INTRODUCTION TO RIEMANNIAN GEOMETRY

HONG VAN LE

In this course we shall discuss the following notions: smooth manifolds, tangent spaces,
fiber bundles, one parameter groups of transformations, topics on curvature and geodes-
ics.

Recommended books:

- Sigmundur Gudmunsson, Riemannian Geometry,
http://www.matematik.lu.se/matematiklu/personal/sigma/index.html ,
- Juergen Jost, Riemannian Geometry and Geometric Analysis, Springer 2002.
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1. MANIFOLDS, DIFFERENTIABLE MAPS, LIE GROUPS

In this section we introduce the notion of differentiable manifolds, which are gener-
alization of domains in Euclidean spaces with good enough properties to apply tools
of differential calculus. Morphisms between differentiable manifolds are differentiable
maps. Most important examples of differentiable manifolds are Lie groups.

1.1. Topological manifolds and smooth manifolds. I suppose that you know what
are curves and surfaces. Curves and surfaces are subjects of differential geometry at the
very beginning of its development. In analytic geometry you already learn geometry of
some curves and some surfaces. In differential geometry you shall use extensively the
tool of differential calculus, taking derivatives, taking integrations, solving differential
equations related with geometric objects.

Differential geometry has many applications in physics, economy, computer graphic,
information theory, where we recognize pattern of differentiable manifolds and laws
governed by differentiable mappings.

Let me now introduce you to geometric objects in differential geometry.

In classical analysis we are concerned with calculus on domains 2 of Euclidean spaces
R™: we can differentiate a smooth function f(xi,---,x,) of n-variables on 2, take
integration of f etc. So any domain in R" is an elementary geometric object in differential
geometry. To enlarge the class of differential geometric objects we glue together domains
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of the same dimension. The obtained geometric objects look locally like open subsets in
spaces R".

Definition 1.1.1. Let M be a Hausdorff space ! with a countable basis for its topology.
We call M an n-dimensional topological manifold, if for each point p € M there
is an open neighborhood U of p in M such that U is homeomorphic to an open set in
R™ by some homeomorphism ¢, which is also called coordinate map of U. Such a pair
(U, ¢) is called a local coordinates systems or a chart on M, and the number n is
called the dimension of M™.

Clearly every open set in R" is a topological n-dimensional space. But there are plenty
of closed subsets of R™ which are topological manifolds.

Example 1.1.2. The sphere S" = {z € R""! ||z|| = 1} is a n-dimensional manifold.
We write S™ as the union of two open sets {S™\ N} U {S™\ S} where N and S are the
north pole and the south pole of S™. Clearly each point of S™ belongs to one of those two
open sets. And these open sets are homeomorphic to R™ by stereographic projections .
The pair ({S™\ N,7n}, {S™\ S,7s} is a chart on S™.

We are now interested in the class of topological manifolds with a good gluing, that is
a good agreement between different homeomorphisms ¢; and ¢; on the common domain
U, nU -

Definition 1.1.3. A (smooth) atlas on a topological manifold M is a collection A =
{(Ui, i)} of charts such that U; form an open covering of M and for each pair (U;, ¢;)
and (Uj, ¢;) in A the transition map

®ij = ¢;6; = ¢i(UiNUj) — 6;(Us NU;)
is a smooth map between the open sets in Euclidean space.
Two atlas are equivalent, if their union is also an atlas.
A smooth structure on a topological manifold is an equivalence class of smooth
atlases, and a smooth manifold is a topological manifold with a specified smooth
structure.

Exercise 1.1.4. (i) Prove that the chart on S™ in Example 1.1.2 is a smooth atlas.
(ii) Show that if M™ and N are topological manifolds, then the Cartesian product
M™ x N™ is a topological manifolds. If {(U;,¢;)} is a smooth structure on M™ and
{(Vj,v;)} is a smooth structure on N™, then {(U; x Uj, ¢; X 1;)} is a smooth structure
on M™ x N™.

Hint. 1) Show that 7T]\/'(ph o 7pn+l) = ﬁ(l’% ©tt 5, Pntl and 71-S(pla T )pn-‘rl) =
Tlpl(p27 R VO I

It is known that there are topological manifolds which have no smooth structure and
there are topological manifolds which have more than one smooth structure.

lan equivalent definition is the existence of wunique limit for any sequence, a

nice property of a Hausdorff space is that the compactness implies the closedness,
http://planetmath.org/?op=getobj&from=objects&id=4203
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Simon Donaldson (1983) proved that a positive definite intersection form of a simply
connected smooth manifold of dimension 4 is diagonalisable to the identity matrix.

Michael Freedman (1982) had shown that any positive definite unimodular symmetric
bilinear form is realized as the intersection form of some four-manifold; combining his
and Donaldson’s result, any non-diagonalizable intersection form gives rise to a four-
dimensional topological manifold with no differentiable structure.

An exotic sphere is a differentiable manifold that is homeomorphic to the standard
Euclidean n-sphere, but not diffeomorphic. That means that such a manifold M is a
sphere from a topological point of view, but not from the point of view of its differential
structure. The first exotic spheres were constructed by John Milnor (1956) in dimension
n = 7 as S3-bundles over S*. He showed that the oriented exotic 7-spheres are the non-
trivial elements of a cyclic group of order 28 under the operation of connected sum. In
any dimension Milnor (1959) showed that the diffecomorphism classes of oriented exotic
spheres form the non-trivial elements of an abelian monoid under connected sum, which
is a finite abelian group if the dimension is not 4.

Remark 1.1.5. The concept of a differentiable manifold was implicitly introduced in the
habilitation address of Bernhard Riemmann in Géttingen. The first clear formulation of
this concept was given by Herman Weyl later in 1913.

1.2. Differentiable maps. Let M be a differentiable manifold. To study M we need to
understand all social relations of M with other differentiable manifolds N, i.e. to study
all maps from N to M and all maps from M to N. A mapping from M to N = R" is
also called a R™-valued function.

Definition 1.2.1. A continuous map f : M; — M is said to be C*-differentiable at
a point p € My, if there is a chart (U, ¢) on M; with p € U and a chart (V,1) on Mo
with f(p) € V such that the composition ¥ o f o ¢~! is C*-differentiable.

If f is C*-differentiable at every point p € M, then we say that f is a C*-map.

Clearly the C*-differentiability does not depend on the choice of local coordinates,
since the composition of a smooth map (the change of local coordinates) with a map of
class C* is of class C*.

We denote by C¥(My, My) the set of all C*-maps between M; and M. It follows
immediately from the definition that the composition of two C*-maps is also a C*¥-map.
In particular, for ¢ € C*(My, My)

(1.2.1) ¢*(C*(My)) € CF(My),
where the induced map ¢, is defined as follows

¢« (f(@)) == f(o(x)).
In fact, we can take (1.2.1) for a definition of a C*-map, i.e. a continuous map ¢ is

said to be of class C*, if (1.2.1) holds.
A smooth map f is called diffeomorphism, if it is bijective with a smooth inverse.

1.3. Lie groups. We now introduce main players in the study of differential geometry.
These are Lie groups studied by Sophus Lie, Felix Klein, Wilhelm Killing, Elie Cartan.
The theory of Lie group remains an active domain of research nowadays.
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Definition 1.3.1. A Lie group is a smooth manifold G with a smooth multiplication
and a smooth inversion.

Example 1.3.2. The set GL,(R) = {x € M,(R)| det(z) # 0} is a smooth manifold,
since it is an open set in the space Mat,(R) = R” . Tt is easy to check that the
multiplication p : GL,(R) X GL,(R) — GL,(R) and the inverse 7 : GL,(R) — GL,(R)
is smooth.

