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Abstract� In this paper we investigate systems of linear integral equations in the space Gn

L
of

n
vector valued functions which are regulated on the closed interval ��� �
 �i�e� such that can have
only discontinuities of the �rst kind in ��� �
	 and left
continuous in the corresponding open interval
��� �	� In particular� we are interested in systems of the form

x�t	 �A�t	x��	 �
Z

�

�

B�t� s	d�x�s	
 � f�t	�

where f � Gn

L
� the columns of the n � n
matrix valued function A belong to Gn

L
� the entries of

B�t� �	 have a bounded variation on ��� �
 for any t � ��� �
 and the mapping t � ��� �
 �� B�t� �	 is
regulated on ��� �
 and left
continuous on ��� �	 as the mapping with values in the space of n� n

matrix valued functions of bounded variation on ��� �
� The integral stands for the Perron
Stieltjes
one treated as the special case of the Kurzweil
Henstock integral�

In particular� we prove basic existence and uniqueness results for the given equation and obtain
the explicit form of its adjoint equation� A special attention is paid to the Volterra �causal	 type
case� It is shown that in that case the given equation possesses a unique solution for any right
hand
side from Gn

L
� and its representation by means of resolvent operators is given�

The results presented cover e�g� the results known for systems of linear generalized di�erential
equations

x�t	� x��	�
Z t

�

d�A�s	
x�s	 � f�t	� f��	

as well as systems of Stieltjes integral equations

x�t	 �
Z

�

�

�dsK�t� s	
x�s	 � g�t	 or x�t	 �
Z

t

�

�dsK�t� s	
x�s	 � g�t	�
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� � Introduction

The paper is devoted to linear operator equations of the form

x� L x � f������

where L is a linear compact operator on the space Gn
L of column n�vector valued

functions x � 	�� �
 �� R
n which are regulated on 	�� �
 and left�continuous on ��� ���

and f � Gn
L is given� Due to Schwabik �cf� 	��� Theorem
� it is known that L

is a linear compact operator on Gn
L if and only if there are n � n�matrix valued

functions A�t� and B�t� s� respectively de
ned on 	�� �
 and 	�� �
 � 	�� �
 and such
that

�L x��t� � A�t�x��� �

Z �

�

B�t� s�d	x�s�
 for x � Gn
L and t � 	�� �
������

while the columns of A belong to Gn
L �A � Gn�n

L �� the entries of B�t� �� have
a bounded variation on 	�� �
 for any t � 	�� �
 �B�t� �� � BVn�n� and the map�
ping

M B � t � 	�� �
 �� M B�t� � B�t� �� � BVn�n

is regulated on 	�� �
 and left�continuous on ��� �� �i�e� B � K n�n
L � see De
nitions ���

and ����� The integral on the right�hand side of ����� stands for the Perron�Stieltjes
one treated as the special case of the Kurzweil�Henstock integral�

In Sections � and � we prove basic existence and uniqueness results for the
equation ����� and obtain the explicit form of its adjoint equation� An important
tool for the proofs of our main results is in particular the theorem on the interchange
of the integration order for Stieltjes type integrals �i�e� the Bray Theorem�� Its proof
for the Perron�Stieltjes integral is given in Sec�� �cf� Theorem ������

Special attention �cf� Sec� �� is paid to the causal case� i�e� to the Volterra�
Stieltjes integral equations of the form

x�t�� A�t�x����

Z t

�

B�t� s�d	x�s�
 � f�t�� t � 	�� �
�

where A��� � ��

Similar problems in the space of regulated functions were treated e�g� by Ch� S�
H�nig 	�
� 	�
� L� Fichmann 	�
 and L� Barbanti 	�
� where the interior �Dushnik�
integral was used�
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� � Preliminaries

���� Notation� Throughout the paper by Rp�q we denote the space of real p� q�
matrices� Rn � R

n�� stands for the space of real column n�vectors� R��� � R
� � R�

Given a p� q�matrix M � its elements are denoted by mi�j� i�e�

M � �mi�j�i���������p
j���������q

� jM j � max
j���������q

pX
i��

jmi�jj and MT � �mj�i�j���������q
i���������p

�

In particular�

jxj �
nX
i��

jxij� x
T � �x�� x�� � � � � xn� and jxT j � max

j�������n
jxjj for x � Rn �

Furthermore� for a given matrix M � Rp�q � its columns are denoted by m�j� and
we write M � �m�j��j���������q� Obviously� we have

jM j � max
j���������q

jm�j�j for all M � Rp�q �

The symbols I and � stand respectively for the identity and the zero matrix of the
proper type� Given an n� n�matrix M � det �M� denotes its determinant�

If �� � a � b � �� then 	a� b
 and �a� b� denote the corresponding closed
and open intervals� respectively� Furthermore� 	a� b� and �a� b
 are the corresponding
half�open intervals� The sets d � ft�� t�� � � � � tmg of points in the closed interval 	a� b

such that a � t� � t� � � � � � tm � b are called divisions of 	a� b
� The set of all
divisions of the interval 	a� b
 is denoted by D�a� b��

Given M � R� �M denotes its characteristic function�

���� Regulated functions� Any function f � 	a� b
 �� R which possesses 
nite
limits

f�t�� � lim
��t�

f��� and f�s�� � lim
��s�

f���

for all t � 	a� b� and s � �a� b
 is said to be regulated on 	a� b
� A p� q�matrix valued
function F � 	a� b
 �� R

p�q is said to be regulated on 	a� b
 if all its components fi�j �i �
�� �� � � � � p� j � �� �� � � � � q� are regulated on 	a� b
� The linear space of p� q�matrix
valued functions regulated on 	a� b
 is denoted by Gp�q�a� b�� Gp�q

L �a� b� denotes the
space of all functions from Gp�q�a� b� which are left�continuous on �a� b�� It is easy
to see that any function regulated on 	a� b
 is bounded on 	a� b
� For F � Gp�q�a� b�
we put

kFk � sup
t��a�b�

jF �t�j�
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It is well known that both Gp�q�a� b� and Gp�q
L �a� b� are Banach spaces with respect

to this norm �cf� 	�� Theorem I����
�� Given F � Gp�q�a� b�� t � 	a� b� and s � �a� b
�
we put

��F �t� � F �t��� F �t� and ��F �s� � F �s�� F �s���

A function F � Gp�q is said to be a �nite step function on 	�� �
� if there exist

a division d � ft�� t�� � � � � tmg of the interval 	�� �
 and real numbers c
�r�
i�j and d

�r�
i�j�

r � �� � � � � � m� i � �� �� � � � � p� j � �� �� � � � � q� such that

fi�j�t� �
mX
r��

c
�r�
i�j��tr����t� �

mX
r��

d
�r�
i�j��tr ����t� on 	�� �


for any component fi�j� i � �� �� � � � � p� j � �� �� � � � � q� of the function F� It is well�
known �cf� in 	�� Theorem I����
� that F � Gp�q if and only if there is a sequence
fFkg�k�� of 
nite step functions on 	�� �
 such that

lim
k��

kFk � Fk � ��

���� Functions of bounded variation� For a given function F � 	a� b
 �� R
p�q

and a given division d � ft�� t�� � � � � tmg of 	a� b
 �d � D�a� b�� we de
ne

S�F� d� �
mX
j��

jF �tj�� F �tj���j�

If

varbaF � sup
d�D�a�b�

S�F� d� ���

we say that the function F has a bounded variation varbaF on the interval 	a� b
�
BVp�q�a� b� denotes the Banach space of p� q�matrix valued functions of bounded
variation on 	a� b
 equipped with the norm

F � BVp�q�a� b� �� kFkBV � jF �a�j� varbaF�

For a given F � BVp�q�a� b�� we de
ne

vF �t� � vartaF for t � 	a� b
�

It is well known �cf� sections II����� II���� and the introduction to Section II�� in
	�
� that the relations

