (1.4). Further, letd; € R, i =1,2,...,m,d, BER, n>0
and v € {1,2} be such that

1
lim (J;(z) —x)=d; € R fori=1,2,...,m, d:——Zdi,

r——o00 T

(=1)" f(t,z,y) >0 forae t€]0,T] andall x < B, y € [d—mn,d+ 1],
(=) (M;(y) —y) >0 foryeld—mn,d+n], i=1,2,...,m,
Then for each B < B there exist k € (d—mn,d+n) and o, € ACL[0,T] such that

o,(t) < B, o\(t) =k fort € [0,T] and, forv =1 (v = 2), 0, is a lower (upper)
function of (1.1)—(1.3).

2.3 Remark. Let (1.4) hold. Assume that ¢;,d; € R and A € (0, 00) are such that

r+c for x> A
r+d; for x < —-A, i=1,2,...,m,

f(t,z,c) >0 forae. te€[0,7] and all x> A,
(2.10)

f(t,z,d) <0 forae. te[0,7] and all x < —A,

and
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(2.11) M;(c) > ¢, M;(d)<d, i=1,2,...,m.

Let A> A. Then, according to the proof of Theorem 2.1, we can see that

@ A+ eyl + et for ¢ € [0,t),
O'Qt = ~ .
A+Z;~11|Cj|+0t+z;:1€j for te(ti,tzqu], i:1,2,...,m
and
( ) —A—- Z;nzl |dj| +dt for t € [O,tl),
01 t) = ~ .
_A_E;nzl‘dﬂ—i_dt—i_zzzld] for te(ti,tl-ﬂ], i:1,2,...,m

are respectively upper and lower functions of (1.1)—(1.3) satisfying

A<o(t) SA+2) Joj| and —A—2 |d;| <oy(t) < —A for t€[0,T].

j=1 j=1

If all inequalities in (2.10) and (2.11) are reversed, then oy becomes a lower function
and o; an upper function.

3. New existence criteria

Our main results are Theorems 3.1 and 3.2 which provides new existence criteria for
the problem (1.1)—(1.3).

3.1 Theorem. Let the assumptions of Theorem 2.1 be satisfied for v =2 and let the
assumptions of Theorem 2.2 be satisfied for v = 1. Assume that J; are increasing on
R and M; are nondecreasing on R for i =1,2,...,m. Finally, let for each compact
interval K C R there exist hy € L[0,T] and wx € C([1,00)) such that hi > 0 on
0,7, wic >0 on [1,00), [ ds/wrc(s) = 00 and |f(t,z,y)| < wicllyl) (ly] + hr(t))
for a.e. t € [0,T] and all x € K, |y| > 1. Then the problem (1.1)—(1.3) has
a solution.

Proof. By Theorem 2.1, for each A > A, there is an upper function o5 of (1.1)~(1.3)
such that oo > A on [0,7]. By Theorem 2.2, for each B < B, there is a lower
function oy of (1.1)-(1.3) such that oy < B on [0,T]. Choose A, B in such a way
that B < A. Hence 01 < 09 on [0,7] and all the assumptions of [5, Theorem 3.1]
are satisfied. Therefore (1.1)—(1.3) has a solution. O

3.2 Theorem. Let the assumptions of Theorem 2.1 be satisfied for v = 1 and let
the assumptions of Theorem 2.2 be satisfied for v = 2. Assume that J; are increasing
on R and M; are nondecreasing on R for ¢ = 1,2,...,m. Finally, let there exist
h € L[0,T] such that |f(t,z,y)| < h(t) for a.e. t € [0,T] and all z,y € R. Then
the problem (1.1)—(1.3) has a solution.
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Proof. By Theorems 2.1 and 2.2 there are a lower function o, and an upper function
oy of (1.1)—(1.3). The existence of a solution to (1.1)—(1.3) follows by [7, Theorem
3.1]. O

3.3 Example. Let £ € NU {0}, v € (0,00), p; € Lo[0,T], j = 0,1,...,2k,
Dok+1 € L[O,T], Dok+1 = 7Y a.e. on [O,T], q1,92 € ILOO[O,T], c; € (0,00), o; € [0, 1)
and 3; € R, i =1,2,...,m. Consider the problem (1.1)—(1.3), where