Definition 1.3.3. A homomorphism between Lie groups G and H is a smooth map
¢ : G — H which is also a homomorphism in the sense of group theory.
Example 1.3.4. The exceptional mapping exp : (R,+) — (R, x) is an isomorphism
of Lie groups (i.e. it and its inverse are homomorphisms of Lie groups).

The idea of symmetry in differential geometry is expressed via the notion of an action
of a Lie group on a (topological) differentiable manifold. For example we see that the

round sphere 52 is symmetric because we can rotate it along an axis, say ¥3. Equivalently,
there is an action of S* on S?, i.e. we have a map

St x 8% — 8% (0,r3,190) — (13,72, 0 + 0)
In general, we say that a group G acts on a manifold M if there exists a differentiable
map x : G x M — M such that
x(g1 © g2,m) = x(g1, x(g2,m)).
So the action looks like an associative multiplication with value in M.

Exercise 1.3.5. Prove that the product of two rotations in R? around @; with an angle
0;, 1 = 1,2 is a rotation around some axis.

Hint. Prove that the product of two rotations leaves some vector unchanged, using
the fact that the characteristic polynomial of a linear transformation on R3 has a real
root.

2. TANGENT BUNDLE AND TANGENT MAP

In this section, using the notion of a derivation of a function, we define the tangent
bundle of a differentiable manifold M as a smooth manifold which is a Taylor expansion
of M up to first order. We define the tangent map as a natural linear transformation of
tangent space under a smooth map.

2.1. Tangent space and tangent map. Denote by C°°(M) the space of all smooth
differentiable functions on a differentiable manifold M.

Definition 2.1.1. A tangent vector § in a point zg € M is a R-linear map 9 :
C*°(M) — R satisfying the Leibniz rule

0(f - g9) = f(x0)d(g) + g(x0)d(f) for all f,g € C*(M).
Such a map is called a derivation of C*°(M) at zo.

It is easy to see that the space of tangent vectors in xg is a vector space. We denote
this space by Ty, M.
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Example 2.1.2. i) The partial derivative dz; defines a derivation at a point x by
0zi(f)a = (O f)(2).
ii) Let v : R — M be a smooth map (curve) such that v(0) = p. Then ~ defines a
derivation of C*°(M) at point p by
d
Ds(f) = 2 le=of (v(1))
for all f € C*°(M).

Remark 2.1.3 (Existence of the tangent map). If g : (M™,x) — (N™,y) is a smooth
map, then ¢ induces a linear map (Dg), : T,M — T,N defined by

((Dg)z0)Y = 6(¢ 0 g)
for any ¢ € C*°(M).

Exercise 2.1.4. i) Show that if g : (M,z) — (N,y) and f: (N,y) — (P, z) are smooth
map, then (D(fog)). = (Df)y o (Dg), (Chain rule).
ii) Show that D4y = D~(0t), where 0Ot is the partial derivative on R.

Corollary 2.1.5. If f : M — N is a diffeomorphism in some neighborhood of x € M
then (D fy)z : TuM — Ty(z)M is an isomorphism.

Corollary 2.1.5 says that the tangent space T, M is determined by a coordinate neigh-
borhood of . Now we shall look at the tangent space of a point in R".

Theorem 2.1.6. If U is an open subset of R™ and D is a derivation at p € U, then

D= > D(xi)aaxi :

1<i<n lp

Proof. Write
1 - — 1
fa) = ) = [P = 5 i) [

0 1<i<n

gg. (p+t(x—p))dt.

Integrating by parts we get

Lo
St =)t =
_,9/ [ f . _
oLt tta -l - | 3 gyt ey )=
0
= L)+
where a; are smooth and vanish at p. Now write
0
f@) = 1)+ Y (= ) (G () + aio)),

1<i<n
and applying D to both sides. We get
of
Df= > D(z = i) (5 - (p) +ail2)) = > D(xi)5=

1<<n v
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O

Theorem 2.1.6 shows that the tangent space T, M™ is spanned by D; = 8%1\;;' Hence
dim T,R"™ = n.

Exercise 2.1.7. Assume that g = (g,---,¢") is a smooth map from R™ — R"™. Prove

that
(Dg)p(Di) = Y aiD;

1<j<n

where a;; = (9g’ /0x;)(p).

Hint. Use (Dg)(d%l(f(w)) = 3‘21. (flg(z)) =22 (‘?TéggZ‘

2.2. Tangent bundle and cotangent bundle. We define the tangent bundle T, M
as the disjoint union UyecpT, M. We shall provide T, M with a topology and a smooth
structure. Denote by 7 the projection TxM — M sending the vector v € T,(M) to the
point p. Let U be a coordinate neighborhood of M. By Theorem 2.1.6 we have a set
isomorphism T,U = U x R™ such that m(7(v)) = 7(v), where 7 is the projection to
the first factor. The isomorphism 7 supplies T.U with the product topology. Finally,
the open sets on T, M are generated by the open sets on T,U;, where {U;} is an open
covering of M.

Proposition 2.2.1. The space TuM has a smooth manifold structure.

Proof. By the above T, M™ has an open covering {7}U1 = U; x R™}, where {U;} is an
open covering on M™. We define a coordinate map ¢ : TU; — R™ x R™ by

6i(y,8) = (6i(y), (Di)y(9)),

where ¢; : U; — U C R" is a coordinate map. We have to show that the transition
functions ¢~>ij = ((;3]) o (gfg;l) = (¢j0 qﬁ;l, D¢jo qu;l) are smooth. Using the chain rule
in Exercise 2.1.4 we reduce the proof of the smoothness of g?)ij to the smoothness of the
tangent map D(¢; o gb;l), which is obvious by the definition of the smooth atlas. 0

We define the cotangent space T M™ at x € M™ by T M™ := Hom(T.M™,R). We
define the cotangent bundle 7*M™ as the disjoint union Uyzepm T M™. This space can
be provided with a topology in the same way as we did for the tangent bundle TM™,
since we have T*U; = U; x R™.

Exercise 2.2.2. Prove that the cotangent bundle T*M™ is a smooth manifold.

2.3. Vector fields. A vector field on a smooth manifold M is a smooth section s of the
tangent bundle T, M, i.e. a smooth map M — T M such that mw o s = Id, where 7 is the
canonical projection TM — M.

Exercise 2.3.1. A section X of T (M) is smooth, if and only X (f) is smooth for all
felC®(M).
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Hint. Write X in local coordinates.

Since any tangent vector in T, M™ is a derivation of the algebra C°°(M) at xo, a
vector field X defines a derivation X : C*°(M) — C*°(M), i.e. a R-linear map satisfying

X(fg)=X(f)g+ fX(9)-

Denote the set of all derivations C*°(M) — C*°(M) by Der(C>(M)). The bracket
[X,Y] = XY — YX turns Der(C*(M)) into a Lie algebra, i.e. the following Jacobi
identity holds

[1X,Y], 2] + [, 2], X] + 12, X], Y] = 0.

Exercise 2.3.2. Every derivation of C°°(M) arises from a smooth vector field.
Hint. Combine the definition of a tangent vector with Exercise 2.3.1.
Now we shall find a local normal form of a vector field.

Theorem 2.3.3 (Linearization of a vector field). Let X is a vector field on a smooth
n-manifold M. Suppose that X (p) # 0. Then there is a local coordinate system (U, ¢)
around p such that ¢(U) = [—¢,€] X [—¢,¢] X -+ [—¢€,¢] and ¢p«(X) = 0/0x;.

We prove this theorem by using the inverse function theorem, a very important the-
orem in analysis and in differential geometry.

Theorem 2.3.4 (Inverse function theorem). Let f be a C*-map from an open domain
U C R" to R™. Suppose that the tangent map D f, : R — R" is invertible. Then there
exists a neighborhood U(p) > p in U such that the restriction f to U(p) is bijective on
the image f(U(p), moreover, f|}(1U(p) is also a C*-map.