��vF �t� � ��F �t� for all t � 	a� b������

and
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��vF �s� � ��F �s� for all s � �a� b
�����

are true�
For more details concerning regulated functions or functions of bounded variation

see 		�

� 	�
� 	�
 or 	�
� respectively�

���� Notation� In the case 	a� b
 � 	�� �
 we write simplyD�Gp�q�G
p�q
L andBVp�q

instead of D��� ��� Gp�q��� ��� Gp�q
L ��� �� and BVp�q��� ��� respectively� Further�

more� Gn�� � Gn� Gn��
L � Gn

L and BVn�� � BVn�

���� Functions of two real variables� If a p� q�matrix valued function K is de�

ned on 	�� �
� 	�� �
 and t� s � 	a� b
 are given� then the symbols K�t� �� and K��� s�
denote the functions

K�t� �� � � � 	�� �
 �� K�t� �� � Rp�q

and

K��� s� � � � 	�� �
 �� K��� s� � Rp�q �

respectively� Furthermore� if s � 	�� �
 and K��� s� � Gp�q� then we put

��
� K��� s� � K��� s��K���� s� for � � ��� �


and

��
� K��� s� � K���� s��K��� s� for � � 	�� ���

Similarly� if t � 	�� �
 and K�t� �� � Gp�q� then we put

��
� K�t� �� � K�t� ���K�t� ��� for � � ��� �


and

��
� K�t� �� � K�t� ����K�t� �� for � � 	�� ���

���� Notation� For given linear spaces X and Y� the symbols L�X�Y� and K�X�Y�
denote the linear space of all linear bounded mappings of X into Y and the linear
space of linear compact mappings of X into Y� respectively� If X � Y we write L�X�
and K�X�� If A � L�X�Y�� then R�A �� N �A � and A � denote its range� null space
and adjoint operator� respectively�

���� Integrals� The integrals which occur in this paper are the Perron�Stieltjes
ones� For the original de
nition� see 	��
 or 	��
� We use the equivalent summation
de
nition due to Kurzweil �cf� 	�
� 	�
� 	��
��
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Let the functions f� g be regulated on 	a� b
� If the integral
R b

a
f�s�d	g�s�
 has

a 
nite value� then by Theorem ����� from 	�
 the function

h � t � 	a� b
 ��

Z t

a

f�s�d	g�s�
 � R

is regulated on 	a� b
� Let us note that if both the functions f� g are regulated on
	a� b
 and at least one of them has a bounded variation on 	a� b
� then the integral

Z b

a

f�s�d	g�s�


has a 
nite value �cf� 	��� Theorem���
�� In this case the above mentioned Theorem
����� from 	�
 implies that

h�t�� � h�t� � f�t���g�t� and h�s�� � h�s�� f�s���g�s�

holds for all t � 	a� b� and s � �a� b
� Moreover� if g � BV then h � BV� as well�
Further basic properties of the Perron�Stieltjes integral with respect to scalar

regulated functions were described in 	��
�
Given a p� q�matrix valued function F and a q � n�matrix valued function G

de
ned on 	a� b
 and such that all the integrals

Z b

a

fi�k�t�d	gk�j�t�
 �i � �� �� � � � � p� k � �� �� � � � � q� j � �� �� � � � � n�

exist �i�e� they have 
nite values�� then

Z b

a

F �t�d	G�t�
 �
� qX

k��

Z b

a

fi�k�t�d	gk�j�t�

�
i���������p
j���������n

�

The integrals Z b

a

d	F �t�
G�t� and

Z b

a

F �t�d	G�t�
H�t�

for matrix valued functions F� G� H of proper types are de
ned analogously� The
extension of the results obtained in 	��
 for scalar functions to vector valued or
matrix valued functions is obvious and hence for the basic facts concerning integrals
with respect to regulated functions we will refer to the corresponding assertions from
	��
�

In particular� the following lemma follows easily from 	��� Theorem ���
�
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���� Lemma� � is a linear bounded mapping of Gn
L into Rm if and only if there

exists an m � n�matrix M and an m � n�matrix valued function K�t� of bounded
variation on 	�� �
 such that

�x �Mx��� �

Z �

�

K�t�d	x�t�
 for all x � Gn
L�

Furthermore� for a given m � n�matrix M and an m � n�matrix valued function
K�t� of bounded variation on 	�� �
� the relation

Mx��� �

Z �

�

K�t�d	x�t�
 � � for all x � Gn
L

holds if and only if

M � � and K�t� � � on 	�� �
�

By a slight modi
cation of Corollary � from 	��
� we can obtain a result analogous
to Lemma ��� also for linear bounded mappings of Gn

L into Gn�

��	� Lemma� L is a linear bounded mapping of Gn
L into Gn if and only if there

exist n � n�matrix valued functions A � Gn�n and B � 	�� �
 � 	�� �
 �� R
n�n such

that

B��� s� � Gn�n for all s � 	�� �
������

B�t� �� � BVn�n for all t � 	�� �
������

there is a � �� such that var��B�t� �� 	 � for all t � 	�� �
�����

and L is given by ������ Furthermore� for given n � n�matrix valued functions
A � Gn�n and B�t� s� ful�lling ����������� the relation

A�t�x��� �

Z �

�

B�t� s�d	x�s�
 � � on 	�� �


holds for all x � Gn if and only if

A�t� � � on 	�� �
 and B�t� s� � � on 	�� �
� 	�� �
�

� � Functions of the class K n�n and the Bray Theo�

rem

In this section we shall study the properties of the class K n�n of n�n�matrix valued
functions which will play a crucial role in our investigations of equations of the form
�����
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���� Notation� For a given function K � 	�� �
� 	�� �
 �� R
n�n such that K�t� �� �

BVn�n for any t � 	�� �
� we denote byMK the mapping of 	�� �
 into BVn�n de
ned
by

MK � t � 	�� �
 �� MK�t� � K�t� �� � BVn�n������

���� De
nition� We say that a matrix�valued function K � 	�� �
� 	�� �
 �� R
n � n

belongs to the class K n�n if it satis
es the following hypothesis�

�H�� K�t� �� � BVn � n for any t � 	�� �
�

�H���i� for any t � 	�� �� there exists a function K�
t � M K�t�� � BVn�n such that

lim
��t�

kMK����K�
t kBV � ��

�H���ii� for any t � ��� �
 there exists a function K�
t �M K�t�� � BVn�n such that

lim
��t�

kMK����K�
t kBV � ��

���� De
nition� We say that a matrix�valued function K � 	�� �
� 	�� �
 �� R
n � n

belongs to the class K n�n
L if K � K n�n and the mapping M K � 	�� �
 �� BVn�n

given by ����� is left�continuous on ��� ��� i�e�

lim
��t�

kK��� ���K�t� ��kBV � �

holds for any t � ��� ���

���� Remark� Let a matrix�valued function K � 	�� �
� 	�� �
 �� R
n�n be such that

K�t� �� � BVn�n for any t � 	�� �
 and let the mapping M K � 	�� �
 �� BVn�n

be de
ned by ������ We say that M K is regulated on 	�� �
 if the condition �H��
from De
nition ��� is satis
ed� Obviously� �H�� is true if and only if the following
assertions are true�

�H���i
�� for any t � 	�� �� and any � � � there exists a 	 � � such that t � 	 � � and
kK���� ���K���� ��kBV � � for all ��� �� � �t� t� 	�

�H���ii
�� for any t � ��� �
 and any � � � there exists a 	 � � such that t � 	 � � and
kK���� ���K���� ��kBV � � for all ��� �� � �t� 	� t��

The following assertion due to Schwabik �cf� 	��� Theorem �
� has been already
mentioned in the introduction�
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���� Theorem� L is a linear compact mapping of Gn
L into Gn if and only if there

exist n�n�matrix valued functions A � Gn�n and B � 	�� �
�	�� �
 �� R
n�n such that

