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1. INTRODUCTION

A SyMPLECTIC structure w on a manifold M provides a one-to-one correspondence between
closed 1-forms and infinitesimal automorphisms of (M, w), ie. vector fields X satisfying
Pyow = 0. An infinitesimal automorphism X is called a Hamiltonian vector field, if it
corresponds to an exact 1-form. A symplectomorphism ¢ on M is called exact, if it is the
time-one map of a time-dependent Hamiltonian vector field. In fact, one can find a periodic
Hamiltonian function such that ¢ is the time-one map of the Hamiltonian system. For each
symplectomorphism ¢ isotopic to the identity through symplectomorphisms, one can
assign a “cohomology class” Cal(p), which is called the Calabi invariant of ¢. Banyaga [3]
showed that ¢ is exact if and only if Cal(¢) = 0. The Arnold conjecture states that the
number of fixed points of an exact symplectomorphism on a compact symplectic manifold
can be estimated below by the sum of the Betti numbers of M provided that all the fixed
points are non-degenerate. Arnol’d came to this conjecture by analysing the case that ¢ is
close to the identity {see [1]). If ¢ is the time-one map of a time-independent Hamiltonian
vector field corresponding to a Morse function f which is C?-small, the fixed points
coincides with the critical points of fand the validity of the conjecture follows directly from
Morse theory.

There are many partial results to the Arnol'd conjecture. Great progress was made by
Floer, who combined the variational approach (see [4]) and Gromov's theory of pseudo-
holomorphic curves to prove the Arnol’d conjecture for monotone symplectic manifolds [5].
He developed an analogue of Morse theory for the action functional on the loop space and
this led to the notion of Floer homology. The Arnold conjecture is derived from the fact that
the Floer homology group is isomorphic to the ordinary homology group of M. Recently,
Hofer and Salamon [8] defined Floer homology groups for a wider class of symplectic
manifolds (which are called weakly monotone symplectic manifolds). An almost complex
structure J on M is calibrated by o, if

&> = (&, In) (L1

defines a Riemannian metric on M. Such a J is unique up to homotopy and we denote by
¢y = ¢;(M) the first Chern class of the almost complex manifold (M,J). A symplectic
manifold (M, w) is called monotone, if ¢, is a positive multiple of w on n,(M). The condition
of weak monotonicity [8] implies the non-existence of J-holomorphic spheres with negative
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Chern number for a generic J. Hofer and Salamon computed the Floer homology and
verified the Arnol’d conjecture in the case that (M, w) is either monotone, or ¢, (n,(M)) = 0,
or the minimal Chern number is at least half of the dimension of M. Later, the second
author defined the “modified Floer homology groups™ and verified the conjecture for
weakly monotone symplectic manifolds [10]. However we do not know whether the Floer
homology groups defined by Hofer and Salamon and the modified Floer homology groups
coincide or not.

In this note, we consider an analogue of the Arnol’d conjecture for non-exact symplec-
tomorphisms isotopic to the identity through symplectomorphisms. In the case of non-
exact symplectomorphisms, the fixed point set may be empty. For example, an irrational
rotation on an even-dimensional torus with the standard symplectic structure preserves the
symplectic form, and has empty fixed point set. For this reason, we have to consider
Novikov homology instead of ordinary homology. The aim of this note is to show the
following theorem.

MAIN THEOREM. Let (M, w) be a closed symplectic manifold of dimension 2n which satisfies
the following condition
il = AOjmy oy, A #0

and if A < O, the minimal Chern number N satisfies N > n — 3. Suppose ¢ is a symplectomor-
phism on (M, w) which is isotopic to the identity through symplectomorphisms. If all the fixed
points of @ are non-degenerate, then the number of fixed points of ¢ is at least the sum of the
Betti numbers of the Novikov homology over Z, associated to the Calabi invariant of ¢.

It is well-known that Novikov homology groups are isomorphic for almost all cohomol-
ogy class in H'(M;R) and the rank of these groups is minimal in, the class of Novikov
homology groups associated to all the cohomology class in H'(M;R) (see Appendix C).
Hence we get an estimate of the number of fixed points in terms of Novikov homology for
generic 1-forms. To prove the Main Theorem, we reduce the problem to one concerning the
1-periodic solutions of a periodic Hamiltonian system and define Floer homology in this
setting. The argument in [5, 8] shows that the Floer homology groups are isomorphic under
the deformations preserving the Calabi invariant. However, in order to compute the Floer
homology, we also have to consider deformations which change the Calabi invariant. To
apply the weak compactness argument, it is necessary to estimate of the energy functional
for solutions of the “chain homomorphism” equation. This is done for specific deformations
with the help of a variant of the Palais—Smale condition (Section 5).