Proof of Theorem 2.3.3. Since this is a local result we may assume that M is an open set
U C R", p =0, X never vanishes on U and after a change of coordinate X (0) = 9/0x;.
We denote by R"~! the vector space spanned on (9/0z2(0),---,0/92,(0)). Now let us
consider the ODE system for o(t,z) : R(t) — R with 2 € R*~1

(2.3.1) o2) _ % (ot 2))
dt

with the initial condition

(2.3.2) 0(0,z) = =.

We know that for any z € R"! there is an € > 0 such that this system has a unique
smooth solution o : (—e,e) — R™ Let G : R® D U — R”™ be a map defined by
G(t,x) := o(t,z). The map G is smooth because the solution o (¢, z) depends smoothly
on z. We shall show that for a small neighborhood U of 0 the map G~! is the required
diffeomorphism whose tangent map DG~! sends X to 9/0x;.

We observe that (DG)ojgn-1 = Id, since G(0,2) = x. Since X(0) = 9/0xz1, the
tangent map (DG)g is an invertible map. Hence G is a local diffeomorphism by inverse
function theorem. By (2.3.1) (DG)14)(8/0z1) = X(G(t,x)), hence (DG™1),(X) =
9/021(G™1(y))- O
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An integral curve for a smooth vector field X on a smooth manifold M is a para-
metrized curve o : ((—¢,¢),0) — (M,p) whose tangent at the point o(t) is the vector
Xa(t):

0

Xo@y =0(t) = Da(ﬁu)'

Example 2.3.5. Let M = S3. For each S3 3 (20, 21) we consider the vector field

dex —1t-x
K ) = LERVIT (o )

The integral curves of this vector field X are the fiber of the Hopf fibration.

As we have seen in the proof of Theorem 2.3.3, the local existence and uniqueness of
an integral curve of a smooth vector field X through a point p where X (p) # 0 follows
from the existence and uniqueness of the ODE (2.3.1) with the initial condition (2.3.2).

Now we shall examine the global existence of integral curves for a smooth vector field
X.

Assume that 0;((a;,b5),¢;) — (M,p), j = 1,2, are two integral curves through p.
After a translation of the parameter for oo we may assume that ¢; = co. Then by the
uniqueness of the solution of ODE we conclude that o1 = o9 on (ay,b1) N (ag, bs). Hence
we can extend o; on (a1,b1) U (ag,b2). Applying Zorn’s lemma we see that a maximal
integral curve through a point p always exists. Up to a translation of parameters there
are only four possible types of maximal integral curves with the following domains

(0,a), (0,00), (—0.0), (—00,0).

An integral curve is called complete if its domain is of the last type. A vector field
is called complete if all of its integral curves are complete.

Proposition 2.3.6. A vector field with compact support is complete.

Proof. We consider the graph Y = (X,0/0t) of X on M x R. The projection of the
integral curve 7(t) := (o(t),t) is an integral curve of X on M. Clearly 7(¢) is complete
if and only if o(t) is complete.

If the projection is not complete, then we can assume w.l.g. that it is of type (a, b) with
b < co. We can assume further that X never vanishes on (a,b). Using the compactness
of sppt(X) we find a point y € M such that limy, o o(t;) = y. Let us consider point
(y,b) € M xR. Applying Theorem 2.3.3 we find a flow of Y through (y, b) in some time
interval (—¢&,+¢). But then the integral curve 7(t) is defined on an interval (a,b+ ¢), so
b is not maximal. So we arrive at a contradiction. O

Exercise 2.3.7. Find integral curves of the following vector fields X on R?
a) X = z0z + yoy,
b) X = ydz — x0y.

Exercise 2.3.8. . i) Show that [X, fY] = X(f)Y + f[X,Y].
ii) Compute [z0x + ydy, ydxr — xdy].
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3. SUBMANIFOLDS AND FIBER BUNDLES

In this section we introduce the notion of submanifolds and fiber bundles. We show
that these objects arise from special classes of smooth mappings between smooth mani-
folds.

3.1. Submanifolds and a regular value of a smooth map. Originally, manifolds
were regarded as subsets of Euclidean space. In many case a nice subset can be situated
very complicated in a smooth manifold. Let us consider the simplest case, how a curve
can be situated in a manifold.

~ g E

N

Let N be a subset in a smooth manifold M™.

Definition 3.1.1. A subset N of M™ is called a smooth n-dimensional submanifold
if for any point p € N™ there exists a chart (U(p) 3 p, ¢p) on M™ such that ¢,(U(p) N
N™) = ¢p(U(p)) N (R™ C R™) for some linear subspace R™ C R™.

Example 3.1.2. Let f: R(z) — SY(0') x S(0?) be defined by
f(@) = (201, a - x03),

where « is some constant. The image f(z) is a submanifold in S* x S2, if and only if «
is a rational number.

Remark 3.1.3. Let M™ be a smooth manifold and N™ a submanifold equipped with
the induced topology. The restriction of the a chart (Up, ¢,) to N™ provides a chart on
N™. Thus N is a topological manifold and the induced charts (U(p) N N™, ¢p| )N Nn)s
p € N™ provide a smooth atlas for N
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How to describe a submanifold in a manifold? There are two ways to do it. In the first
way we describe a submanifold explicitly (equivalently, parametrically) by giving some
smooth map f : N — M and we verify that the image f(N) is a smooth submanifold. In
the second way we describe a submanifold implicitly, as a solution of a certain system of
equations, more precisely as the preimage of a regular value of a smooth map f between
smooth manifolds M™ and L!, where m < .

A point p € M™ is called a regular value of a smooth map f : M™ — L', m > 1, if
for any point z € f~!(p) the differential (tangent map) D f(z) has rank [.

A smooth map f : N® — M™ whose tangent map is a linear embedding at every
point p € N is said to be an immersion. An immersion is called an embedding, if
it is 1-1 on its image. A map f is called proper, if the preimage f~1(S) of any compact
set is a compact set.

The following theorem gives us a criterion for defining a submanifold parametrically.

Theorem 3.1.4. Let M™ and N™ be smooth manifolds and let f : N — M™ be a
proper embedding. Then f(N™) is a submanifold of M™.

Proof. We shall use the immersion condition to show that locally f looks like an embed-
ding R®™ — R™ x R™™ ™. We shall use the properness and the embeddness to show the
existence of a chart on M around a point f(p), p € N™, satisfying the condition in the
definition of a submanifold.

Choose p € N™ and set ¢ = f(p). We first show that there are coordinate systems
(U, ¢) and (V,1)) around p and f(p) respectively such that the composition o f o ¢~!
is a restriction of the coordinate inclusion R” — R"™ x R™™", i.e.

(3.1.1) mo(tho fod ) yw) =1d,

where 7 is the projection R™ — R™. This shall imply that ¢»(V N f(U)) = (V) NR™,

After translation we may assume that ¢(p) = 0 and ¥ (f(p)) = 0. By assumption the
derivative (¢ o f o $~1)(0) is an embedding R™ — R™, so in suitable coordinates on R"
and R™ we can write

pwosos =g ).

Let Do := D(ip o f o ¢~1)g. Then Dy is an isomorphism from R” to Do(R™) C R™.
Hence in the new chart (U, Dg o ¢) the composition g = o fo¢~lo Dal is a map from
Dy(p(U)) C R™ to R™ with g(Do(¢(U))) C Do(R™). Denote by 7 the projection from
R™ to Do(R™). Then mog is a local diffeomorphism of Dy(¢o(U)). Hence, by the inverse
function theorem, there exists a local right inverse (g) : Do(¢o(U1)) — Do(¢o(Ur)) of
(m o g) for some smaller neighborhood U; C U of p, i.e. (mog)og = Id. Thus on U;
with the coordinates ¢ := g~ o Dy o ¢ we get

mo (o fo (Qg)_l)\qz(Ul) =To (gog) = Id.