B � K n�n and L is given by ������ Furthermore� L is a linear compact mapping
of Gn

L into Gn
L if and only if there exist n � n�matrix valued functions A � Gn�n

L

and B � 	�� �
� 	�� �
 �� R
n�n such that B � K n�n

L and L is given by ������

Let us summarize some of the further properties of functions of the class K n�n�

���� Lemma� If K � K n�n� then K��� s� � Gn�n for any s � 	�� �
�

Proof� Let t � 	�� �� and � � � be given� By �H���i
�� �cf� Remark ���� there exists

	 � � such that t� 	 � � and

kK���� ���K���� ��kBV � � for all ��� �� � �t� t� 	��

Consequently� if s � 	�� �
 and ��� �� � �t� t� 	�� then

jK���� s��K���� s�j

	 jK���� ���K���� ��j� jK���� s��K���� s��K���� �� � jK���� ��j

	 kK���� ���K���� ��kBV � ��

This implies that K��� s� possesses a limit lim��t�K��� s� � K�t�� s� � Rn for any
t � 	�� �� and any s � 	�� �
� Analogously� K��� s� possesses a limit lim��t�K��� s� �
K�t�� s� � Rn for any t � ��� �
 and any s � 	�� �
�

���� Lemma� If K � K n�n� then

� �� sup
t������

kK�t� ��kBV ���

Proof follows directly from De
nition ��� by means of the Vitali Covering Theorem
�cf� also Remark �����

���� Lemma� If K � K n�n and M K is given by ������ then

M K�t�� � K�t�� �� � BVn�n for all t � 	�� �������

and

M K�t�� � K�t�� �� � BVn�n for all t � ��� �
������

Proof� Let t � 	�� �� be given� By �H���ii� there exists H � BVn�n such that

lim
��t�

kK��� ���HkBV � ��

i�e� H � MK�t��� In particular� in virtue of Lemma ��� we have

K�t�� s� � lim
��t�

K��� s� � H�s� for all s � 	�� �


wherefrom the relation ����� immediately follows� Analogously we can prove that
the relation ����� is true� as well�
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As a direct consequence of Lemma ��� we have the following

��	� Corollary� If K � K n�n� then the relations

lim
��t�

kK��� ���K�t�� ��kBV � � for all t � 	�� ��

and

lim
��t�

kK��� ���K�t�� ��kBV � � for all t � ��� �


are true�

����� Lemma� Let K � K n�n� then for any x � Gn the integralsZ �

�

K�t� s�d	x�s�
� t � 	�� �
������ Z �

�

K�t�� s�d	x�s�
� t � 	�� �������

and Z �

�

K�t�� s�d	x�s�
� t � ��� �
�����

have sense and the relations

lim
��t�

Z �

�

K��� s�d	x�s�
 �

Z �

�

K�t�� s�d	x�s�
 for t � 	�� �������

and

lim
��t�

Z �

�

K��� s�d	x�s�
 �

Z �

�

K�t�� s�d	x�s�
 for t � ��� �
�����

are true�

Proof� All the integrals ����� ������ have sense according to 	��� Theorem ���
� The
relations ����� and ����� follow then immediately by 	��� Theorem ���
 and by Corol�
lary ����

����� Corollary� If K � K n�n� then the integralZ �

�

K�t� s�d	x�s�


is de�ned for any x � Gn and any t � 	�� �
 and the function h � 	�� �
 �� R
n de�ned

by

h�t� �

Z �

�

K�t� s�d	x�s�


is regulated on 	�� �
 �h � Gn��
Moreover� if K � K n�n

L � then h � Gn
L�
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����� Lemma� If K � K n�n� then the integrals

Z �

�

yT �s�ds	K�s� t�
� t � 	�� �
�����

are de�ned for any y � BVn and the function h � 	�� �
 �� R
n de�ned by

hT �t� �

Z �

�

yT �s�ds	K�s� t�


has a bounded variation on 	�� �
 for any y � BVn�

Proof� a� The existence of the integrals ����� follows by 	��� Theorem ���
�

b� To prove that h � BVn� let us 
rst assume that n � �� k � K
n�n and

d � ft�� t�� � � � � tmg � D� Then for all xi � R� i � �� �� � � � � m such that jxij 	 � we
have by 	��� Theorem ���
 and Lemma ���

��� mX
i��

	h�ti�� h�ti���
xi

��� � ��� Z �

�

y�s�ds

h� mX
i��

�k�s� ti�� k�s� ti����
�i
xi

���
	 �kykBV

�
sup
s������
jxij��

��� mX
i��

�k�s� ti�� k�s� ti����xi

����

	 �kykBV

�
sup
s������
jxij��

� mX
i��

jk�s� ti�� k�s� ti���jjxij
��

	 �kykBV sup
s������

�
var��k�s� ��

�
� �kykBV � ���

In particular� if we put

xi � sign	h�ti�� h�ti���


for i � �� �� � � � � m we obtain that the inequality

S�h� d� �
mX
i��

jh�ti�� h�ti���j 	 ��kykBV

holds for any division d � ft�� t�� � � � � tmg � D of the interval 	�� �
 and any y � BV�

i�e�

var��h 	 ��kykBV �� for any y � BV�
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c� In the general case of n � N � n 
 �� we have for any j � �� �� � � � � n� any
y � BVn and any t � 	�� �


hj�t� �
nX
i��

Z �

�

yi�s�ds	ki�j�s� t�
�

Consequently� by the second part of the proof of this lemma the inequalities

var��hj 	 �
� nX

i��

kyikBV
�
� � �kykBV�

are true� It follows easily that h � BVn for any y � BVn�

����� Theorem� �Bray Theorem� If K � K n�n� then for any x � Gn and any
y � BVn the relationZ �

�

yT �t�dt

h Z �

�

K�t� s�d	x�s�

i
�

Z �

�

�Z �

�

yT �t�dt	K�t� s�

�
d	x�s�
������

is true�

Proof� a� Both iterated integrals occurring in ������ have sense by Corollary �����
Lemma ���� and by 	��� Theorem ���
�

b� Let us 
rst assume n � �� k � K n�n and y � BV� Let f � G be a 
nite step
function� i�e� there is a division ft�� t�� � � � � tmg of the interval 	�� �
 such that f is
on 	�� �
 a linear combination of the functions�

��tr ���� r � �� �� � � � � m� ��tj ���� j � �� �� � � � � m� �
�
�

To show that the relationZ �

�

y�t�dt

h Z �

�

k�t� s�d	f�s�

i
�

Z �

�

�Z �

�

y�t�dt	k�t� s�

�
d	f�s�
������

is true for any 
nite step function f on 	�� �
� it is su�cient to show that ������ is
true for any function from the setn

������� � � 	�� �

o

�
n
������� � � 	�� ��

o
�

If f � ������� i�e� f�t� � � on 	�� �
� then obviously both sides of ������ equal ��
Furthermore� let � � ��� �
 and f � ������� Then by 	��� Proposition ���
�Z �

�

k�t� s�d	f�s�
 � k�t� ���
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i�e� Z �

�

y�t�dt
h Z �

�

k�t� s�d	f�s�

i
�

Z �

�

y�t�dt	k�t� ��
�

On the other hand� we have by 	��� Proposition ���
�Z �

�

� Z �

�

y�t�dt	k�t� s�

�
d	f�s�
 �

Z �

�

y�t�dt	k�t� ��
�

as well�
Analogously we would prove that ������ holds also for f � ������� � � 	�� ��� Now�

if x � G� let fxrg�r�� be a sequence of 
nite step functions on 	�� �
 such that xr
tends to x uniformly on 	�� �
 as r��� By the previous part of the proof� we haveZ �

�

y�t�dt

h Z �

�

k�t� s�d	xr�s�

i
�

Z �

�

�Z �

�

y�t�dt	k�t� s�

�
d	xr�s�


for any r � N � According to 	��� Corollary ���
 it follows that

lim
r��

�Z �

�

�Z �

�

y�t�dt	k�t� s�

�
d	xr�s�


�
�

Z �

�

�Z �

�

y�t�dt	k�t� s�

�
d	x�s�
�

On the other hand� by Lemma ��� and by 	��� Theorem ���
 we have for any r � N
and any t � 	�� �


��� Z �

�

k�t� s�d	xr�s�
�

Z �

�

k�t� s�d	x�s�

��� � ��� Z �

�

k�t� s�d	xr�s�� x�s�

���

	 �kk�t� ��kBVkxr � xk 	 ��kxr � xk

and consequently

lim
r��

�Z �

�

k�t� s�d	xr�s�

�
�

Z �

�

k�t� s�d	x�s�


uniformly with respect to t � 	�� �
� Thus� making use of 	��� Corollary ���
 once
more� we obtain that the relation

lim
r��

Z �

�

y�t�dt

h Z �

�

k�t� s�d	xr�s�

i
�

Z �

�

y�t�dt

h Z �

�

k�t� s�d	x�s�

i

is true� It follows immediately that the relation ������ is true for any y � BV and
any f � G�

c� The proof can be extended to the general case n � N � n 
 �� similarly as it
was done at the end of the proof of Lemma �����
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����� Remark� For the proof of the Bray Theorem in the case of the interior
Dushnik integral see 	�� Theorem II����
�

In the following text we shall make use of the following assertion� as well�

����� Lemma� Let K � K n�n and let

H�t� s� �

	
K�t� s�� for t � 	�� �
 and s � 	�� ���
K�t� ��� for t � 	�� �
 and s � ��

Then H � K n�n� Moreover� if K � K n�n
L � then H � K n�n

L � as well�

Proof� Analogously as in the proofs of Lemma ���� and of Theorem ���� it is su��
cient to show that the assertion of the lemma is true in the scalar case n � ��

Let n � �� k � K n�n and

h�t� s� �

	
k�t� s�� for t � 	�� �
 and s � 	�� ���
k�t� ��� for t � 	�� �
 and s � ��

a� Let d � fs�� s�� � � � � smg be an arbitrary division of the interval 	�� �
 �d � D��
Then

S�h� d� �
mX
j��

jh�t� sj�� h�t� sj���j

�
m��X
j��

jk�t� sj��� k�t� sj����j� jk�t� ���� k�t� sm����j�

Let 	 � � be such that

sm�� � 	 � �� 	

and let us denote

�� � �� �j � sj�� � 	 for j � �� �� � � � � m� �m�� � �� 	� �m�� � ��������

Then

d� � f��� ��� � � � � �m��g � D������

and according to �H��� for any 	 � � su�ciently small we have

S�k� d�� � jk�t� 	�� k�t� ��j�
m��X
j��

jk�t� sj � 	�� k�t� sj�� � 	�j

� jk�t� �� 	�� k�t� sm�� � 	�j� jk�t� ��� k�t� �� 	�j

	 var��k�t� �� ���
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Thus

� � lim
����

S�k� d�� � S�h� d� � j��
� k�t� ��j� j��

� k�t� ��j

and consequently the inequality

S�h� d� 	 var��k�t� ��� j��
� k�t� ��j � j��

� k�t� ��j

holds for any division d � D� Hence

kh�t� ��kBV � jk�t� ���j� var��h�t� ��

	 jk�t� ��j� j��
� k�t� ��j� var��k�t� ��� j��

� k�t� ��j � j��
� k�t� ��j

	 kk�t� ��kBV�

i�e� h ful
ls �H���

b� Let t � 	�� �� and � � � be given� According to �H���i�� there is a 	� � � such
that t � 	� � � and

kk���� ��� k���� ��kBV � �

holds for any couple ��� �� � �t� t� 	��� In particular�

S�k���� ��� k���� ����� � �������

for any division � � D and any couple ��� �� � �t� t � 	��� Now� let an arbitrary
division d � fs�� s�� � � � � smg � D be given and let 	 � � be such that 	 � 	� and
sm�� � 	 � �� 	� Let us de
ne the division d� � f��� ��� � � � � �mg � D as in ������
and ������� Making use of ������ we obtain

S�h���� ���h���� ��� d�

� jk���� s���� k���� s���� k���� ��� � k���� ���j

�
m��X
j��

jk���� sj��� k���� sj��� k���� sj���� � k���� sj����j

� jk���� ���� k���� ���� k���� sm���� � k���� sm����j

� lim
����

� mX
j��

jk���� �j���� k���� �j���� k���� �j� � k���� �j�j
�

� lim
����

�
S�k���� ��� k���� ��� d��

�
� j��

� �k���� ��� k���� ���j � j��
� �k���� ��� k���� ���j � ��

This means that for any couple ��� �� � �t� t� 	� we have

kh���� ��� h���� ��kBV � e�
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i�e� h ful
ls �H���i��� Similarly we could show that h ful
ls also �H���ii�� Thus
h � K����

c� Let M k � t � 	�� �
 �� k�t� �� � BV be left�continuous on ��� �� and let � � �
be given� Then there is a 	� � � such that t� 	� � � and

S�k�t� ��� k��� ����� � �������

holds for any � � �t � 	�� t� and any � � D� Let an arbitrary division d �
fs�� s�� � � � � smg � D be given and let d� � f��� ��� � � � � �m��g � D be given for
	 � ���minf	��

��sm��

�
g� by ������ and ������� Then making use of ������ we obtain

similarly as in part b� of this proof

S�h�t� ���h��� ��� d�

� lim
����

� mX
j��

jk�t� �j���� k��� �j���� k�t� �j� � k��� �j�j
�

� lim
����

�
S�k�t� ��� k��� ��� d��

�
� j��

� �k�t� ��� k��� ���j � j��
� �k�t� ��� k��� ���j � ��

wherefrom the desired relation

lim
��t�

kh�t� ��� h��� ��kBV � �

easily follows�

����� Remark� Analogously we could show that if K � K n�n and if

H�t� s� �

	
K�t� ��� for t � 	�� �
 and s � ��
K�t� s�� for t � 	�� �
 and s � ��� �
�

then H � K n�n� Moreover� if K � K n�n
L � then H � K n�n

L � as well�

����� Lemma� Let K � K n�n and let

H�t� s� �

	
K�t�� s� for t � 	�� �� and s � 	�� �
�
K���� s� for t � � and s � 	�� �


and

G�t� s� �

	
K���� s� for t � � and s � 	�� �
�
K�t�� s� for t � ��� �
 and s � 	�� �
�

Then H � K n�n and G � K n�n
L �
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Proof� We shall prove that under the assumptions of the lemma H � K n�n� The
proof of the latter relation would be quite similar�

Let t � � and let d � D be an arbitrary division of 	�� �
� Then for any 	 � ��� ��t�
we have by Lemma ���

S�K�t � 	� ��� d� 	 var��K�t� 	� �� 	 � ���

Letting 	 � �� we immediately obtain that the inequality

S�H�t� ��� d� 	 � ��

is true for any d � D� It means that

var��H�t� �� 	 � ���

Now� let an arbitrary � � � be given� By �H���i
�� there is a 	 � � such that

kK���� ���K���� ��kBV � �
�

holds whenever t � �� � �� � t � 	� It means that for all t�� t� � �t� t � �
�
� and any