This note also contains three Appendices. The first one concerns the classification of
loops in a symplectic manifold under symplectomorphisms. We prove that two embedded
contractible loops are congruent under a time-one map of a time-dependent Hamiltonian
flow if and only if their Poincaré integral invariants coincide. The second contains a proof of
a fact which is needed in the computation of the Floer homology groups (see also [14]). The
third is a note on Novikov homology theory. Since it seems difficult to find a reference
containing proofs, we give proofs for the sake of completeness.

2. THE CALABI INVARIANT AND A VARIATIONAL APPROACH

Given a symplectic form w on M, there is an isomorphism ® from the space of vector
fields to the space of differential forms on M:

V)W) = —w(V,W). 2.1
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Let g, be an element of the identity component DiffS M of the symplectomorphism group
and {g,} a path connecting the identity element and g,. We define a vector field D,(g,) by

Do) = (2 a) a2,

Clearly, the ®(D,(g,)) are closed differential forms. Recall that g, is said to be an exact
symplectomorphism if all the ®(D,(g,)) are exact 1-forms. The flux homomorphism ® from the
universal cover Diff,9 M to H'(M,R) is defined as follows (see [3]):

®(gy) = [{D(Dg) dt].

This homomorphism was first considered bz Calabi and we call the image ®(§) the Calabi
invariant Cal(g) of an element § = §, € Diff.? M. Passing to the group Diff,9 M the Calabi
invariant of a symplectomorphism on M is an element of the quotient H!(M,R)/T", where
I is the image of the subgroup =,(Diff% M) which is identified with the kernel of the
projection from Diff,9 M to Diff§, M) under the homomorphism ®. It is known ([3], see also
Lemma 2.1) that I is a discrete subgroup in H*(M,R) if and only if the subgroup of exact
symplectomorphisms is closed in Diff 5 M. Kéhlerian manifolds, or more generally, any
symplectic manifold M such that the multiplication by "~ ! induces an isomorphism from
H'(M,R) to H*"~!(M,R), are such examples [3].

DEFORMATION LEMMA 2.1. Let [6] € H' (M, R) be the Calabi invariant of an element §, .
Then there exists a smooth path {g,} in Diff S M, joining the identity element Id and g,, and
a periodic Hamiltonian H, on M such that ®(D,(g,)) = 0 + dH, for all t.

Proof. First, we show that we can choose path g, connecting the identity element and g,
such that each 6, = ®(D,(g,)) has cohomology class [6] and 6, = 6,. Put

1
Vix) = L D.(g.)(x) dt.
Let G,(x) be the one-parameter subgroup of symplectomorphisms generated by the vector
field ¥(x): G, = exp tV. Then the Calabi invariant for the path G_,og, is zero. It is known
that there exists a smooth path p, in the subgroup of exact symplectomorphisms, Diff, M,
such that py = Id and p, = G_,- g, (see [3]). By reparametrizing the parameter t, we may
assume that p, is constant around 0 and 1. Now let us consider the path g, = G, p,, so we
have g, = Id and g; = g,. We obtain

®(D(Grop)) = D((Ge) » (De(py) + O(V). 22

From (2.2) we obtain that the form ®(D,(g;)) = 6, lies in the same cohomology class [8] for
all t. Let p, be as above. Then ®(D,(p,)) is the differential dH, of a smooth function H, on M.
Now, the periodicity condition 6, = 6, is equivalent to the following:

dH, + ®(V) = G{(dH;) + ®(V). (2.3)

Since p, is constant around 0 and 1, dH, = dH, = 0, i.e. Hy, and H, are constant functions.
Hence (2.3) holds. Consequently, we have that H; = H, + a, where a is some constant. Now
put H; = H, + y(t), where ¢y(0) =0, y(1) = — a and y’'(0) = y'(1) = 0. Then the path g,
associated to 8, = 8 + dH; satisfies the condition of Deformation Lemma. O

With the help of our Deformation Lemma we now reduce the problem of finding fixed
points of a symplectomorphism g to a variational problem on the loop space #M. Suppose
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that g is given by the following equation:

go = 1d, g1 =9, ®(D.(g.) = 6,

where 6, satisfy the condition in Deformation Lemma. Clearly, the fixed points of g are in
one-to-one correspondence with the 1-periodic solutions of the following differential equa-
tion

x(t) = Xo(t, x()) 2.4

where X, = @~ *(0). (It is easy to see that ®~ 1(9) = JVP, where P, is a local primitive of the
closed 1-form 6, i.e. 8 = dF, holds locally.) The set 2(6,) of 1-periodic solutions of (2.4)
coincide with the critical set (i.e. the zero set) of the following closed 1-form dsf, on £ M:

dsty(z,{) = Jw(i,é) + 6,(z(0))(2)- (2.4

The “(minus) gradient flow” for the multi-valued functional 7, is defined by the following
equation.