Clearly ¢ := o g o Dy o ¢ satisfies (3.1.1).

Now f is proper and an embedding, so we may shrink U; and V so that f(U;) =
f(N™) NV, which implies that (VN f(N")) = o f(U1) = (V) NR", was is required
to prove. O
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Exercise 3.1.5. Let a point M moves with a constant speed on a ray ON which rotates
around the origin O with a constant speed. Write the equation describing the trajectory
of M. On which time interval (¢g,t1) C R this equation defines a proper embedding
from (to,t1) to R??

Now we turn to another very important class of submanifolds described implicitly.

Theorem 3.1.6 (Implicit function theorem). Let M™ and N™ be smooth manifold with
m > n, and let q be a reqular value of a smooth map f : M™ — N™. Then the set f~(q)
s a smooth submanifold of M™.

Proof. Let p € My := f~1(gq). We first show that there are coordinate charts (U, )
and (V1) around p and ¢ = f(p) such that ¢(p) = 0, ¥(¢) = 0, and moreover the
composition 1) o f o ¢! is the restriction of the canonical projection

(3.1.2) m: R =R"xR™" - R"

(3.1.3) (x,y) — x.

First we can assume that ¢(V) C R"™ C R™. Furthermore, by translation, we can
assume the equalities ¢(p) = 0 and ¥ (q) = 0. Let us denote by Dy the derivative
D(1po fog™1)g. Denote by R™~" the kernel of Dy. Clearly R™ = R™~" @ R". Applying
a linear transformation B on R™ we can assume that Dg is the canonical projection 7.

Recall that ¢~ 1(U) is an open set in R” x R™ with coordinates (21, , Zn, Y1, *  Ym)-
Let us define a map g : ¢~ 1(U) — ¥(V) x R™~" by

9(z,y) == (o fod  (z,y),y).

Then we have Dg ) = Id. So by inverse function theorem there is a local diffeomor-
phism J from (V) x R™™" — ¢~Y(U) such that g o J = Id. It follows that on the
smaller open set ¢~1(U) C ¢~ 1(U) we have

@Z)ofogf)_lojzwogo!]:ﬁ,

Clearly the map ¢ := J o ¢.

Now let us assume that we have a covering U, on M™ satisfying (3.1.2) and (3.1.3).
Since o fod L (p(UN f~1(q)) = 0, using (3.1.3) we get (U N f~1(q)) € R™ ™. Hence
d((UNF1(q)) € ¢(U)NR™™. Using (3.1.3) again we get ¢(U)NR™™ C ¢((UNf~1(q)).
Hence ¢((U N f7(q)) = (U N f7(q)). U

Example 3.1.7. Let F : R" — R is given by F(z) = (x,z). Then F.(v) = (2z,v) is an
immersion, if  # 0. Hence the pre-image F~1(1) = S™ is a smooth manifold.

Exercise 3.1.8. Let us define O, (R) = {A € Mat,(R)| AA® = Id}. This is the group
of orthogonal transformation on R™. Prove that O,(R) is a Lie group.

Hint. Denote by Symy, (R) the space of symmetric bilinear forms on R. Show that
S (e))* is a regular value of a map f : Mat,(R) — Sym,(R), f(A) = A- A.
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3.2. Fiber bundles. Fiber bundles arise when we have a projection 7 from a differen-
tiable manifold E™" onto a differentiable manifold M™ such that 7 is a differentiable
map and all point ¢ € M™ is a regular value of w. The implicit function theorem implies
all the fiber 71(p) is a smooth submanifold in E™*". Thus we can think of a fiber
bundle as a family of smooth (sub)manifolds parametrized by the base space. When
we require that the special structures on (sub)manifolds change smoothly we need to
modify our definition of fiber bundles.

Definition 3.2.1. Let F be a topological space and w : F — B a continuous map.
We call the quadruple £ = (E, F, 7, B) a fiber bundle (or fibration), if for each point
b € B, there is an open set U C B containing p such that 7=!(U) is homeomorphic
to U x F' by a homeomorphism ¢ satisfying the following condition of commutativity
diagram

7 1(U) UxF
U

7 is called the projection, B is the base of the fibration, F' is the fiber over B and F is
the total space.

The pair (U, ¢) is called a chart, or a local bundle coordinate system. The map ¢ is
also called a trivialization of E over U.

Note that 7=1(b), the fiber over b, denoted by Fj, is homeomorphic to F for all b € B.

If the base, fiber and the total space are smooth manifold, 7 and ¢ are smooth maps
then we have a smooth bundle.

If the fiber is a vector space V' and the transition bundle map ¢; oqﬁi_1 S (UinU;) xV —
(U; NUj) x V restricted to each fiber p x V' is a linear transformation on V', the bundle
F' is called a vector bundle.

Two bundles F7 and Fy over the same base B is called isomorphic, if there is a
homeomorphism (diffeomophism) ¢ between the total spaces such that the following

diagram commutes
Z E
B

The map ¢ is called a bundle isomorphism. If Fy = Fs then ¢ is called a bundle
automorphism. The set of all bundle isomorphisms forms a group. This group is called
the gauge group of F.

Eq

Example 3.2.2. - The simplest example of a bundle is the product bundle £ = B x F
with 7 being the projection on the first factor. Any bundle which is isomorphic to a
product bundle is called a trivial bundle.

- Given two bundles (Ey, F1,m, B1) and (FEa, Fy, w2, Bo) we shall define their product
bundle by taking product of fibers and bases: (E) x Ea, F} X Fy, 1 X 72, B1 X B3).
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-Tangent bundles and cotangent bundles are vector bundles, since the transition bun-
dle map restricted to each fiber p has the form D(qﬁj_1 o ¢;) or D(¢; o ¢; )* which are
linear maps.

- Given two vector bundles (Eq, Vi, 7, M) and (E2, Vo, 7, M) with local trivialization
¢7 and qb% over a manifold M we construct the Whitney sum F; @ Fs - a vector bundle
over M with fiber V; ® V5 by using the bundle transition functions (gbj1 EBQS?) o(pr@e?)~L.
We also construct the Whitney product E; ® Ey - a vector bundle over M with fiber
Vi ® V> using the bundle transition functions (gb} ® (;53) o (¢ @ ¢?)L.

Example 3.2.3 (Mé&bius band). If we twist a paper thin bank in and glue the ends
together in the following way

=
O

then we get a Mobius band. It is a fiber bundle but it is not a trivial bundle, since if
it were, then its boundary would consist of two components.

It is often important to know, if a given bundle is trivial or not. As examples let us
consider the Hopf bundle and the canonical line bundle over a real projective space.

Example 3.2.4 (Hopf bundle). Let us consider a map 7 : % — 52 defined by
m(e%r, e%ry) = (r1,e®27%)py) € R x C.

It is is to see that 7 is a projection of S3 onto S2and the fibers m~! are integral curves
in example 2.3.5 which are circle. Clearly the Hopf bundle is not a trivial bundle, since
S3 is simply-connected.

Example 3.2.5. The space RP" of all lines in R"*! is a differentiable manifold. Let
[I] be a line in R™*! through point (zq,- - ,2,), so we write [I] = [x¢ : - - x,]. Clearly
RP™ can be covered by (n + 1) open sets U; defined by the condition x; # 0. We define
coordinate map ¢; : U; — R" by

- )

di([zo - wp]) = (:vi’ -,

It is easy to check that {U;, ¢;} defines an atlas on RP".
There is a canonical line bundle I(n) over RP™ consists of all pair ([I],z) where x is
a point in [I]. If [(n) is trivial, then its sub-bundle I*(n) = {([], z| x # 0)} were trivial,

1

Zo Tn
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which implies that [*(n) has two connected component. On the other hand, it is easy to
see that [*(n) = R3\ {0} is connected. Hence I(n) is not a trivial bundle.

