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Abstract� The paper deals with linear di�erential equations on the interval ��� �� with distributional
coe�cients and solutions from the space of regulated functions� In particular� it is shown that if the
n� n�matrix valued function A	t
 has a bounded variation on ��� �� and the n�vector valued function
f	t
 is regulated on ��� �� and both A	t
 and f	t
 are regular on ��� �� 	cf� 	���

 then the system

x�
�A�x � f ��

where the derivatives and equality are understood in the distributional sense� is equivalent with the
system of Volterra�Stieltjes integral equations

x	t
 � x	�
 �

Z
t

�

�
dA	s


�
x	s
 � f	t
� f	�
� t � ��� ���

As a consequence the basic existence and uniqueness theorems for the given system are proved and
the variation�of�constants formula for its solutions is obtained� Furthermore� analogous results for the
second order distributional di�erential equations of the form

u�� 
 q�	t
u � f ��	t


are given� as well�

�� Introduction

Provided an n�n�matrix valued function P �t� and an n�vector valued function g�t� are Lebesgue
integrable on ��� �� and the functions A�t� and f�t� are given by

A�t� �

Z t

�

P �s�d s and f�t� �

Z t

�

g�s�d s� t � ��� ���

an n�vector valued function x�t� is called a solution to the system

����� x� � P �t�x � g�t�

on ��� �� in the Carath	eodory sense if it is a solution to the integral equation

���
� x�t�� x����

Z t

�

�
dA�s�

�
x�s� � f�t� � f���� t � ��� ���
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i�e� if it is absolutely continuous on ��� �� and the equality

x��t�� P �t�x�t� � g�t�

holds for a�e� t � ��� ���
Probably the most stimulating motivation for investigation of systems which maintain basic

features of ordinary di�erential equations and at the same time admit discontinuous solutions
was the desire to explain some phenomena occurring in the study of continuous dependence of
solutions of ordinary di�erential equations on a parameter �cf� �Ku�Vo� and �Ku
��� Furthermore�
it appeared e�g� that the proper adjoint problem to the boundary value problem ������

Z �

�

�
dK�t�

�
x�t� � �

contains in general case whenK�t� is of bounded variation on ��� �� �and not continuous in general�
an equation of the form ���
� with the right hand side of bounded variation on ��� �� and not
continuous in general �cf�e�g� �Ha�Mo� or �Ve�Tv���

There are essentially two ways of generalization of linear ordinary di�erential equations �����
to equations which admit discontinuous solutions� One of them consists in generalization of the
concept of the derivative and leads to di�erential equations in the distributional sense� The 
rst
step in this direction is due to J� Kurzweil �cf� �Ku���� Theorems on existence and uniqueness of
solutions to di�erential systems of the form

����� x� �A��t�x � f ��t��

where the n�n�matrix valued function A�t� and the n�vector valued function f�t� are of bounded
variation on ��� �� and derivatives and equality are understood in the distributional sense� were
obtained by J� Lig�eza �cf� �Li���� Related results may be found e�g� in �Li
�� �Pa�De�� �Per�� �Pf�
and �Za�Se�� The other way of generalizing of ordinary di�erential equations is based on the use
of a more general integral in the integral equation ���
� and leads to generalized di�erential �or
di�erentio�Stieltjes integral� equations de
ned by their integral form ���
�� The study of generalized
di�erential equations of the form ���
�� where the n � n�matrix valued function A�t� and the n�
vector valued function f�t� are of bounded variation on ��� �� and the integral is the Perron�Stieltjes
one� was initiated by J� Kurzweil �cf� e�g� �Ku
��� T� H� Hildebrandt �cf� �Hi
�� and others�
J� Kurzweil introduced a generalized concept of the sum�type Stieltjes integral which is equivalent
to the Perron�Stieltjes integral� �A survey of the basic properties of this integral may be found
in �S�T�V�� �Sch�� or �Sch��� Some additional properties of the Perron�Stieltjes integral concerning
the integration with respect to regulated functions were established in �Tv���� Furthermore� in
�S�T�V� a basic theory of generalized integral systems of the form