� � ��� �
�
� we have

kK�t� � �� ���K�t� � �� ��kBV � �
�
�

In particular� we have for any division d � D

jK�t� � �� ���K�t� � �� ��j � �
�

and

S�K�t� � �� ���K�t� � �� ��� d� � �
�

wherefrom we obtain easily that the relation

kH�t�� ���H�t�� ��kBV � �

is true whenever t � t� � t� � t � �
�
�

Analogously we would prove that if t � �� then for any � � � there is a 	 � �
such that

kH�t�� ���H�t�� ��kBV � �

is true whenever t� �
�
� t� � t� � t�
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����� Lemma� Let K � K n�n� t�� s� � 	�� ��� and t�� s� � ��� �
� Then all the limits

K�t��� s��� � lim
�������t� �s��
��t����s�

K��� ��� K�t��� s��� � lim
�������t� �s��
��t����s�

K��� ���

K�t��� s��� � lim
�������t� �s��
��t����s�

K��� ��� K�t��� s��� � lim
�������t� �s��
��t����s�

K��� ��

are de�ned in Rn�n �

Proof� We will restrict ourselves to proving the existence of the limits

K�t��� s��� � R
n�n for t�� s� � 	�� ���

The modi
cations of the proofs in the remaining cases are obvious�
Let t� � 	�� �� and s� � 	�� �� be given� By Lemma ���� there exists M � R

n�n

such that

lim
��s�

K�t��� �� � lim
��s�

�
lim

��t��
K��� ��

�
�M�

Furthermore� since in virtue of Corollary ���

lim
��t��

kK��� ���K�t��� ��k � ��

i�e�

lim
��t��

K��� �� � K�t��� �� uniformly with respect to � � 	�� �
�

it follows that

lim
�������t��s��
��t����s�

K��� �� �M�

���	� Lemma� Let K � K n�n� s � ��� �
 and t � 	�� ��� Then

lim
��t�

K��� ��� � lim
��t�

K��� ��� � K�t�� t���

lim
��t�

K���� �� � lim
��t�

K���� �� � K�t�� t���

lim
��s�

K��� ��� � lim
��s�

K��� ��� � K�s�� s��

and

lim
��s�

K���� �� � lim
��s�

K���� �� � K�s�� s���
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Proof� We will restrict ourselves to the proof of the relations

lim
��t�

K��� ��� � K�t�� t��� t � 	�� ���

The proofs of the remaining assertions of the lemma would be quite analogous� By
Lemma ���� there exists a 	 � ��� �� t� such that

jK��� ���K�t�� t��j � �
�

holds whenever t � � � t� 	 and t � � � t � 	� Furthermore� for any � � �t� t� 	�
we may choose a �� � �t� �� such that

jK��� ����K��� �� �j �
�
�

is true� Thus for any � � �t� t� 	� we have

jK��� ����K�t�� t��j 	 jK��� ����K��� �� �j� jK��� �� ��K�t�� t��j

� ��

����� Remark� A matrix valued function K � 	�� �
� 	�� �
 �� R
n�n is said to be of

bounded Vitali variation on 	�� �
� 	�� �
 if

v������������K�

� sup
D

mX
i�j��

���K�ti� sj��K�ti��� sj��K�ti� sj��� �K�ti��� sj���
��� ���

where the supremum is taken over all net subdivisions

D �
n
� � t� � t� � � � � � tm � �� � � s� � s� � � � � � sm � �

o
of the interval 	�� �
 � 	�� �
� A matrix valued function K � 	�� �
 � 	�� �
 �� R

n�n is
said to be of strongly bounded variation on 	�� �
� 	�� �
 if

v������������K� � var��K��� �� � var��K��� �� ���

Let us denote the set of n�n�matrix valued functions of strongly bounded variation
on 	�� �
 � 	�� �
 by SBVn�n� It follows by 	��� Corollaries I����� and I�����
 that
SBVn�n � K n�n�

On the other hand� the set G�BVn�n of n� n�matrix valued functions K of the
form

K�t� s� � F �t�G�s�� �t� s� � 	�� �
� 	�� �
�

where F � Gn�n and G � BVn�n� provides the simplest example of the class of
kernels which satisfy the assumptions of this paper� but do not belong in general to
the class SBVn�n� In fact� it is easy to verify that G�BVn�n � K n�n holds�
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����� Lemma� Let K � K n�n and t � 	�� ��� Then

for any � � � there exists a 	 � ��� �� t� such that������

vart�t�K�t�� �� � � holds whenever � � t � t� � t� � t� 	 	 ��

Proof �due to I� Vrko��� Let t � 	�� �� be given and let us assume that there is a

 � � and sequences ft�kg and ft

�
kg of points in �t� �
 such that

t � t�k�� � t�k�� � t�k � t�k � � holds for any k � N �

lim
k��

t�k � lim
k��

t�k � t and var
t�k
t�
k

K�tk�� �� � �
�

On the other hand� by �H���ii� there is a natural number k� such that

var���K�tk�� ���K�tk�� � ��� � 
�

This means that in the case that ������ does not hold we obtain

var��K�tk�� � �� 

X
k�k�

var
tk
�

tk
�

K�tk�� � ��



X
k�k�

h
var

tk
�

tk
�

K�tk�� ��� var
tk
�

tk
�

�K�tk�� ���K�tk�� � ���
i



X
k�k�


 ���

This being impossible in virtue of the assumption �H��� it follows that the assertion
������ is true and this completes the proof of the lemma�

Analogously we could prove the following assertion� as well�

����� Lemma� Let K � K n�n and t � ��� �
� Then

for any � � � there exists a 	 � ��� t� such that������

vart�t�K�t�� �� � � holds whenever � 	 t� 	 � t� � t� � t�

� � Fredholm�Stieltjes integral equations in the

space Gn
L

In this section we will consider linear integral equations of the form

x�t�� A�t�x����

Z �

�

B�t� s�d	x�s�
 � f�t�� t � 	�� �
������
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where

A � Gn�n
L and B � K n�n

L �

���� Remark� Let us recall that the operator L given by ������ i�e�

�L x��t� � A�t�x��� �

Z �

�

B�t� s�d	x�s�
� x � Gn
L� t � 	�� �
�����

is the general form of a linear compact operator on the space Gn
L �cf� Theorem �����

The equation ����� may be written as the operator equation

x� L x � f������

as well�

���� Remark� It is also known �cf� 	��� Theorem ���
� that the dual space �Gn
L�
� to

Gn
L is isomorphic to the space BVn�Rn � while for a given couple �y� 
� � BVn�Rn

the corresponding linear bounded functional on Gn
L is given by

x � Gn
L �� hx� �y� 
�i �� 
Tx��� �

Z �

�

yT �s�d	x�s�
 � R������

The compactness of the operator L immediately implies that the following Fred�
holm alternative type assertions ������� are true�

���� Proposition� Let A � Gn�n
L and B � K n�n

L � Then the given equation �����
possesses a unique solution x � Gn

L for any f � Gn
L if and only if the corresponding

homogeneous equation x� L x � �� i�e�

x�t�� A�t�x����

Z �

�

B�t� s�d	x�s�
 � �� t � 	�� �
�

possesses only the trivial solution�

���� Proposition� Let A � Gn�n
L � B � K n�n

L and f � Gn
L� Then the equation �����

possesses a solution in Gn
L if and only if


Tf��� �

Z �

�

yT �s�d	f�s�
 � ������

holds for any solution �y� 
� � BVn � R
n of the operator equation

�y� 
�� L ��y� 
� � � � BVn � R
n�����

adjoint to ������
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���� Proposition� Let A � Gn�n
L and B � K n�n

L � Then the relations

dimN �I�L � � dimN �I�L �� ��

hold for the dimensions of the null spaces N �I�L � and N �I�L �� corresponding
to the operator L and its adjoint L �� respectively�

���� Corollary� Let A � Gn�n
L and B � K

n�n
L � Then the given equation �����

possesses a unique solution x � Gn
L for any f � Gn

L if and only if the corresponding
homogeneous equation

x� L x � �

possesses only the trivial solution�

Making use of the above mentioned explicit representation ����� of the dual
space to Gn