Exercise 3.2.6. Denote by CP" the space of all complex lines [z] in C"™!. Prove that
CP™ is a differentiable manifold. The canonical line bundle L(n) over CP™ consists of
all pair ([z],y) where y is a point in the complex line [z]. Prove that L(n) is not a trivial
vector bundle.

Hint. Using the argument in Example 3.2.5. Alternatively we can argue that if L(n)
is trivial, then the restriction of L(n) to RP™ is trivial which implies that the canonical
line bundle over RP" is trivial.

4. TENSORS AND RIEMANNIAN METRICS

In this section we consider natural vector bundles over a differentiable manifolds and
their sections which are called tensors. A Riemannian metric is a special type of tensor,
with which we can measure the length of curves on a manifold. We prove the existence
of a Riemmanian metric on any differentiable manifold.

4.1. Tensors and Riemannian metrics. Recall that a vector field is a section of the
tangent bundle T'M. In general, a field on a manifold M is a section s of some vector
bundle 7 : E — M, i.e. a smooth map M — FE such that m o s = Id. Clearly fields are
generalization of the notion of functions.

Definition 4.1.1. A tensor w of type (r,p) on a differentiable manifold M is a section
of a natural vector bundle T'M ®; times -+ @ TM @ T*M ®ptimes -+ Q@ T*M.

Clearly the space T("P) (M) of tensors of type (r,p) on M is a linear space. The ring
C>°(M) acts on TP) (M) by

fw)(z) = f(x) - w(x).

This action provides T"?)(M) with a C° (M )-module structure.

Let us look at a local expression of a tensor 7" of type (r,p). On a local coordinate
neighborhood U; C R" the space TU; @ times - -+ @ TU; @ T*U; @ptimes -+ @ T7U; is a
direct product U; X (R™) @y times - - (R") @ (R™)* ®@ptimes - - - © (R™)*. Thus a tensor T’
at a point x has a value Zi1,~--,ir,j1,---,jp fir5,0%i @ - @ dxj,.

Example 4.1.2. For any function f we define a tensor df of type (0,1) as follows:
df (X) = 0x(f)-

We note that any tensor type w type (0,1) defines a C°°-linear map w : Vect(M) —
Co(M) : w(V)(2) := (w(x),V(2)).

Exercise 4.1.3. Show that a linear function w : Vect(M) — C*°(M) is a tensor type
(0,1) if and only if for all f € C*®°(M) and V € Vect(M) we have w(fV) = fw(V).

Definition 4.1.4. A Riemmannian metric g is a tensor of type (1,1) on M such that at
each point x € M the value g(x) is a symmetric positive definite bilinear form on T, M.
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Example 4.1.5. -Let M be a submanifold in R”. Then the restriction of the Euclidean
metric to each tangent space T, M is a positive definite bilinear form. This restriction
defines a Riemannian metric on M.

- Let f: N* — M™ be an immersion. If ¢ is a Riemannian metric on M"™ then f
induces a Riemannian metric on N™ by

T @)X, Y)e = g(Df(X), Df(Y)).
Exercise 4.1.6. Let f: R? — R? is defined by

f@y) = (2,9, 2(x,9))-
Find the induced metric f*(g), where g is the Euclidean metric.

On a coordinate domain U C R™ a Riemannian metric g can be written as g(z) =
gij(x)dx"dx?. On other coordinate domain y(U) with y : R — R"™ the same metric g(y)
has the following expression
%;

i kO 1 _ kol
axkdm 6xldx = gr(y(x))dz"dz".

9(y(x)) = Gij(y(x))dgidy; = gij(y(x))

Hence
9z,
8yj

8.1‘k
y;

(9i5)(y(@)) = (=) (gri(y(2)) (5 -)-

Exercise 4.1.7. i) Compute the Riemmannian metric dz? 4+ dy? in polar coordinates
(r,¢) with x = r cos ¢ and y = rsin ¢.

ii ) Compute the induced Riemmanian metric on the sphere in polar coordinate z =
cos 6, x = sin 6 cos ¢,y = sin O sin ¢.

Remark 4.1.8. If v: [0,1] — (M™,g) is a curve on a Riemannian manifold, then we
define the length L([y]) by

1
mezéwww

Clearly the length of a curve v does not depend on a parametrization of v, i.e. if
s :[0,1] — [0,1] is a monotone smooth function, then a new curve ¥(t) := v(s(t)) has
the same length as ~y(t), since

1 1y 1
[ rlae= [ 1alsiae= [
0 0o as 0

Exercise 4.1.9. i) Compute the length a a curve v(¢) : [0,1] — S* defined by 0(t) =
Tolt)=m-t

Exercise 4.1.10. Let (M, g) be a Riemannian manifold. Show that a linear function
V . Vect(M) — C* is a tensor type (1,0) if and only if for all f € C*°(M) and
W € Vect(M) we have g(V, fW) = fg(V,W).



INTRODUCTION TO RIEMANNIAN GEOMETRY 17

4.2. The existence of a Riemannian metric.

Theorem 4.2.1. On each differentiable manifold M™ there exists a Riemannian metric
g.

To prove this theorem we need the fact that every locally compact Hausdorff space
M with countable basis is paracompact, i.e. any open covering on M possesses a locally
finite refinement, see e.g. Kobayashi-Nomidzu, v.1. (In many textbooks ones requires
that a differentiable manifold is a paracompact Hausdorff topological space). This fact
implies the existence of partition of unity on a differentiable manifold. This fact is a
fundamental Lemma in the theory of differentiable manifolds. Denote by sppt f the
support of a function f on a differentiable manifold M, i.e. sppt f := {x € M| f(x) # 0}.

Lemma 4.2.2 (Partition of unity). Let M be a differentiable manifold, (Ua)|aiphaca
an open covering. Then there exists a partition of unity, subordinate to (Uy). This
means that there exists a locally finite refinement (V3)gep of (Ua) and smooth functions
¢p: M — R with

(i) sppt pg C Vg for all B € B,

(i) 0 < ¢pg <1 for allz € M, € B,

(iti) > gep ¢p(x) =1 for all z € M.

Using a partition of unity we shall prove Theorem 4.2.1.

Proof. Let {(Uy, ¢a)} be an atlas on M. W.lLg. we can assume that (U,) is locally
finite. We define a Riemannian metric g on M by setting its value at a pair of tangent
vectors v, w € T, M as follows

<an> = Z ¢Oé(p)vf)cwfl7
acA
where (v),---,v7?) and (wl---,w?) are representation of D¢, (v) and D¢y (w) in R™.

It is easy to check that g is well-defined. O

Remark 4.2.3. Let N" be a submanifold in a Riemannian manifold (M™, g). Then the
restriction of g to the tangent bundle T'N defines a Riemannian metric on N™ which we
called the induced metric. Thus any smooth submanifold in R” carries a Riemmanian
metric which is induced from the Euclidean metric on R™. A celebrated theorem of Nash
asserts that any a Riemannian metric on a manifold N™ is induced from the Eulidean
metric on some space R via a smooth embedding f : N — R™. A submanifold
N™ in a Riemannian manifold (M™,g) provided with the induced metric g is called a
Riemannian submanifold of (M™, g).

Exercise 4.2.4. Let N™ be a submanifold in a manifold M. Let w be a tensor on N™.
Show that w can be extended to a tensor on M™.

Hint. Unse partition of unity.

5. LEVI-CIVITA CONNECTION

In this section we introduce the notion of Levi-Civita connection on a Riemannian
manifold which is a central notion in Riemannian geometry (a branch of differential
geometry which studies Riemannian manifolds). The Levi-Civita connections give us
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tool to analyze global properties of a Riemmannian manifold M by using local invariants
on M, since we can compare the tangent spaces at different points on M in a canonical
way.