x�t��

Z t

�

�
dK�t� s�

�
x�s� � f�t�������

x�t��

Z �

�

�
dK�t� s�

�
x�s� � f�t������

and of boundary value problems for generalized di�erential equations of the form ���
� �with
solutions of bounded variation� was developed� Further results concerning related topics may be
found in �Sch����Sch
� and �Sch��� Similar problems were treated also by Ch� S� H�onig� L� Barbanti
and L� Fichmann �cf� e�g� �H�o�� �Ba�� and �Fi��� who made use of the interior Dushnik integral and
were looking for solutions in the space of regulated functions� i�e� of functions possessing at each
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point of the interval ��� �� a limit from the right and at each point of the interval ��� �� a limit from
the left� The use of the interior Dushnik integral instead of the Perron�Stieltjes integral causes that
the equations studied by Ch� S� H�onig� L� Barbanti and L� Fichmann� though written in the same
form as the equations ���
�� ����� and ������ are not identical with them� In the space of regulated
functions the generalized di�erential equations of the form ���
� �with the Perron�Stieltjes integral�
were investigated in the paper �Tv
��

From many points of view the �integral� approach appears to be more convenient then the
�distributional� one� The integral equation ���
� which should be satis
ed at any point t of
the interval ��� �� seems to be more concrete than the rather symbolic equation ������ Due to
the di�culties with the explicit de
nition of the distributional product of functions of bounded
variation with derivatives of such functions the results for distributional di�erential systems �����
are not so explicit as those available for generalized di�erential systems ���
�� In particular�
the variation�of�constants formula for distributional di�erential systems of the form ����� has not
been established until now� However� there is one substantial advantage of the �distributional�
approach� generalizations of higher order di�erential equations are formulated via distributional
di�erential systems in a more natural way� As the known conditions ensuring the existence and
uniqueness of a solution to the systems ���
� and ����� are very similar� it is a general feeling that
these two systems should be equivalent� Nevertheless� it seems that there are no results concerning
the relationship between the systems ���
� and ����� available� The 
rst attempt in this direction
was done by M� Pelant �cf��Pel���

The aim of this contribution is to show the equivalence �under certain assumptions� of the
systems ���
� and ����� and of the second order distributional di�erential equation

����� u�� � q��t�u � f ���t�

and a certain Volterra�Stieltjes integral equation of the form ������ This enables us e�g� to get the
variation�of�constants formulas for distributional di�erential equations ����� and ������ as well�

Throughout the paper Rn denotes the space of real column n�vectors� R� � R and N stands
for the set of positive integers� Given a k � n�matrix M � its elements are denoted by mi�j � M

��

denotes its inverse� M� is its transposition and kMk � maxi������k

Pn

j�� jmi�j j� The symbols I
and � stand respectively for the identity and the zero matrix of the proper type�

Any function f � ��� �� �� R which possesses 
nite limits

f�t�� � lim
��t�

f��� and f�s�� � lim
��s�

f���

for all t � ��� �� and s � ��� �� is said to be regulated on ��� ��� Any k � n�matrix valued function F
de
ned on ��� �� and such that all its elements fi�j�t�� i � �� 
� � � � � k� j � �� 
� � � � � n are regulated
functions on ��� �� or functions of bounded variation on ��� �� is said to be a matrix valued function

regulated on ��� �� or of bounded variation on ��� ��� respectively� BV k�n denotes the Banach space
of k � n�matrix valued functions of bounded variation on ��� �� equipped with the norm

F � BV k�n �� kF kBV � jF ���j� var�� F �

The space of column n�vector valued functions regulated on ��� �� is denoted by Gn and Gn
R stands

for the set of all functions f � Gn such that

f���� � f����f���� � f��������

and
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f�t� �
f�t�� � f�t��



for t � ��� ���

Functions ful
lling ����� are usually called regular on ��� ��� The set of all regular on ��� �� k � n�

matrix valued functions of bounded variation on ��� �� is denoted by BV k�n
reg � For x � Gn we put

kxk � sup
t������

jx�t�j�

It is well known that Gn is a Banach space with respect to this norm �cf� �H�o� Theorem ������
Obviously� Gn

reg is a closed subspace of Gn and hence it is also a Banach space with respect to the
same norm� For more details concerning regulated functions or functions of bounded variation see
�H�o� or �Hi
�� respectively�

As usual Ln� stands for the Banach space of measurable and Lebesgue integrable column n�
vector valued functions on ��� ��� Instead of G�� G�

reg � BV
� and L��� we write G� Greg � BV and L��

respectively�The integrals occurring in the sequel are the Perron�Stieltjes ones�

�� Distributions

In what follows D stands for the topological vector space of functions � � R �� R possessing
for any j � N � f�g a derivative ��j� which is continuous on R and such that ��j��t� � � for any
t � R n ��� ��� The space D is endowed with the topology in which the sequence �k � D tends to

�� � D in D if and only if limk k�
�j�
k ��

�j�
� k � � for all j � N �f�g� Linear continuous functionals

on D are called distributions on ��� ��� The space of distributions on ��� �� is denoted by D � � Given
a distribution f � D � and � � D � � f� � � denotes the value of the functional f on �� Any
function f � L� is identi
ed with the distribution

f � � � D ��� f� � ��

Z �

�

f�t���t�d t

In particular� the zero element � of D � is identi
ed with the function vanishing a�e� on ��� ���
Obviously� if f � G� then f � � if and only if f�t�� � f�s�� � � holds for any t � ��� �� and
s � ��� ���

Given an arbitrary f � D � � the distributional derivative of f is denoted by f �� i�e�

f � � � � D ��� f �� � �� � � f� �� � �

Analogously�
f �� � � � D ��� f ��� � ��� f� ��� � �

If f � D � then f � � � if and only if there is a c � R such that f � c� i�e� there is a function
g � L� such that f � g and g�t� � c for a�e� t � ��� ��� Analogously f �� � � if and only if there are
c�� c� � R such that f � c� � c�t�

All multiplications of distributions which occur in this paper are justi
ed by the following
de
nitions based on the de
nition given in �Pa�De��

If f � Greg and g � BV reg � then

����� fg� � � � D ��� fg�� � ��

Z �

�

�f�t���t��
�
d g�t�

�

and

���
� f �g � � � D ��� f �g� � ��

Z �

�

�g�t���t��
�
d f�t�

�
�
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The relations ����� and ���
� de
ne linear continuous functionals on Dwhich are compatible with
the known de
nitions also in the case that the regularity of functions f and g is not supposed�
However� the usual relation

����� �f g�� � f � g � f g��

which is by ����� and ���
� equivalent to the relation

Z �

�

�
f�t�g�t��

Z t

�

�
d f�s�

�
g�s��

Z t

�

f�s�
�
d g�s�

��
���t�d t � � for all � � D �

then need not be true in general� The validity of ����� in the case that both f and g are regular
on ��� �� follows by the integration�by�parts theorem �cf� �Tv�� Theorem 
������

The space of column n�vector valued functions ��t� � ��j�t��j�������n such that �j � D for any
j � �� 
� � � � � n will be denoted by D n while its dual space �which is the n�th cartesian power of
D � � will be denoted by D n� � The elements of D n�will be called n�vector distributions� Given
f � �f�� f�� � � � � fn� � D

n� and � � ���� ��� � � � � �n�
� � D n � the value of the functional f on � is

given by
� f �� ��� f�� �� � � � f�� �� � � � � �� � fn� �n � �

As in the scalar case� if f � Ln� � then f will be identi
ed with the n�vector distribution

f � � � D n ��� f �� ��

Z �

�

���t�f�t�d t�

Similarly� if g � Gn� then the distributional derivative g� of g is given by

g� � � � D n ��� g��� ��

Z �

�

���t�
�
d g�t�

�
�

An n�vector distribution f is said to be the n�vector zero distribution �f � �� if all its entries
are zero distributions� A k � n�matrix A whose entries ai�j � i � �� 
� � � � � k� j � �� 
� � � � � n are
distributions is said to be a k � n�matrix distribution� Given a k � n�matrix distribution A �
�ai�j�i�������k��������n� the matrix A� � �a�i�j�i�������k��������n is said to be the derivative of A�

If a k � n�matrix distribution A � �ai�j�i�������k��������n and an n�vector distribution x �
�xj�j�������n are such that all products ai�jxj � i � �� 
� � � � � k� j � �� 
� � � � � n are de
ned� then the
product Ax is de
ned as the k�vector distribution y with the elements yi �

Pn

j�� ai�jxj � i �
�� 
� � � � � k�

�� Linear distributional differential equations of the first order

In this section we shall consider the system

�
��� x� �A�x � f �

and the corresponding homogeneous system

�
�
� x� �A�x � ��

where the derivatives� products and equality are understood in the sense of distributions�

���� Assumptions� A � BV n�n
reg and f � Gn

reg �
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���� De�nition� An n�vector valued function x�t� is called a solution to the equation �
��� on
the interval ��� �� if x � Gn

reg and

x� �A�x� f �

is the zero n�vector distribution�

It follows from the de
nition ����� that under the assumptions ��� the product A�x is de�ned

and the relation

�
��� A�x �
� Z t

�

�
dA�s�

�
x�s�

��

holds for an arbitrary x � Gn
reg � In fact� for any � � D n we have by ����� and by the substitution

theorem �cf��Tv�� Theorem 
�����

� A�x�� � �
kX

i��

� nX
j��

Z �

�

�
d ai�j�t�

�
xj�t��i�t�

�

�
nX

i��

Z �

�

�
d

nX
j��

Z t

�

�
d ai�j�s�

�
xj�s�

�
�i�t� �

Z �

�

���t�
�
d ��t�

�
�

where the function ��t� given by

��t� �

Z t

�

�
dA�s�

�
x�s� for t � ��� ��

is regulated on ��� �� by Theorem ����� of �Ku
�� Furthermore� given an arbitrary division
�
� �

t� � t� � � � � � tm � �
	
of ��� ��� we have

mX
j��

j��tj�� ��tj���j �

mX
j��






Z tj

tj��

�
dA�s�

�
x�s�







�
mX
j��

�
var

tj
tj��

A
�
kxk � kAkBV kxk ��

and hence
var�� � � kAkBV kxk ���

Moreover� since ��t�� � ��t����A�t�x�t� and ��t�� � ��t����A�t�x�t�� it follows immediately
that � � BV n

reg �

Consequently� the equation �
��� may be rewritten as the relation

�
x�

Z t

�

�
dA�s�

�
x�s�

��
� ��

which holds if and only if there is c � R
n such that

�
��� x�t��

Z t

�

�
dA�s�

�
x�s�� f�t�� c � �

holds for a�e� t � ��� ��� Since the left�hand side of �
��� belongs to Gn
reg for any x � Gn

reg � this
means that x � Gn

reg is a solution to the equation �
��� on ��� �� if and only if there is a c � R
n

such that �
��� is satis
ed for all t � ��� ��� This completes the proof of the following assertion�
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���� Proposition� Let the assumptions ��� be satis�ed� An n�vector valued function x � Gn
reg is

a solution to the equation �
��� on ��� �� if and only if it satis�es on ��� �� the integral equation

�
��� x�t�� x����

Z t

�

�
dA�s�

�
x�s� � f�t�� f����

By Proposition 
�� any solution x � Gn
reg of the homogeneous equation �
�
� on ��� �� is of

bounded variation on ��� ��� This enables us to transfer directly all results known for the homoge�
neous equation corresponding to �
��� to the equation �
�
��

���� Proposition� Let the assumptions ��� be satis�ed� Let t� � ��� �� be given� Then the

equation �
�
� possesses for any c � R
n a unique solution x � Gn

reg such that x�t�� � c if and only

if the relation

�
��� det
�
I���A�t�

�
det

�
I���A�s�

�
	� � for all t � �t�� �� and s � ��� t��

holds�

If the conditions �
��� are satis�ed� then there exists a unique n � n�matrix valued function