L and of the Bray Theorem we can derive the explicit form of the adjoint
operator L � to L �

���� Theorem� Let A � Gn�n
L and B � K n�n

L � Then the adjoint operator L � to
the operator L is given by

L
� � �y� 
� � BVn � R

n ��
�
L
�
��y� 
��L

�
��y� 
�

�
� BVn � R

n �

where �
L
�
��y� 
�

�
�t� � BT ��� t�
 �

Z �

�

ds


BT �s� t�

�
y�s�� t � 	�� �


and

L
�
��y� 
� � AT ���
 �

Z �

�

d


AT �s�

�
y�s��

Proof� Given x � Gn
L� y � BVn and 
 � Rn � we have by ����� and by Theorem ����

hL x� �y� 
�i � 
T
�
A���x��� �

Z �

�

B��� t�d	x�t�

�

�

Z �

�

yT �t�ds

h
A�t�x��� �

Z �

�

B�t� s�d	x�s�

i

�
�

TA��� �

Z �

�

yT �s�d	A�s�

�
x���

�

Z �

�

�

TB��� t� �

Z �

�

yT �s�ds	B�s� t�

�
d	x�t�


� �L �
��y� 
��

Tx��� �

Z �

�

�L �
��y� 
��

T �t�d	x�t�


� hx� �L �
��y� 
��L

�
��y� 
��i

wherefrom the proof of the theorem immediately follows�
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Proposition ��� and Theorem ��� immediately yield the following assertion�

���� Theorem� Let A � Gn�n
L � B � K n�n

L and f � Gn
L� Then the equation �����

possesses a solution x � Gn
L if and only if ����� holds for any solution �y� 
� �

BVn � R
n of the system

y�t�� BT ��� t�
 �

Z �

�

ds


BT �s� t�

�
y�s� � �� t � 	�� �
�


 � AT ���
 �

Z �

�

d


AT �s�

�
y�s� � ��

��	� Remark� Let us notice that in virtue of Corollary ���� for any solution x � Gn

of ����� on 	�� �
 we have

x�t�� � A�t��x��� �

Z �

�

B�t�� s�d	x�s�
 � f�t�� for all t � 	�� ���

x�t�� � A�t��x��� �

Z �

�

B�t�� s�d	x�s�
 � f�t�� for all t � ��� �
�

In particular� if A � Gn�n
L � B � K n�n

L and f � Gn
L� then any solution x of ���� on

	�� �
 is left�continuous on ��� ���

����� Example� Let us consider a linear Stieltjes integral equation

x�t��

Z �

�

ds	P �t� s�
x�s� � f�t�� t � 	�� �
�����

with P � K n�n
L and f � Gn

L� Such equations with kernels P of strongly bounded
variation on 	�� �
� 	�� �
 �cf� Remark ����� were treated in 	��
�

Let t � 	�� �
 and x � Gn
L be given� Let us put

Q�t� s� �

	
P �t� s�� for s � ��
P �t� ��� for s � �

and

Z�t� s� � P �t� s��Q�t� s� for �t� s� � 	�� �
� 	�� �
�

Then

Z�t� s� �

	
���

� P �t� s� for s � ��
��

� P �t� �� for s � ��
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Since obviouslyQ�t� �� and Z�t� �� � BVn�n� lim��s� P �t� ��� � P �t� s�� if s � 	�� ��
and lim��s� P �t� ��� � P �t� s�� if s � ��� �
� it is easy to verify that

Z�t� s�� � � for all s � 	�� �� and Z�t� s�� � � for all s � ��� �
�

Since Z�t� �� � BVn�n� this implies that there is an at most countable set W � 	�� �

of points in 	�� �
 such that Z�t� s� � � holds for any s � 	�� �
 nW� Making use of
	��� Proposition ����
 we obtain thatZ �

�

ds	Z�t� s�
x�s� � Z�t� ��x���� Z�t� ��x����

This implies that the relationZ �

�

ds	P �t� s�
x�s� �

Z �

�

ds	Q�t� s�
x�s� � ��
� P �t� ��x��� � ��

� P �t� ��x���

is true� Furthermore� according to the integration�by�parts formula �cf� 	��� Theo�
rem ����
� we haveZ �

�

ds	P �t� s�
x�s�

� Q�t� ��x����Q�t� ��x����

Z �

�

Q�t� s�d	x�s�


�


P �t� ���� P �t� ��

�
x��� �



P �t� ��� P �t� ���

�
x���

� P �t� ��x���� P �t� ��x����

Z �

�

Q�t� s�d	x�s�


�


P �t� ��� P �t� ��

�
x��� �

Z �

�

�
P �t� ���Q�t� s�

�
d	x�s�


�


P �t� ��� P �t� ��

�
x���

�

Z �

�

	
P �t� ��� P �t� s��� s � �
P �t� ��� P �t� ���� s � �

�
d	x�s�


and hence Z �

�

ds	P �t� s�
x�s� � C�t�x��� �

Z �

�

D�t� s�d	x�s�
�

where

C�t� � I�P �t� ��� P �t� ��

and
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D�t� s� �

	
P �t� ��� P �t� s�� for s � 	�� ���
P �t� ��� P �t� ��� for s � ��

Obviously� under our assumptions we have C � Gn�n
L andD � K n�n

L �cf� Lemma
������ Thus� if P � K

n�n
L and f � Gn

L� then the given equation ����� may be
transformed to an equation of the form ����� with coe�cients A� B and f ful
lling
the assumptions of Theorem ����

� � The resolvent couple for the Fredholm � Stielt�

jes integral equation

In this section we will consider the special case when the equation ����� possesses
a unique solution x � Gn

L for any f � Gn
L� In particular� in addition to A � Gn�n

L �

B � K n�n
L we will assume that

dimN �I�L � � ������

�cf� Corollary �����
Under these assumptions the Bounded Inverse Theorem 	��� Section III����
 im�

plies that the linear bounded operator I�L � Gn
L � Gn

L possesses a bounded inverse
operator �I�L ��� � Gn

L � Gn
L� Furthermore� as

�I�L ��� � I��I�L ���L �

it follows immediately that the inverse operator �I�L ��� may be expressed in the
form

�I�L ��� � I��������

where � is a linear compact operator �� � K�Gn
L�G

n
L��� By Theorem ��� there exist

functions U � Gn�n
L � V � K n�n

L such that � is given by

� � f � Gn
L � U�t�f��� �

Z �

�

V �t� s�d	f�s�
������

The following assertion now follows from Lemma ��� and Theorem ����

���� Theorem� Let us assume that A � Gn�n
L and B � K n�n

L are such that �����
holds� Then there exists a uniquely de�ned couple of functions U � Gn�n

L � V � K n�n
L

such that for any f � Gn
L the corresponding solution x � Gn

L to ����� is given by

x�t� � f�t� � U�t�f��� �

Z �

�

V �t� s�d	f�s�
� t � 	�� �
������
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���� Theorem� Let us assume that A � Gn�n
L and B � K n�n

L are such that �����
holds� Then the functions U� V given by Theorem ��� satisfy the matrix equations

U�t�� A�t�U��� �

Z �

�

B�t� ��d	U���
 � A�t������

and

V �t� s�� A�t�V ��� s��

Z �

�

B�t� ��d� 	V ��� s�
 � B�t� s������

for all t� s � 	�� �
�

Proof� Let � be a linear compact operator de
ned by ������ Inserting ����� into
����� we obtain that under our assumptions � has to satisfy the relation

�f � L ��f� � L f for all f � Gn
L������

Inserting ����� into ����� and making use of the Bray Theorem �cf� Theorem �����
we obtain furthermore that