5.1. Linear connections and metric connection. We have observed in exercise
2.1.4(ii) that for a p € M the derivative 0,f of function f is equal to the speed of
the change of f along a curve y(t) at t =0, if 4(0) = v.

If M = R"™ we can also take derivative 9, of any vector field W on R" by setting

oW =% W),

This formula is possible, since the tangent space T, R™ at any point z € R™ is canonically
identified with R".

On a general differentiable manifold there is a no canonical way to identify T, M™
and T, M. Thus we can imagine that there are many ways to define a derivative 9, W
of a vector field W on a differentiable manifold M for a tangent vector v € T,M. A
linear connection on T'M is a method to define such a derivative which we also require
to satisfy some additional properties.

Denote by VxV the (covariant) derivative of a vector field V' at a tangent vector X
depending on a connection V. Then VxV must be linear in variable V'

(5.1.1) Vx(Vi+V2) =Vx (V1) + Vx(V2).

This derivative must also satisfy the Leibniz rule

(5.1.2) Vx(f-s)=df(X)-s+ f-Vx(s).
This derivative must be also linear on the variable X i.e.
(5.1.3) Vxiv(s) =Vxs+ Vys.

Now let (M, g) be a Riemannian manifold. We say that a connection V is metric, if
for all vector fields V, W and for all X € TM we have

(5.1.4) Ixg(V,W) = g(VxV,W) + g(V,VxW).

We shall prove that a metric connection on a Riemannian manifold always exists. More-
over, this connection is unique, if we pose a certain condition on V.

Remark 5.1.1. The notion of connection V can be defined for any vector bundle FE
over a smooth manifold M. We require that all conditions (5.1.1), (5.1.2), (5.1.3) holds
for any tangent vector X € T'M and any sections V, W of the vector bundle F.

5.2. The existence and uniqueness of the Levi-Civita connection. For a connec-
tion V on T'M we define its torsion T(V) € C*°(TM ® T*M) (a tensor of type (0,2))
by

T(Vy,Wy) :=VyW —VyV — [V, V],
for any vector fields V' on M with V(p) =V, and W(p) = W),.

Exercise 5.2.1. Prove that T is well-defined, i.e. its value T'(V},, W},) does not depend
on the choice of extensions V and W.
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Hint. Compare with Exercise 4.1.3. Show that T'(fV,gW) = f¢T(V,W) for all
f,9 € C°(M). In particular we have that T(V,W), =0if V, =0 or W, = 0.

Theorem 5.2.2. On any Riemannian manifold there exists a unique metric torsion free
conmnection.

Proof. We set for X,Y,Z € Vect(M)
(5.2.1)

1
<VXY7 Z> = §{X<Yv Z> - Z<X7Y> + Y<Za X> - <X’ [Yv Z]> + <Z7 [X’ Y]> + <Y7 [Zv X]>}
First we show the uniqueness of a torsion free metric connection, i.e. we have to show

that any torsion free metric connection V satisfies (5.2.1). Since V is metric it should
satisfy

X(Y.Z) = (VxY, Z) + (Y, Vx2),
Y{(Z,X)=(VyZ,X)+(Z,VyX),
Z(X,)Y)y=(VzX,Y)+(X,VzY).
Using the torsion free condition we get
XY, Z)+Y(Z X)—-Z(X,Y)

=2VxY,Z) - ([X,Y],Z) + (Y, [X, Z]) + (X, [Y, Z])

which yields (5.2.1).
Now we will show that (5.2.1) defines a torsion free metric connection, i.e. V satisfies
(5.1.1), (5.1.2), (5.1.3), 5.1.4) and T(V) = 0. It will imply the existence of a torsion free

metric connection. Then we shall show that any torsion free metric connection satisfies
(5.2.1).

First we note that for any fixed X,Y € Vect(M) the value of VxY defined by RHS
of (5.2.1) is a tensor field of type (1,0) on M. Clearly VxY defines a linear map
Vect(M) — R. By Exercise 4.1.10 it suffices to show

(5.2.2) (VxY,(f2)) = f(Vx,Y).
A straightforward calculation of the RHS of (5.2.1) gives

(VxY,(£2)) = [(VxY, 2) + S[(XPIY, 2) + (V)X 2)

_(Xf)<Y7 Z> - (Yf)<X7 Z>]

which is equal to the RHS of (5.2.2).

Thus Vx defines a linear map Vect(M) — Vect(M), so the first condition (5.1.1)
holds. In the same manner we verify that properties (5.1.2) and (5.1.3) hold. So V
defines a linear connection. To check that V is metric, we add the RHS of (5.2.1)
associated to (Vx,Y) and (VxZ,Y). Finally the torsion free condition

(VxY,Z) - (VyX,Z) =([X,Y],Z)
follows directly from (5.2.1). O
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A torsion free metric connection on a Riemannian manifold M™ is called the Levi-
Civita connection. Now let us look at the expression of Levi-Civita connection in local
coordinate (z*) with g(x) = ¢;;(z)dx'dz?. Using the Leibniz rule, it suffices to compute
Vp,Dj for i,j,=1,m. Now we define function Ffj(a:) as follows

vDiDj(-%') = FZ(Q})Dk

The functions Ffj are called Chritoffel symbol. By definition
(Vp.Dj, Dy) = (Y THDy, D) = > Thgu.
Using (5.2.1) we get immediately
1
{(Vp,Dj, D) = 5 (Di(Dj, Di) + Dj(Dy, Di) — Di(Ds, Dj))

_ }(agjl Ogii  0gij
2 az:z 8:cj Ba:l '

Thus, letting ¢~ := (g),;ll, we have

1 39 il 8gz~ 09ij
5.2.3 rk == —=r : AN
( ) 0= 59 8302 8acj o

5.3. Parallel transport and geodesics. Let (M, g) be a Riemannian manifold, V its
Levi-Civita connection and «(t) : (—¢,e) — M be an embedded curve. Note that the
restriction of T'M to 7(t) defines a vector bundle over submanifold v(t)|t € (—¢,¢).

Lemma 5.3.1. For a section V(t) : v(t) — TM let V be a extension of V to M. We
define for any t a linear map Vi) : T(T M) — T(T M) as follows

Vi V() = ViV,
This linear map is well-defined. It is a connected on the vector bundle T' M.
From Lemma 5.3.1 we get immediately

Corollary 5.3.2. The covariant derivative V)V for any vector field V. on M depends
only on the restriction of V' to ~(t).

Proof of Lemma 5.3.1. Tt suffices to show that if V' (¢) is a zero vector field, then Vﬁ(t)f/ =
0. Choose a local coordinate at v(¢). W.l.g. we assume that 4(t) = dz;. Using the
theorem on linearization of a vector field we can assume that v(¢) = (¢,0,---,0) for a
sufficient small t. Let V = f;(x)D;. Since Viy) = 0 we have f;(t,0,---,0) = 0. Now we
compute

Vo, V(t)o = Vp,(fiDi)o = fi(Vp,D;)o + D1(fi)D; = 0.
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Exercise 5.3.3. Let (N, g) is a Riemannian submanifold in a Riemannian manifold
(M, g). Then the restriction of the tangent bundle TM to N is a direct sum of the tangent
subbundle TN and the normal subbundle TN+ consisting of vectors which is orthogonal
to TN w.r.t. g. For any vector V € TM denote by V7T the tangential component of V.
Now we define the following linear map V from Vect(N) x Vect(N) — Vect(N)

(5.3.1) VxY = (VxY)7,

where Y is any extension of Y from N to some vector field Y on M. Prove that (5.3.1)
defines the Levi-Civita connection on (N, g).