- du du
O5,00) = —+ JW)| =~ — Xo(u) | =0 2.5)
0s ot
where u = u(s,t) is a mapping R x S* - M. For a solution u of (2.5) we define its energy as
follows.
© L/ oul?  |ou 2
=3 - —— : 26
E(u) Zj—w L < s + o Xo(t, u) )dt ds (2.6)

As in the case of exact symplectomorphisms, the space of solutions of (2.5) with bounded
energy is the space of connecting orbits, that is, u: R x S* - M such that lim_, ; , u(s,t) =
x ¥(t) where x *(t) are periodic solutions of (2.4).

We will restrict ourselves to the component of contractible loops on M. For the sake of
simplicity, henceforth, we also denote this space by M. We construct an associated
covering space &M such that the action functional &, on this cover is single-valued.
Consider the following commutative diagram:

~ ~ i E)

I {n Ir

PM LM oM

Here M denotes the covering space of M associated to the period homomorphism of 6,
Iy: (M) — R. This means that the covering transformation group is isomorphic to the
quotient group

rl = nl(M)/ker Ig.

Furthermore, e denotes the evaluation map x(t)~>x(0) and j denotes the projection
from the covering space PM of LM associated to the action of homomorphisms
bers @i 2 (M) — R defined by evaluation of ¢, and w respectively. This means that the
covering transformation group is isomorphic to the quotient group

I, = 752(M)
2" ker ¢, Nker ¢,
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An element of £M is represented by an equivalence class of pairs (X, &), where £ is a loop in
M and iiis a disk in M bounding %. A pair (%, if) is equivalent to (,7) if and only if £ = j and
the values of ¢., and ¢, are zero on u #(—v), where u = n(ii), v = =n(%) (see [8]).Hence, the
covering transformation group of PM — M is the direct sum I’ = Iriel;:

(1 @)X 4] = [ X, Ay #7711, (2.7)

where A, is any representative of y, in n,(M). (Geometrically, u is a disk bounded by
x € ZM. By the homotopy lifting property, there exists a unique disk # € M bounded by %.
The second homotopy groups of M and M are same, so we consider g, as a sphere in M and
# denotes the connected sum of 2-spheres with the bounding disk (see [8])). To summarise;
we have the following Lemma.

LeEMMA 2.2. The group I is commutative. In particular,
(o)X, 4] = (v o7)[X, 4]

fory,y €l

Since the 1-forms 8,, t € §!, satisfy the condition in Deformation Lemma there exists
a periodic Hamiltonian H, on M such that dH, = n'6,. Clearly, the time-dependent
Hamiltonian flow on M generated by H., is the pull-back of the original symplectic flow on
M. In partieular, the set of contractible periodic solutions P(H) is the set Y (P(0))).
Furthermore, #(H) = i 1(I-?,) is the critical set of the following functional

JMWﬂF—J

D

o+ J H(t, %)) de. (2.8)

0

We now consider the space of connecting orbits #: R x ' — M on &M satisfying the
lifted equation:

= .. 0O 0l -
0;.a(l) = PP J(u)<;37 - Xy(u)> =0 (2.9.1)
with boundary conditions
Sligrnw (s, t) = [XH(t), 4] (29.2)
and
[x*,a-#a]=[x",4"]. (29.3)

The paths in %M are in one-to-one correspondence with the paths on the covering space
£M modulo the action of I, (see condition (2.9.3)). Consequently, for these connecting
orbits we have the following energy identity (cf. [8, 14]):

2

dtds = dlg([%~,07]) — a([%,d*]). (2.10)

o 1
mmm»=f J oa

os

3. TRANSVERSALITY AND COMPACTNESS

From now on, we will deal with a weekly monotone symplectic manifold M, ie.
M satisfies w(A4) < 0 for any A4 e n,(M) with 3 — n < ¢;(4) < 0 [8]. We also use a generic
almost complex structure J calibrated by w. The weak monotonicity condition yields the
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non-existence of J-holomorphic spheres of negative Chern number. Moreover, we denote
by M,(c;J) the set of points x € M for which there exists a non-constant J-holomorphic
sphere v: §2 —» M with ¢,(v) < k, »(v) < c and x ev(S?). The set My(c0; J) is then a subset
of M of codimension 4 and the set M;(c0;J) has codimension 2 [8].