�
U�t�� A�t�U����

Z �

�

B�t� ��d	U���

�
f���

�

Z �

�

�
V �t� s�� A�t�V ��� s��

Z �

�

B�t� ��d� 	V ��� s�

�
d	f�s�


� A�t�f��� �

Z �

�

B�t� s�d	f�s�


has to be true for any f � Gn
L� wherefrom by Lemma ��� the assertion of the theorem

immediately follows�

���� De
nition� We say that a couple of functions U � Gn�n
L � V � K n�n

L is the
resolvent couple for the equation ����� if for any f � Gn

L the unique solution x � Gn
L

is given by ������

� � Volterra�Stieltjes integral equations in Gn
L

It is natural to expect that the linear operator equation ����� could possess for any
f � Gn

L a unique solution if the operator L is causal�
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���� De
nition� An operator L � L�Gn
L� is said to be causal if

�L x���� � � for any x � Gn
L������

and for a given t � ��� ��

�L x��t� � � whenever x � Gn
L and x��� � � on 	�� t
������

���� Lemma� If A � Gn�n
L and B � K n�n

L � then the linear operator L � L�Gn
L�

given by ����� is causal if and only if

A��� � � and B�t� s� � � for all t � 	�� �� and s � 	t� �
������

Proof� a� If ����� is satis
ed� then obviously the relation

Z �

�

B�t� s�d	x�s�
 �

Z t

�

B�t� s�d	x�s�


is true for any x � Gn
L and any t � 	�� �
 whence the causality of L immediately

follows�

b� On the other hand� let us assume that L is causal� Then by ����� the relation

A���x��� �

Z �

�

B��� s�d	x�s�
 � �

has to be satis
ed for any x � Gn
L� By Lemma ��� this means that the relations

A��� � � and B��� s� � � for all s � 	�� �


have to be satis
ed� as well� Furthermore� if t � ��� ��� then ����� is true if and only
if Z �

t

B�t� s�d	x�s�
 � � for all x � Gn
L�

An obvious modi
cation of Lemma ��� implies that this may hold only if

B�t� s� � � for all s � 	t� �
�

wherefrom the assertion of the lemma immediately follows�
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���� Remark� Let us notice that the condition ����� does not necessarily imply that
B��� �� � �� On the other hand� it is easy to verify that the operator L � L�Gn

L�
given by ����� ful
ls a somewhat stronger causality properties ����� and

�L x��t� � � for all t � ��� �
 and x � Gn
L such that x��� � � on 	�� t������

if and only if

A��� � � and B�t� s� � � whenever � 	 t 	 s 	 ��

In fact� if x��� � � on 	�� ��� then

�L x���� � B��� ��x��� � �

holds for any x��� � Rn if and only if B��� �� � ��

���� Remark� As noticed in the proof of Lemma ���� if the assumptions of Lemma
��� and the conditions ����� are satis
ed� then the Fredholm�Stieltjes equation �����
reduces to the Volterra�Stieltjes equation

x�t�� A�t�x����

Z t

�

B�t� s�d	x�s�
 � f�t�� t � 	�� �
������

To show that the equation ����� possesses a unique solution x � Gn
L for each f �

Gn
L� it is by Proposition ��� su�cient to show that the corresponding homogeneous

equation

x�t� � A�t�x��� �

Z t

�

B�t� s�d	x�s�
� t � 	�� �
�����

possesses only the trivial solution x � ��
Let x � Gn

L be an arbitrary solution of ����� on 	�� �
� Then obviously x��� � ��
Furthermore� since by ����� B���� s� � � whenever s � �� we have by Lemma ����

x���� � lim
t���

Z t

�

B�t� s�d	x�s�
 � lim
t���

Z �

�

B�t� s�d	x�s�


�

Z �

�

B���� s�d	x�s�
 � B���� ����x��� � B���� ��x�����

i�e� h
I�B���� ��

i
x���� � ��

Thus we have x���� � � whenever

det


I�B���� ��

�
�� ��
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Analogously� if we assume that x��� � � on 	�� t
 holds for a given t � ��� ��� then

x�t�� �

Z �

t

B�t�� s�d	x�s�
 � B�t�� t�x�t���

and thus necessarily x�t�� � � whenever det
�
I�B�t�� t�

�
�� �� Finally� if we assume

that x��� � � on 	�� ��� then the equation ����� reduces toh
I�B��� ��

i
x��� � x����

This indicates that it is possible to expect that the equation ����� will possess
only the trivial solution x � � on 	�� �
 if the relations

det


I�B��� ��

�
�� � and det



I�B�t�� t�

�
�� � for all t � 	�� �������

will be satis
ed�

���� Theorem� Let A � Gn�n
L � B � K n�n

L and let the condition ����� be satis�ed�
Then the Volterra�Stieltjes equation ����� possesses a unique solution x � Gn

L for
any f � Gn

L if and only if the relations ����� are satis�ed�

Proof� First� let us assume that the relations ����� are satis
ed� We shall show that
then the equation ����� possesses only the trivial solution� Indeed� let x � Gn

L be
a solution of ������ Then x���� � x��� � � and as in Remark ��� we haveZ t

�

B���� s�d	x�s�
 � B���� ����x��� � � for all t � 	�� �
�

Consequently� the equation ����� can be rewritten as

x�t� �

Z t

�

�B�t� s�� B���� s��d	x�s�
�

In virtue of 	��� Theorem ���
� this yields that the inequality

jx�t�j 	 �kB�t� ��� B���� ��kBV
�
sup
s����t�

jx�s�j
�

is true for any t � 	�� �
� Furthermore� by Corollary ��� there is a 	 � � such that

kB�t� ���B���� ��kBV � �
	

whenever t � ��� 	


and hence also

sup
t������

jx�s�j � �
�
sup
t������

jx�s�j�
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wherefrom the relation

x � � on 	�� 	


follows� Now� let us put

t� � sup
n
	 � 	�� �
 � x�t� � � on 	�� 	


o
�

We know that t� � ��� �
 and x�t� � � on 	�� t��� Since x is left�continuous on ��� ��
�cf� Remark ����� it follows that if t� � �� then x�t�� � x�t��� � �� as well� We
close the 
rst part of the proof by showing that t� � � and x��� � ��

Indeed� if t� � �� taking into account the hypothesis ����� and Lemma ���� we
would obtain

x�t��� � lim
t�t��

Z t

�

B�t� s�d	x�s�
 �

Z �

�

B�t��� s�d	x�s�


� B�t��� t��x�t���

and consequently h
I�B�t��� t��

i
x�t��� � ��

Hence according to ����� we would have x�t��� � �� By an argument analogous to
that used above for � in the place of t�� we can get that there exists 	 � � such
that x�t� � � on 	�� t�� 	
� which contradicts the de
nition of t�� Finally� as we have
obviously x�t� � � on 	�� �� and hence also x���� � �� the relation ����� reduces to
x��� � B��� ��x��� or h

I�B��� ��
i
x��� � ��

wherefrom the desired relation x��� � � immediately follows taking into account
our assumption ������

To show the necessity of the conditions ����� for the unique solvability of �����
for any f � Gn

L� let us assume that the set

SB ��
n
t � 	�� �� � det



I�B�t�� t�

�
� �

o
is nonempty� Let us denote

t� � inf SB�

Then t� is not a point of accumulation of SB� In fact� if this were not true� then
there would exist a sequence ftkg

�
k�� of points in SB such that tk � t� for any k � N

and limk�� tk � t�� Since in virtue of ����� we have for any � � t�

lim
��t��

B��� �� � ��
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it follows by Lemma ���� that