Hint. Let Y be extension of Y to M. Using Corollary 5.3.2 show that (5.3.1) does not
depend on the extension Y. From here check that (5.3.1) defines a metric connection.
To show that it is torsion free we use the identity [X,Y](x) = [X,Y](x) for any z € N,
where X is an extension of X.

Exercise 5.3.4. Prove that the normal bundle (7'S?)" of the sphere S? in R is a trivial
vector bundle.

Definition 5.3.5. A family of vectors vy € T, ;)M is said parallel to vy along path
(¢) if

v:y(t)vt =0.
A C?-curve vy — M is called geodesics, if V;;y3(t) = 0 for all ¢.

Theorem 5.3.6. Let (M, g) be a Riemannian manifold and I = (a,b) be an open interval
on the real line R. Further let v : I — M be a smooth curve. Then for any tg € I and
any given X € T, M there exists a unique parallel vector field Y along ~(t) such that
Y(tg) = X.

Proof. W.l.g. we can assume that M is an open domain in R”. Thus
() =D (D)o
i

Now let Y (¢) be a vector field along ~(t), Y (t) = y*(t)0z;. The condition that Y (¢) is a
parallel vector field along () is expressed in the following differential equation

(5.3.2) > A OVl (t)0x;) = 0.
i,J

Clearly (5.3.2) is a system of n OEDs. This system has a unique solution for any given
initial value Y (to) if the coefficients 4%(t) is of class C*. O

Example 5.3.7. - On Euclidean space a vector field V' is parallel along 7(¢), if and only
if V(y(t)) is a constant vector field. In particular a geodesic is a straight line and any
straight line is a geodesic.
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- Now we shall define a parallel transportation of a vector field V' along a curve v on

the sphere S? as in this figure. We regard v as a curve
in R? as well as a curve in S? and in the cone Cy. By Exercise 5.3.3, the connection
in the bundle T'Cv is obtained by the projection of the Euclidean connection to T'C.
Since the tangent bundle T'Cy of cone Cy has the same restriction to «y as the restriction
of T'S?|y, it follows that we can consider the parallel transportation of V along v as V
belong to the tangent bundle T'C'y. Now we pull out this cone isometrically to a planec
R? by cutting the cone along an edge C of it. The sliced cone does not cover the whole
plane, there is a small angle 8 inside the cone formed between the sliced edge C'. Since
the parallel transportation does not change under an isometric map, we can perform the
parallel transportation of V on the pulled out cone. It is easy to see that V' is moved
to another vector V' parallel to it on R?, but if we close the sliced cone, then V' differs
from V by the angle 8 = 27 — 6. When + is a great circle, then § =0, s0 V/ = V. If
is very small then 6 is very close to 0 and V" is close to V.

For the important geodesic equation we have the following local existence result.

Theorem 5.3.8. Let (M, g) be a Riemannian manifold. For any p € M and v € T,M
there ezists an open interval I = (—¢,e) and a unique geodesic v : I — M such that

7(0) = p and 4(0) = v.

Proof. Tt suffices to prove Theorem 5.3.8 for M being an open domain in R™. Let us
write the equation for a geodesic () in local coordinates

Vi ((8) = 3 Vi (7'02:)

2

d '/L' :
=~ (7()0i + 5 (1) T ;01

Thus the equation for a geodesic v(t) is a system of n second order ODE’s. Hence follows
the theorem. O

Exercise 5.3.9. - (i) Find all geodesics on the sphere S™.

- (ii) Find all geodesics on the hyperbolic plane H?(z,y),y > 0 with g(X,Y),, =
1

L(X,Y).

(X,
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Hint. i) Using rotation, show that all geodesics are great circles.

ii) Using '}, = % = —T%, = I'}, show the geodesic equation
2y () (@)
y y

Now use the trick

dy*  d (y)_ i — &y

de?  dx i’ (4)3
to show that the geodesics on H satisfy (yy”) + (3/)? = —1 which are either line & = 0
or circles (z — €)% +y? = D2

Remark 5.3.10. The existence of a geodesic on a Riemannian manifold allows us to
define a map T,M — M sending any vector v to point y(1) where v(t) is a geodesic
through p and tangential to (¢). This map is called the exponential map. Since the
tangent map of the exponential map at zero is identity, the exponential map provides a
local diffeomorphism between an open neighborhood U, of p and an open set in 1), M. It is
known that in the chart (Up, exp~!) the Riemannian metric has a nice form: g;;(0) = d;;,
I‘;k(()) = 0 for all 4, j, k, (see J.Jost, Theorem 1.4.4.) This coordinate chart is called a
normal coordinate chart on a Riemannian manifold (M, g).

5.4. Geodesic and variation of the length of curves. We will show that a geodesic
~(t) joining two points p, ¢ on a Riemannian manifold (M, g) has a locally minimal length
among curves 7' (t) joining the same points.

Let v : [a,b] — M be a smooth curve. A variation of c is a differentiable map
F :a,b]x(—¢,e) — M with F(t,0) = y(t) for all t € [a,b]. The variation is called proper,
if the endpoints stay fixed, i.e. F(a,s) =~(a) and F(b,s) = v(b) for all s € (—¢,e). We
set

F(t,s) = iF(t,s), F'(t,s) = iF(t, s).

S dt ds
Now we compute the first variation
4 1P, s)) = d/b(F(t $), E(t, )2 dt
ds ) - ds “ ) ) )

. b <VF’(t,s)F(tv 5)’ F(tv 5)> . i o .
= /a Flts) FLa)iE since dsqﬁ(F(t,s)) = Vir(1,5)9(F(t,5)) for any function ¢,

_ / DAV pw F/ (), F(E,5))
o (F(tys), F(t,s))1/2

, since VF/(LS)F(t, s)—VF(m)F’(t, s) = [F'(t,s), F(t,s)] =0,

:/b[$<F'(tvS)aF(t,s)> F'(,8): Vi, F'(E, 5))

(F(t.s). F(ts)V2 " (F(t.s), F(t,5))1/2
If ~(t) is parametrized proportional to the arc-length, i.e. ||5(¢,0) = 0|, (in this case
7(t) is called naturally parametrized) then (5.4.1) becomes

b
(5.4.2) jSSZOMF(t,s)):W«F%am,ﬂt,onzg— 0,950 dr)

(5.4.1)
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Thus the equation (5.4.2) = 0 becomes V;)¥(t) = 0, i.e. y(t) is a geodesic. Thus we
have proved the following

Lemma 5.4.1. Any geodesic v : [a,b] — M is a critical point of the length functional
w.r.t. to its proper variations. Any natural parametrized shortest curve y(t) joining two
points p,q on M is a geodesic.

Exercise 5.4.2. Let H? = {(z,y) € R%y > 0} be the Poincare half plane with the
m(etric)cls2 = y%(de +dy?). Let P = (_;, %) and Q = (%, %) Compute the distance
d(P,Q).

5.5. The second fundamental form and totally geodesic submanifolds.

S

Definition 5.5.1. The second fundamental form of a Riemnnian submanifold (N, g, V)
in a Riemannian manifold (M, g, V) at a point 2 € N is defined by

B:T,N x T,M — T,N* : (X,Y) — (VxY)*

Exercise 5.5.2. Prove that Definition 5.5.1 is well-defined. Prove that the second
fundamental form is symmetric.

A submanifold (N, g) C (M, g) is called totally geodesics, if the second fundamental
form B is vanishing everywhere.

Proposition 5.5.3. Let (N, g) be a Riemannian submanifold in (M, g). Then the fol-
lowing conditions are equivalent:
(i) N is totally geodesic in M,
(i) Any geodesic y(t) in N is also a geodesic in M.
Proof. The result is a direct consequence of the following decomposition formula for a
geodesic v in N B
V¥ = Vi + (V4d) " = B(3,4).
Il
Exercise 5.5.4. Prove that S¥(1) is a totally geodesic submanifold in S™(1), if k < n.