The transversality and compactness theorems in this section can be obtained by the
same arguments in [8].

Given any smooth periodic 1-from 6, = 8 + dH, we denote by %;(6,) the set of all
periodic 1-forms 6 + dH; with |H] — H,|, < 6, where the norm [/ h], is defined as follows:

0

(hll, = Z 6k||h||Ck(slxM)-

k=0

Here g, > 0 is a sufficiently rapidly decreasing sequence [6].

TuEOREM 3.1. There is a dense subset ©y < %;(0,) such that the following holds for 8, € ®y.

(i) every periodic solution x € #(0,) is non-degenerate,
(i1} x(t) ¢ My(00;J) for every x e P(8,) and every teR.

This is obtained by applying the Sard—Smale theorem to certain Banach manifolds. More
precisely, for the proof of (i) we consider the Hilbert manifold # of contractible W'? loops
x:8! -+ M and the bundle & — # whose fibre at x e # is the Hilbert space of L*-vector
fields along x. Define a section % : # x #;(0,) — & by

F(x,0 + dH) = X — Xg,4pm.(t, x).

The differential d# (x,6 + dH]) is surjective [8]. Hence # intersects the zero section of
& transversally. Thus, the set

P ={(x,0)eB xU(0) | F(x,0;) = 0}

is a separable infinite-dimensional Banach manifold. A periodic form 6; = 8 + dH; e %,(6,)
is a regular value of the projection # — %;(6,) onto the second factor if and only if every
periodic solution x e #(6;) is non-degenerate. By the Sard-Smale theorem the set
®' € U(6,) is generic in the sense of Baire.

To prove (ii) we consider the evaluation map

e:(M(A; ) xg xS xS x P - M x M:([v,z],t,x,0,)— (v(z), x(t))

where .#(A;J) denotes the moduli space of simple J-holomorphic spheres realizing
a homology class 4 € H,(M,Z) and G is the automorphism group PGL,(C). It is shown
that the evaluation map e,:# — M:(x,0,)~ x(t), is a submersion for every te S* [8].
Therefore, the map e is transversal to the diagonal Ay in M x M. Hence the space

N = {([1,2], (%, 8))[v(2) = x(t), (x,6,) € 2}

is an infinite-dimensional Banach submanifold of (#,(4;J) x ¢5%) x S! x 2 of codimension
2n. The projection

A" = Ul0):([v,2],x,68,)— 6,

is a Fredholm map of Fredholm index 2c¢{(A) — 3. Applying the Sard—Smale theorem we
get that the set @(A) of regular values of the above projection is of the second category in
the sense of Baire. Denote by ®, the intersection of ® with (M 4.r®(4), where I' is the
countable set of integral (and spherical) 2-homology classes 4 in M for which ¢,(4) < 1.
Then ©, is the desired set for Theorem 3.1. O
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By the previous theorem there exists a periodic 1-form 6, = 8 + dH, in a prescribed
cohomology class [#] such that all contractible 1-periodic solution of (2.4) are non-
degenerate and do not intersect the set M, (oc,J). Choose disjoint compact neighborhoods
Uy, ..., Unc S x M of the graphs of the finitely many contractible 1-periodic solutions of
(2.4). We denote by ¥;(8,) the set of all periodic 1-forms 6, = 6 + dH; with |H; — H,|, < ¢
and H;=H, on U for j=1,...,m If 6 >0 is sufficiently small then there are no
contractible 1-periodic solutions of (2.4) outside the set U, for 6; € ¥;(6,). For an element
[%,d] € #(H), we assign an integer u([%,]), which is called the Conley-Zehnder index
(8, 14].

THEOREM 3.2. There is a generic set ©®, < ¥;(0,) containing 0, such that the following
holds for 0; € ©,:

(i) the space H([%~,4 ], [%%,4%];0;,J) of solutions of (2.9.1), (2.9.2) and (2.9.3) with
[%%,id%] € P(B)) is a finite dimensional manifold of dimension u([X~,47]) — u([X+,4%]);

(ii) u(s,t) ¢ Mo(00;J) for every ue M([X~ 041, [X*,0%];6,,J) with p([X,47])—
u([%*,4%]) < 2 and every (s,t) e R x S,

The proof of Theorem 3.2 is also obtained by applying the Sard—Smale theorem to
certain Banach manifolds [8]. For the proof of (i} we consider for p > 2 the Banach
manifold & of W' ?maps u:R x S! - M, whose limits are periodic solutions x ¥ of (2.4). Let
& — % be the bundls whose fibre at u € # is the Banach space of LP-vector fields along u.
Define a section & : & x ¥53(6,) — & as follows

9 2
Fu,0) = a—'s‘ + J(u) (a—'t‘ — Xa(t, u)>.