2k+1
: 2Ci
flt,z,y) = E pi(t) 2+ a1 (t) y+q2(t) 7, Ji(x)=$+—7r arctan x, M;(y) = o, y+ 5
Jj=0

for a.e. t € [0,7], all z,y € R and i = 1,2,...,m. Let ¢ be given by (2.2) and let
Gi € (c(l —aw;),—c(l —ay;)), i =1,2,...,m. Then the conditions of Theorem 2.1
are satisfied for v = 2 and the conditions of Theorem 2.2 are satisfied for v = 1 and
d; =—c¢;,1=1,2,...,m. Since ¢; > 0 and «; > 0, the functions J; are increasing and
M; are nondecreasing on R for i = 1,2,...,m. Choose an arbitrary compact interval
K C R and denote 3 = maxe (|z|***!) and 56 = Efil (I1psllo0 maxzer [z]7).
Then |f(t,z,y)] < w(|ly|) (Jy| + h(t)) for a.e. t € [0,T] and all x € K, |y| > 1, where
w(s) = 1+ [|[¢1]loo + [|@2l|cc s and h(t) = 311 |pag41(t)| + 222. Thus, the existence of
a solution to (1.1)—(1.3) follows by means of Theorem 3.1.

3.4 Example' Let 7€ (Oa OO), D€ Loo[ovT]v q1 € L[O7T]7 G2 € Loo[ovT]a q1 > 07
¢ > 0and ¢ +¢2 > v ae. on [0,7], p € C(R), lim;—o ¢(x) = 0. Consider the
problem (1.1)—(1.3), where

ft,z,y) =p(t) p(x) + q(t)y + q2(t) y* sgny for ae. t €[0,7] and all z,y € R

and J;(z) and M;(y), i = 1,2,...,m, are given as in Example 3.3, but with ¢; €
(—7/2,0) and «; € (1,00), i = 1,2,...,m. Let ¢ be given by (2.2) and let f; €
(c(l —ay),c(a; — 1)) for i = 1,2,...,m. We have ¢ > 0, M;(c) > ¢, M;(—c) <
—c, f(t,x,c) > 0 and f(t,x,—c) < 0 for a.e. t € [0,7] and all x € R with |z|
sufficiently large. Thus, the assumptions of Theorem 2.1 are satisfied for v = 2 and
the assumptions of Theorem 2.2 are satisfied for v =1and d; = —¢;, 1 =1,2,...,m.
Furthermore, J; are increasing and M; are nondecreasing on R for ¢ = 1,2,...,m.
Since ¢ is bounded on R, we can find w € C([1,00)) such that w > 0 on [1, c0),
[ ds/w(s) = oo and | f(t, 2, y)| < w(|y|)|y| for a.e. ¢ € [0,T] and all z € R, |y| > 1.
Thus, by Theorem 3.1, the given problem has a solution.

3.5 Example. Let v € (0,00), p € Ly [0,T], ¢ € L[0,T], ¢ > = a.e. on [0,T],
¢ € C(R), limjg|—. ¢(2) = 0. Consider the problem (1.1)-(1.3), where

q(t)y
1+ 92

flt,zy) =pt) p(z) + for a.e. t €[0,7] and all z,y € R
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and J;(z) and M;(y), i = 1,2,...,m, are given as in Example 3.4, but with ¢; €
(0,00). We can see that the assumptions of Theorem 2.1 are satisfied for v = 1 and
the assumptions of Theorem 2.2 are satisfied for v =2 and d; = —¢;, 1 =1,2,...,m.
As in the previous examples, J; are increasing and M; are nondecreasing on R for
1=1,2,...,m. Moreover, since the functions ¢ and yQ!{H are bounded on R, we can
find h € L[0, T such that |f(t,x,y)| < h(t) for a.e. t € [0,T] and all z,y € R. Thus,
by Theorem 3.2, our problem has a solution.
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