Exercise 5.5.5. Compute the second fundamental form of the submanifold T? = {|z;| =
1 = |z0|} in the $% = {|z1|?> + |22|* = 1}.

5.6. The Riemannian curvature tensor. Since in a normal coordinate chart on a
Riemmanian manifold (M,g) the metric g and its first derivatives coincide with the
Euclidean metric on R™, there is no tensor depending on ¢ and its first derivatives which
is an invariant of (M, g). The curvature tensor of a Riemmanian manifold (M, g) is a
tensor depending on the second derivatives of g which measures how far g differs from
the standard Euclidean metric.

Theorem 5.6.1. Let (M, g) be a Riemannian manifold with Levi-Civita connection V.
Then the curvature R : Vect(M) x Vect(M) x Vect(M) — Vect(M) defined by

(5.6.1) R(X,Y)Z =VxVyZ —-VyVxZ — Vixy)Z
is a tensor of type (3,1) on M.

Exercise 5.6.2. Prove this theorem.
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Now let us compute the Riemannian curvatures R of a Riemannian manifold (M™, g)
in local coordinates. Let (U, z) be local coordinates on M™. For i,j,k,l =1,...,m put

Riji = g(R(Ds, D;) Dy, Dy.
Then
- 61“;,6 ory, -

(5.6.2) Rig = Y gal 2% — S8 4 3 (TT5, —T4T5,)),
s=1 Li Ly r=1

where Ffj are the Christoffel symbols of the Levi-Civita connection. The formula (5.6.2)
is obtained by applying (5.6.1) to vector fields D;.

It is easy to see that the Riemannian curvature on R™ with the Euclidean metric is
equal to zero. Thus if a Riemmannian manifold (M, g) has non-zero curvature tensor R
it cannot be isometric to an open domain in R”, i.e. there is no diffeomorphism f — U,
U is an open domain in R™ such that f induces the Euclidean metric from R™ to M™.

Proposition 5.6.3. Let (M,g) be a smooth Riemannian manifold. For vector fields
XY, Z, W on M the following identities hold

(i) R(X,Y)Z =—-R(Y,X)Z,

(i) RX,Y)Z+ R(Z,X)Y + R(Y,Z)X =0,

(iii)g(R(X,Y) Z,W) = —g(R(X, Y)W, Z),

() g(R(X,Y)Z, W) =g(R(Z,W)X,Y).

Proof. See J.Jost, proof of Lemma 3.3.1. g

Now we introduce the notion of sectional curvature. For this we need the following
technical result.

Lemma 5.6.4. Let (M, g) be a Riemannian manifold and X,Y,Z, W be tangent vectors
at p such that the two 2-planes X AY and Z AW are identical. Then

gR(X, Y)Y, X)  g(R(Z, W)W, Z)

IXAY]2Z  |ZAW]?

Proof. First we consider the case Z = X and W =Y + AX with A € R. In this case
the identity is a consequence of R(X,X)Y = 0 for all X,Y (see Proposition (i)). Now
assume that W = aY + bX, a # 0. Then by the above R(X,W) = aR(X,Y). Since
vol(Z ANW) = vol(X ANY) = a vol(X A W) we have vol(Z A W) = a tvol(X A W).
Consequently Z = a~'X +bW. So R(Z,W) =a 'R(X,W) = R(X,Y). O

Using Lemma we define the sectional curvature K (X AY) of plane X AY C T,M
as the value defined in the Lemma. In particular, on any two-dimensional Riemannian
surface (M2, g) the sectional curvature K, is a function M — R.

Exercise 5.6.5. Compute the section curvature of S™(1) and of the Poincare half plan
(z,y)|,y > 0 with g(X,Y) = 5(X,Y).

The global behaviour of the sectional curvature on (M2, g) gives us information about
topology of M?2.
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Theorem 5.6.6 (The Gauss-Bonnet Theorem). Let M? be an orientable closed surface
and g be a Riemmannian metric on M?. Then

K,dA = x(M?)
M2
where dA is element of area of M?* and x(M) is the Euler number of M?2.

We need to explain how to take the integration of a continuous function K, over a
surface (M?,g). Using partition of unity, it suffices to take integration over coordinate
domains (Uy, gi;) so that

/MQfdA—Zk:/Ukak-fdA,

where the number of covering Uy is finite, and «y is a partition of unity subordinate to
Uy. Furthermore we can assume that U = [—¢,¢| x [—¢,¢] and g = g;jdz'dx?. Here we
define

/ fdA = /E E f - (det(gij))"/*dxdy.
U —eJ—¢

It is easy to see that the above expression does not depend on the choice of coordinates
(z,y) on U.

The Gauss-Bonnet Theorem is obtained from the Gauss-Bonnet formula for a simply
connected domain D on M?2. Let D be a bounded domain on M? such that its boundary
0D is a piece-wise differentiable curve C' consisting of m differentiable curves. Then

/KdA—i—/kgds—i—Z(Tr—ai)—%r.
D c

=1

Here k, is the geodesic curvature of C' (the value ]VCC’ |, if C is naturally parametrized),
and «; are inner angles of C' where C' s not differentiable.

For a proof of the Gauss-Bonnet formula we refer to the book by Millman, Elements
of Differential Geometry,1977.

Exercise 5.6.7. Let S C R3 be an embedded surface such that K < 0. Prove that
there are no two geodesics 1 and o starting from the same point p and meet again in
a point g enclosing a simple region.

Lemma 5.6.8. The value of Riemannian curvature tensor R at any point p of a Rie-
mannian (M™,g) is defined by the value of its sectional curvature K on all tangent
planes X NY C T,M .

Proof. Denoting K(X,Y) := K(X AY)|X AY|?, by Proposition 5.6 we have
(RX,Y)ZW)=K(X+W,Y+Z)-K(X+W)Y)-KX+W,2)
~K(X,Y +2) - K(W,Y + Z) + K(X, Z) + K(W,Y)
-KY+WX+2)+ KXY +W, X))+ K(Y +W,2)
+K(Y,X +2)+ KW, X + Z) — K(Y, Z) — K(W, X).



INTRODUCTION TO RIEMANNIAN GEOMETRY 27

A Theorem of Shur asserts that if the dimension of M is at least 3 and the sectional
curvature is constant at each point, i.e

K(XAY)=f(z) for X,)Y € T,M
then f(x) = const. In this case we say that (M, g) is a space form.

Example 5.6.9. The space S™ with its canonical metric is a space form, since for any
point p € S™ and any pair of tangent planes X AY and Z A W in T,,5" there exists a
rotation of R™ which preserves p and sends X AY to Z A W. The projective space RP"
carries a metric of constant positive sectional curvature, since it is the quotient of the
group Zs acting on the sphere S” : © — —z. This action preserves the metric on the
sphere, therefore it descends to a metric on RP". In local coordinates the metrics on S™
and RP" are identical.

It is known that any simply connected Riemannian manifold of positive constant
curvature is isometric to some sphere S™(r). Any simply connected Riemannian manifold
of zero constant curvature (also called flat space) is isometric to Euclidean space R", gg =
Zda:?. Any simply connected Riemmanian manifold of constant negative sectional
curvature is isometric to a hyperbolic space H"(—a?) = (R} x R" ! g(x1, -+ ,1,) =
aTle (Xoiey daf).

If dimension of M is at least 3, we can consider the average of sectional curvature
K(X AY). This curvature is called the Ricci curvature. It is defined as follows

Ric(X,Y)p = > R(X,e)e;,Y
i
where e; is any orthonormal frame in 7, M.

Likewise, if the Ricci curvature is constant at each point, i.e. Ric(X,X) = ¢(z)g(X, X),
then ¢(X) is constant. In this case (M, g) is an Einstein manifold.