U�t� s� de�ned on

� �
�
�t� s�� � � t � s � t� or t� � s � t � �

	
and such that

�
��� U�t� s� � I�

Z t

s

�
dA���

�
U��� s�

holds for all �t� s� � ��

Given an arbitrary c � R
n � the corresponding solution of the initial value problem �
�
�� x�t�� �

c is given by

x�t� � U�t� t��c� t � ��� ���

Proof follows from Theorem III���� and Theorem III�
�
 in �S�T�V�� �

����Theorem� Let the assumptions ��� and �
��� be satis�ed� Then for any t� � ��� �� and any

c � R
n the equation �
��� possesses a unique solution x � Gn

reg on ��� �� such that x�t�� � c� This

solution is given by

�
��� x�t� � U�t� t��c� f�s�� f����

Z t

t�

�
d sU�t� s�

��
f�s�� f���

�
� t � ��� ���

where U�t� s� is given by Proposition ����

Proof� Let x�t� be de
ned by �
��� and let t� � ��� �� and t � �t�� �� be given� Let us put V �t� s� �
U�t� s� for t� � s � t � �� V �t� s� � I for t� � t � s � �� By �S�T�V� Theorem III�
���� we have

v�V � � var�t� V �t�� �� � var�t� V ��� t�� ���

where v�V � stands for the Vitali two�dimensional variation of V over �t�� �� � �t�� �� �cf� �Hi
���
Furthermore� Z s

t�

�
d rU�s� r�

�
g�r� �

Z t

t�

�
d rV �s� r�

�
g�r�
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holds for all s � �t�� t� and any g � Gn� Hence we haveZ t

t�

�
dA�s�

� Z s

t�

�
d rU�s� r�

��
f�r� � f���

�

�

Z t

t�

�
dA�s�

� Z t

t�

�
d rV �s� r�

��
f�r� � f���

�

whence by interchanging the integration order �cf� �Tv�� Theorem 
�
��� and making use of the
substitution theorem �cf� �Tv
� Theorem 
����� and of �
��� we obtain the following relations�Z t

t�

�
dA�s�

� Z s

t�

�
d rU�s� r�

��
f�r� � f���

�

�

Z t

t�

�
d s

Z t

t�

�
dA�r�

�
V �r� s�

��
f�s�� f���

�

�

Z t

t�

�
d s

Z s

t�

�
dA�r�

�
U�r� r�

��
f�s� � f���

�

�

Z t

t�

�
d s

Z t

s

�
dA�r�

�
U�r� s�

��
f�s�� f���

�

�

Z t

t�

�
dA�s�

��
f�s�� f���

�
�

Z t

t�

�
d sU�t� s�

��
f�s� � f���

�
�

Now it is easy to verify that �
��� satis
es �
��� for any t 
 t�� Similarly we could show that �
���
satis
es �
��� also for t � t�� �

�� Linear distributional differential equations of the second order

Let us consider the equation

����� u�� � q�u � f ��

where

���
� q � BV reg and f � Greg

and solutions are de
ned by De
nition ����

���� De�nition� A function u � ��� �� �� R is called to be a solution to the equation ����� if
u � Greg and u�� � q� u� f �� is the zero distribution�

Let q and f ful
ll ���
�� Then by the de
nition of the distributional derivative we have for
any u � Greg

u�� � � � D ��

Z �

�

u�s�����s�d s and f �� � � � D ��

Z �

�

f�s�����s�d s�

Furthermore� by ����� we obtain

q� u � � � D ��

Z �

�

�
d q�s�

�
u�s���s� � �

Z �

�

�
d

Z t

�

�
d q�s�

�
u�s�

�
��s�

�

Z �

�

�Z t

�

�Z s

�

�
d q�r�

�
u�r�

�
d s

�
����t�d t�

Since according to the integration by parts theorem �cf� �Tv�� Theorem 
����� and the substi�
tution theorem �cf� �Tv�� Theorem 
�����Z t