B�t��� t��� � lim
�������t��t��
��t����t�

B��� �� � lim
��t��

� lim
��t��

B��� ��� � �

and consequently

� � lim
k��

det
�
I�B�tk�� tk�

�
� det

�
I�B�t��� t���

�
� det �I� � ��

In particular� t� � SB and

det
�
I�B�t��� t��

�
� ��

Hence there is a d � Rn such that there is no c � Rn such that

I�B�t��� t��

�
c � d�

Now� let us put

f�t� �

	
� for t 	 t��

d for t � t��

By the 
rst part of the proof� for any possible solution x � Gn
L of the equation ����

on 	�� �
 we have x�t� � � on 	�� t�� and thus

x�t�� � lim
t�t��

x�t� � ��

By an argument analogous to that used above we can further deduce that the limit
x�t��� of any possible solution x of ����� has to verify the relationh

I�B�t��� t���
i
x�t��� � f�t��� � d�

However� by the de
nition of d this is not possible and consequently the set SB is
empty� This completes the proof of the theorem�

���� Corollary� Let A � Gn�n
L � B � K n�n

L and let the condition ����� be satis�ed�
Then the homogeneous equation ���� � possesses only the trivial solution x � � if
and only if the relations ����� are satis�ed�

The proof follows immediately from Proposition ��� and Theorem ����

Similarly� the proof of the following assertion is an easy consequence of Theorems
��� and ��� and Corollary ����
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���� Corollary� Let A � Gn�n
L � B � K n�n

L and let the conditions ����� and �����
be satis�ed� Then there exists a resolvent couple U � Gn�n

L � V � K n�n
L for the

equation ������ The functions U and V satisfy in addition the relations

U��� � � and V �t� s� � � for all s � 	�� ��� t � 	�� s
������

U�t��

Z t

�

B�t� ��d� 	U���
 � A�t� for all t � 	�� �
������

and

V �t� s��

Z t

�

B�t� ��d� 	V ��� s�
 � B�t� s� for all t� s � 	�� �
�������

Proof� Let A � Gn�n
L � B � K

n�n
L and let the conditions ����� and ����� be sa�

tis
ed� Then by Theorems ��� and ��� and Corollary ��� there exists a resolvent
couple U � Gn�n

L � V � K n�n
L for the equation ����� and the functions U� V satisfy

the matrix equations ����� and ����� Furthermore� as in virtue of ����� we have
A��� � �� it follows easily from ����� that U��� � � holds� Consequently� the
relation ����� reduces to ������

Furthermore� let an arbitrary s � ��� �� be given� Since by ����� we have B�t� s� �
� whenever t 	 s� it follows easily that the function V ��� s� ful
ls the relation

V �t� s� � A�t�V ��� s� �

Z �

�

B�t� ��d� 	V ��� s�
 for all t � 	�� s
�

By an argument analogous to that used in the proof of Corollary ��� we can deduce
now that V �t� s� � � has to be true for any t � 	�� s
� Finally� as by the assumption
����� we have B��� s� � � for any s � 	�� �
� it follows immediately from ����� that
V ��� �� � � on 	�� �
� as well� Thus the relations ����� are true and consequently
the relation ����� reduces to �������

�

���� Remark� It is easy to verify that under the assumption of Corollary ��� the
resolvent couple �U� V � of ����� satis
es in addition to the relations ������������ the
following relations� as well�

V �t� �� � � on 	�� �� and V ��� �� �
h
I�B��� ��

i��
B��� ���

To show that the results of this section cover also the Volterra analogue of the
equation mentioned in Example ���� the following lemma is essential�

��	� Lemma� Let K � K n�n and let K	 be given by

K	�t� s� �

	
K�t� s� for t � 	�� �
 and s � 	�� t
�
K�t� t� for t � 	�� �
 and s � 	t� �
�

������
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Then K	 � K n�n� Moreover� if K � K n�n
L and

K�t� t�� � K�t� t� for all t � ��� ���������

then K	 � K n�n
L � as well�

Proof� Let t � ��� �
 and � � � be given� Then by assumption and by Lemma ����
there exists a 	 � ��� t� such that

kK�t�� ���K�t�� ��kBV � �
�

and vart�t�K�t�� �� �
�
�

whenever � 	 t � 	 � t� 	 t� � t� Now� let an arbitrary couple t�� t� � 	�� �
 such
that t� 	 � t� 	 t� � t be given� Then by ������ we have

K	�t�� s��K	�t�� s� �


�
�

K�t�� s� �K�t�� s� for � 	 s 	 t��

K�t�� s� �K�t�� t�� for t� 	 s 	 t��

K�t�� t���K�t�� t�� for t� 	 s

and it is easy to see that this implies that

kK	�t�� ���K	�t�� ��kBV

	 jK�t�� ���K�t�� ��j� vart�� �K�t�� ���K�t�� ���

� vart�t��K�t�� ���K�t�� t���

	 kK�t�� ���K�t�� ��kBV � vart�t�K�t�� �� � �

holds for any couple t�� t� � 	�� �
 such that t � 	 � t� 	 t� � t� Analogously we
would show that for any � � � there exists a 	 � ��� t� such that

kK	�t�� ���K	�t�� ��kBV � �

holds for any couple t�� t� � 	�� �
 such that t � t� 	 t� � t � 	� wherefrom the
relation K	 � K n�n immediately follows�

Furthermore� if K	 � K n�n
L and ������ holds� then we obviously have

lim
��t�

kK	�t� ���K	��� ��kBV

	 lim
��t�

kK�t� ���K��� ��kBV � lim
��t�

vart�K�t� �� � �

for any t � 	�� �
�

����� Remark� It follows easily from Lemmas ���� and ���� that if K � K n�n
L �

then for any x � Gn
L the function z�t� given by

z�t� �

Z t

�

ds	K�t� s�
x�s� for t � 	�� �


is left�continuous on ��� �� if and only if ������ holds�
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����� Example� Let us consider the linear Volterra�Stieltjes integral equation

x�t��

Z t

�

ds	K�t� s�
x�s� � f�t�� t � 	�� �
������

with K � K n�n
L ful
lling the relation ������ and f � Gn

L� �Such equations with
kernels K of strongly bounded variation on 	�� �
 � 	�� �
 �cf� Remark ����� were
treated in 	��
��

Let us de
ne the function K	 � 	�� �
� 	�� �
 � R
n�n again by ������� Then by

Lemma ��� we have K	 � K n�n
L � Obviously�Z t

�

ds	K�t� s�
x�s� �

Z �

�

ds	K
	�t� s�
x�s�������

holds for any x � Gn� Let t � 	�� �
 and x � Gn
L be given� Analogously as in Example

���� we could show that thenZ �

�

ds	K
	�t� s�
x�s� � A�t�x��� �

Z �

�

B�t� s�d	x�s�
�������

where

A�t� � I�K	�t� ���K	�t� �� for t � 	�� �


and

B�t� s� �

	
K	�t� ���K	�t� s�� for t � 	�� �
 and s � 	�� ���
K	�t� ���K	�t� ��� for t � 	�� �
 and s � ��

It is easy to verify that A � Gn�n
L and B � K n�n

L �cf� Lemma ���� and Lemma ����
and

A�t� � I�K�t� t��K�t� �� for t � 	�� �


and

B�t� s� �


���
���

K�t� t��K�t� s�� if � 	 s � t 	 ��
K�t� t��K�t� t� if � 	 t 	 s � ��
K�t� t��K�t� t� if � 	 t � s � ��

K��� ���K��� ��� if t � s � ��

In particular� we have

A��� � � and B�t� s� � � whenever � 	 t 	 s 	 � and t � ��

Furthermore� for an arbitrary t � 	�� �� we have

B�t�� t� � lim
��t�

�K��� ���K��� t��� � K�t�� t���K�t�� t�� � �
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�cf� Lemma ������ It means that under the above assumptions the Volterra�Stieltjes
integral equation ������ may be converted to the causal integral equation of the
form ����� whose coe�cients A and B satisfy the assumptions of Corollary ��� if in
addition we would assume that the relation

det
�
I��K��� ���K��� ���

�
�� �

is satis
ed�
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