The linearization of % (u,6;) coincides with that of the similar operator in [8]. Further
arguments in [8] can be repeated word-for-word here.

In the following we consider the lifted Hamiltonian system on M. Note that the
eq. (2.9.1) is invariant under translations in the s-variable. We denote the quotient space by
M%7, a1 [%,a* 1 H,J)/R.

THEOREM 3.3. Suppose that J and 0, are regular (in the sense of Theorem 3.1 and
Theorem 3.2). Then M([%",i"],[%%,d*1;H,J)/R is compact, if wu([%~,4°])—
u([%*,a%]) = 1. H([%,a" 1, [%*, 4" ]; H, J)/R is compact up to splitting into two elements
in M([%,a"1,[%5);HJ)/R and H([£5],[%*,a*];HJ)YR, if w(% .47 ]) -
p([x*a7]) =2

Remark 3.4. For the proof of Theorem 3.3 (in the case of an exact Hamiltonian) Hofer
and Salamon use the uniform lower bound of the energy for holomorphic spheres and
connecting orbits. They prove the existence of such bounds by bubbling analysis (Gromov’s
compactness theorem). Alternatively, we can use the (explicit) lower estimate for the volume
of (globally) minimal cycles in a compact Riemannian manifold [9] to estimate the energy of
holomorphic spheres. Using Cauchy’s integral inequality one can obtain lower bounds for
the energy of connecting orbits in terms of distances between periodic solutions. More
precisely, we define a distance p(x(t), y(t)) between loops x(t) and y(t) by

) 1 a
inf
{.[—ooj‘o a

u
S

dtds|u:RxS!' > M, im u(s, 1) = x(2), Jim u(s, t) = y(t)}.
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Clearly p(x(t), y(t)) > j‘dlst(x(t) y(t)) dt = min, dist(x(z), y(t)), where “dist” denotes the
Riemannian distance on M. If the C°-distance max, dist (x(t), y(t)) is less than or equal to
the injectivity radius R, of M, then p(x(t), y(t)) < max,dist(x(t), y(¢t)). Given a finite
number of periodic solutions x;(t) of (2.4) let i denote the minimum of the distance between
x;(t) and x(t), i # j.

LEMMA 3.5. Given a positive ¢ < min{Ryy, h/2} there exists a number c(¢) > 0 depending
on 0, such that
E(u) = c(e)(h — 2¢)

Jfor any connecting orbit u on M satisfying (2.5), whose limits as s tends to + co are different

periodic solutions of (2.4).

Proof. Let B;(e) be the neighborhood of x;(t) which consists of loops whose distance
p from x;(t) is less than or equal to &. Let B(e) = \UB;(¢). By the Palais—Smale condition (see
Lemma 5.1) there exists c(g) > 0 such that the following inequality holds outside of B(g)

13(8) = Xo,(x(O)} ]| 12 = c(e)* . G.1)

Suppose u is a connecting orbit from x;(t) to x;(t). Since 11m u(s, ) (in the C%-sense) are
periodic solutions x;(t) and x;(t), we obtain:

CLAIM 3.6. There exist numbers R~ and R™* such that

(1) u(R™,t) € B;(e) and u(s,t) ¢ Bi(e) for all s > R~
(i) u(R*,t) € Bj(e) and u(s,t) ¢ B;(¢) for all s < R*.
We observe that

R+ prO 2 R+ 1
E(u) > j f —| dtds= J <\/f lu(s, 1) — Xo,(u(s, t))|? dt>2 ds.
R- JO R- 0

Applying Cauchy’s inequality we get

E(u) 2 2 R (f \/J [(s, 1) — Xo,(u(s,t))|* dt ds)

Taking (3.1) and Claim 3.6 into account we get

E) > cle f \/f g
Once again applying Cauchy’s inequality, we get
R+ 1 au
E(u) > c(a)f J PR ‘ dt ds > c(e)(p(xit), xi(t)) — 2e). O
R— o]

4. FLOER HOMOLOGY

In this section we define Floer homology of fixed points of a symplectomorphism
isotopic to the identity and prove its invariance under exact deformations. As a result, if two
symplectomorphisms have the same Calabi invariant then the associated Floer homology
groups are isomorphic. We will work on the covering space ZM.
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In this paper [14], Salamon and Zehnder used the Conley—Zehnder index (which they
also call the Maslov index) of a non-degenerate contractible periodic solution as a natural
grading for the Floer complex. Recall that the Conley—Zehnder index of a contractible
periodic solution x(t) bounding a disk u depends only on the trivialization of the induced
complex bundle " TM and the linearized flow along x(¢). Therefore, the Conley—Zehnder
index of a periodic solution [%,ii] € %M is Ij-invariant, that is u([X,d]) = u(g-[%,4]) for
any g € Iy, where I is the covering transformation group of M. This Conley-Zehnder
index satisfies the following identities (cf. [8, 14]).