�

�Z s

�

�
d q�r�

�
u�r�

�
d s �

Z t

�

�
d

Z s

�

�t� r�
�
d q�r�

��
u�s�

for any t � ��� ��� it is easy to complete the proof of the following assertion�
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���� Theorem� Under the assumptions ���
� the function u � Greg is a solution to the equation

����� on ��� �� if and only if there are constants u�� u� � R such that it holds

����� u�t� �

Z t

�

�
d sk�t� s�

�
u�s� � f�t�� f��� � u� � u� t� t � ��� ���

where

����� k�t� s� �

Z s

�

�t� r�
�
d q�r�

�
for � � s � t � ��

Let us put k�t� s� � k�t� t� for � � t � s � �� Then it is easy to verify that

v�k� � var�� k��� �� � var�� k��� �� � 
 var�� q�

where v�k� stands for the Vitali variation of k�t� s� over ��� ��� ��� ��� Furthermore�

k�t� s�� k�t� s�� � �t� s��q�s� � q�s��� for � � s � t � �

and

k�t� s�� k�t� s�� � � for � � t � s � ��

In particular� k�t� t�� k�t� t�� � � for all t � ��� ��� Hence by �S�T�V� Theorem II������ there exists
a unique function ��t� s� such that v��� � var�� ���� �� � var�� ���� �� ���

��t� s� � k�t� s�� k�t� �� �

Z t

�

�
d rk�t� r�

�
��r� s� if � � s � t � �

and

��t� s� � ��t� t� if � � t � s � ��

Denoting

����� ��t� s� � � � ��t� t�� ��t� s� for t� s � ��� ���

we obtain

��t� �� � BV reg for any t � ��� ��� ��t� t����t� t�� � � for any t � ��� ��

and

��t� s� � � �

Z t

s

�
d rk�t� r�

�
��r� s� for � � s � t � ������

��t� s� � � for � � t � s � ��

A similar argument as that used in the proof of Theorem 
�� implies that for any g � G the function

����� x�t� � g�t��

Z t

�

�
d s��t� s�

�
g�s�� t � ��� ��

is the unique solution of the Volterra�Stieltjes integral equation

x�t� �

Z t

�

�
d sk�t� s�

�
x�s� � g�t�

on ��� ��� Since the function v�t� given by

v�t� �

Z t

�

�
d sk�t� s�

�
x�s� �

Z t

�

�
d q�s�

�
�t� s�x�s�

is continuous on ��� �� for any x � G� any solution u � G of ����� on ��� �� has to be regular on
��� ��� Inserting g�t� � f�t� � f��� � u� � u�t into ����� and integrating by parts we complete the
proof of the following assertion�



�� EQUAM ����

���� Theorem� Let ���
� hold and let the function k�t� s� be given by ������ Then for any u� � R
and any u� � R there exists a unique solution u � Greg of the equation ����� on ��� �� such that

u��� � u�� This solution is given by

����� u�t� � ��t� ��u� �

�Z t

�

��t� s�d s

�
u� �

Z t

�

��t� s�
�
d f�s�

�
� t � ��� ���

��t� s� is de�ned by ������

���� Remark� Making use of similar arguments to those of the previous section we could obtain
that the given equation ����� is equivalent to the equation

�
u� �

Z t

�

�
d q�s�

�
u�s�� f �

��
� ��

Hence� if f � � Greg � then ����� may be rewritten as

����� u��t�� u���� �

Z t

�

�
d q�s�

�
u�s� � f ��t�� f ����� t � ��� ���

In particular� u� � Greg for any solution u of ����� on ��� ��� Making use of Theorem ��� it can
be shown easily that if we assume f � � Greg in addition to the assumptions of Theorem ���� then
for any u� and u� � R there is a unique solution u�t� of ����� on ��� �� such that u��� � u� and
u���� � u� and this solution is given by ������

���� Remark� Equations of the form ����� with f � � BV were treated in �Mi��
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