w([% A #i]) — p([%d]) = — 2¢,(4) for A € n,(M) @.1)
dim #([%7, 471, (%%, a4 H,0) = w([%7,07]) — p([%7,3%]). 4.2)

The Conley—Zehnder index u(x(t)) of a periodic solution x(t) is well-defined modulo 2N,
where N is the minimal Chern number. However, we will write u(x(t)) = k € Z if there is
a bounding disk u, such that u([x,u.])=k.

Denote by #,(H) the subset of all periodic solutions [, #] with u([%,#]) = k. Consider
the chain complex whose kth chain group Ci(H) consists of all the formal sums Y&
[%4], [% ] € P(H), ¢ie.a1 € Z,, such that the set {[X, @]z 4 #0, a([X,d]) > c} is
finite for all c e R.

Let I, be the following subgroup of [,

ker ¢,
ker ¢, Nker ¢,

and define I" tobe I @I, < I.

Denote by A, ,, the completion of the group ring of I'" over the field Z, with respect to
the weight homomorphism Wy , = I, ® — ¢, : I’ = R, ie. the set of all the formal sums
YAs 04,suchthat 1,€Z,,and theset {4 eI |1, #0, ¥ ,(A) > c} is finite for all c e R.
In fact, Aq, ., is 2 commutative algebra over Z, without zero divisors.

Remark 4.1. If M satisfies the condition of the Main Theorem, then Iy is trivial and
Ap,» = Ay, where Ay is the Novikov ring associated to the closed 1-form 6 (see Appendix C).
It is easy to see that in this case the ambiguity of the Conley-Zehnder index of a periodic
solution x(t) can be controlled. More precisely, if u(x(t)) = k(mod 2N) then there exists
a bounding disk u,, which is unique up to the connected sum of an element of ker ¢,,, such
that u([x(t),u.]) = k.

The algebra A, ,, acts on 97‘(1-7 ) in the following way:
(A* &) ey = Z Aolyotzian-

gel”

We easily deduce the following lemma.

LEmMMA 4.2, The chain group Cy(H) is a torsion-free module over the algebra Ag.o- The
rank of this module is the number of contractible 1-periodic solutions x € #(6,) with Con-
ley—Zehnder index u(x) = k.

For a generator [, ] in C.(H), we define the boundary operator 9, as follows:

G(%al)= Y  m([%a],[5,0D[5 7] (4.3)

u({y,o=k—1

where n,([X,#],[ 7,0]) denotes the modulo-2 reduction of the number of elements in the
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space #([%,a],[§,5];H,J)/R. The weak compactness argument gives that J, is well-
defined. To show that d,([ X, #]) € C, -, we can use a compactness argument as in the proof
of Lemma 5.5 below or combine the weak-compactness result with Lemma 3.5. In fact, write
o([%,d)]) = Z,”errgp,,-[i,-,ﬁ,-], where %;,i = {1, ..., K}, is an arbitrarily chosen lift to M of
a periodic solution x; € #(6,) and i, is an arbitrarily chosen bounding disk of %;. We need to
show that for any given c and i the set S, = {g,,;| & a(g,.:[%:,4;]) > c} is finite. Taking into
account the energy identity (2.10) and Lemma 3.5 we get that the set of distances
p{x(t), g xi(t)) for g € S, is bounded. Hence for each i, there is only a finite number of g € I}
such that the coefficient of [g- %, #;] in 6,[X,%#]) is not zero and «#3([g - x:(t), é#]) > c. If [ is
trivial (e.g. M satisfies the condition in Main Theorem), then we are done. If not, we use
Gromov’s compactness theorem to show that there is only finite number of homotopy types
of connecting orbits between x(t) and x;(t) with bounded energy.

Since &, is invariant under the action of I/, we extend J; as a Ay, ,-linear map from C,,(ﬁ )
to Cy— ;(H). Using a gluing argument and the weak compactness argument, we also deduce
that 62 = 0. The homology groups

ker ¢,

HFk(Msw’BtsJ;ZZ) = lm a
k+1

are called the Floer homology groups of the quadruple (M, w, 8,,J) with coefficients in Z,.
Obviously, they are a graded Ay, ,-modules. The following theorem shows that the Floer
homology groups are invariant under exact deformations.

THEOREM 4.3. For generic pairs (6%,J%), (62,J%) such that 0F = 6¢ + df,, there exists
a natural A, ,-module homomorphism

HF%*.HF (0,J%) - HF,(6¢,J°)

which preserves the grading by the Conley—Zehnder index. If (07,J") is any other such pair

then
HF"o HF?* = HF°, HF* =1d.

In particular, HF* is a Ay, ,-module isomorphism.

Proof. The proof of Theorem 4.3 is carried out in the same way as in [5, 8] (see also the
Section 5 below). Namely, we construct a chain homomorphism with the help of the “chain
homomorphism equation” which is a s-dependent analogue of the connecting orbit equa-
tion (2.9.1), (2.9.2), (2.9.3). Let 6, , denote a generic path connecting 87 and 6¢ in the fixed
cohomology class. More precisely, there is a two-parameter family of functions H, , on M,
such that

0= 0f +dH,,

and for a sufficiently large R,
H,,=0 fors< —R

H;,=f fors>R.

To construct a chain homomorphism ¢*#: C.(8%,J%) - C.(0¢,J#), we consider the follow-
ing equation
Ju

Ou
5+J(u){-a—t——xgt—XH“}=0 (4.4)

Here, the key problem is to control the energy of solutions @ *(s,t) “connecting” two
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periodic solutions [%% 3] and [%*,4#]. Let H be a Hamiltonian function on M such that
dd =n'0*. Then H =H + n*f, satisfies dH =n*6f. Let [%u"]le?(H) and
[5,u*] € P(H'). We then have the following inequality:

@

|E(u) — {g((£,u”]) — g ([Fu" D} < J max

— o XM, teS?

S,t
0Os
for a solution u of (4.4) with lim,_. _, u(s,t) = n(%) € 2(8%), lim,.. ., u(s,t) = n(y) € P(6¢)
and [J,u” #u] = [J,u*]. Hence we have the weak-compactness of # (%, J; 6, + dH, ,,J;)
and the argument in [8] yields Theorem 4.3. O

ds

5. A VARIANT OF THE PALAIS-SMALE CONDITION AND CONTINUATION

To compute the Floer homology groups we need to use deformations which change the
Calabi invariant. There are two difficulties which arise in proving the chain homomorphism
between the Floer homologies associated to different Calabi invariants: the first is to control
the energy of solutions of the “chain homomorphism equation”, and the second to make
sure that the chain homomorphism preserves the “finiteness condition” which arises in the
definition of the chain complexes. We overcome the first one by using a variant of the
Palais—Smale condition. We have to restrict ourselves to the case of symplectic manifolds
satisfying the condition in Main Theorem in order to avoid the second difficulty. We start
by proving a variant of the Palais—Smale condition as follows:

LEMMA 5.1. Let x;:S' > M be a sequence of contractible W' 2-loops in M. If
| X; — Xo,(x;) || 2 tends to 0 as j - + oo, then there exists a subsequence, which we also denote
by {x;}, such that x; converges to a contractible periodic solution x., in the C°-sense.

Proof. Without loss of generality, M is assumed to be embedded in R™° for some
sufficiently large N, and x; € W' 2(S*, R*°) such that Im(x;) = M. Since M is compact and
lim;, , {X;(t) — Xp,(x;(t)) Iz = O, there exists a constant C > 0 such that | x;]|y:2 < C. By
the Rellich lemma, x; converges to x,, in the C*-topology for 0 < « < 1/2, and x,, is the
weak-limit of x; in W*'2(S',R™). In particular, x,, is in W 2(S*,R"°).

Since x; converges to x,, in the C°-topology, X,,(x;) also converges to X,,(x,) in the
C°-topology. Thus it is easy to see that

J (X (0, 0(1)) dt = — f (Xo(x0 () (1) dt
0 0

for any @ € C*(S',R™), ie. X (t) — Xo,(x(t)) = 0 in L%(S*,R°). By the regularity argu-
ment, x, satisfies X, (t) — Xp,(X,(t)) =0 in the classical sense. Contractible loops x;
converges to x,, in the C°-topology, therefore x,, is a contractible loop. d

For a generic periodic time-dependent symplectic vector field Xj,, the set of periodic
solutions is finite. Let x,, . . ., x, be all the contractible periodic solutions and U, ..., U,
tubular neighborhoods of the graphs of x; in M x §'. The following lemma is a direct
consequence of Lemma 5.1.

LeMMA 5.2. There exists ¢ > 0 such that || X — X, | L2 > ¢ for any contractible loop x in
M whose graph is not contained in any of the Uj’s.

Let n be a closed 1-form on M, and p: M x S! - M the projection to the second factor.
Since each x; is contractible, the restriction of p'n to U; is exact. Hence we can find
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a periodic family {#,} of closed 1-forms on M which are cohomologous to  and vanish on
U; for all j. Let {6,} be a regular periodic family of closed 1-forms on M (see Theorems 3.1
and 3.2). Using a perturbation of n, we may also assume that 0, + ¢, is regular. Then we
can show the following theorem.

THEOREM 5.3. Suppose that M satisfies the condition of the Main Theorem. For a periodic
Samily {n,} in the cohomology class n = Cal(8,), there exists h > 0 such that

HF,(0,,J) = HE,(6; + &', J')

for ¢ < h. Moreover the above isomorphism is Ag-linear.

To construct a chain homomorphism, we consider the following equation:

%+Js(“)<%—Xa,,t)=0 (5.1)
with
(J5,05)=(J,0,) fors< —R
(Js,05,) = (J',0, + en,) fors >R
and

Bs,t = 0: + ¢(s)3"7t-

Here ¢(s) is a monotone increasing smooth function on [ —R, R] which vanishes near —R

and equals 1 near R.
] 1
- |
—w JO

Define the energy by
2
2 drds.
If a solution u of (5.1) has finite energy, then lim, _, , ., u(s,t) exists and

0
ds

z” lim u(s,t) € 2(6,)

(5.2)
zt = Slirg u(s,t) e @6, + ¢en,)

Using a perturbation of J, we assume that the path (J,, 6, ) is regular (in the sense of

Section 3), and moreover, we may assume that J' is sufficiently close to J so that

|J, — J|(x) < & for all s, x for some small § > 0 to be specified later. The following lemma

contains a key estimate needed in our compactness argument.

LEMMA 5.4. Let ¢ be a real number such that |&-n,| < ¢/3 for all t. For a solution @ of
(5.1) satisfying (5.2) and the boundary condition [£*,u”, #id]=1[2%,u"], we have
E(@) < 3(Lg([Z”,u"]) — g, ([£*,u"])), where H, is a Hamiltonian function on M such
that dH, = n’6,.

Proof. Since the formal L2-gradient of o/, is J(di/0t — X,,), we have

osly, .. ['/oa (o
- [ ({50

If u,= mo di;: S — M factors through U; -» M for some j, then X, = 0 along u,, and hence
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we get
oly, 1/ oa du ou|?
s (@) = L <%, J(E - X,,,>> dt< —(1-9) . (5.3)
If not, we have
ou _[ou oul> |ou| |ou ou
—<a,J<E—th>>Z g - g a—S+J<E—X0'> (5.4)
Since u satisfies (5.1) we get from (5.4)
ou _{éu oul* |ou du
: <$,J<E—Xat>> > 1= -2 ((1 +8)16(s) on + 1, —J] ‘5—X9,>
(5.5
Our assumption that |¢(s)- en,| < ¢/3 yields
i) 0 0
o= J) | 2= X | = = T |2 4 () em| <8( (1 + )| = | +¢/3).  (56)
ot 0s 0Os
Applying the Cauchy inequality to j; |%| dt, we obtain from (5.5) and (5.6)
oAy oul|? 0
gy s - )| 211+ 28)e/3)1. 5.7)
as 58 L2 as Ly

Our assumptions and Lemma 5.2 imply || du/ds| .2 = 2¢/3. Now it is easy to verify the
following inequality
Tc
——=1>0.
L2 ( 12 12>

Therefore, for § small enough (e.g. § = 1/100), we obtain

5_u
Js

a_u
os

ou|? ou oul|?
1—-0)||=— = 1+6 =1l . .
( i |3 LZI( +9)cf3| 23|~ b (5.8)
Combining (5.3), (5.7) and (5.8) yields the desired estimate. O

Once we have the uniform bound of the energy functional, the weak-compactness
property holds. In particular, #(Z7,2%;6,,,J;) is a finite set if pg(Z7) = pio, 4.0, (E"). We
define a chain homomorphism ¢:C,(6,,J) = C,(6, + &n,,J’') as follows:

P(X) = )y my(%,7) ¥
H6, + en, (9)=“8,(£)

where m, (%, j) denotes the modulo-2 reduction of the cardinality of # (X, 7; 0, ,, J;). Now we
show that ¢(X) e C,(H;).

LEMMA 5.5. For each c and fixed periodic solution § € #(H.) there is only a finite number
of elements g € Ty such that the coefficient of g- 7 in ¢(X) is not zero and g(g'y) > c.

Proof. The same argument as in the proof of Lemma 54 gives that
Ag(2%) < o(27) — E(##)/3, where H, is a Hamiltonian function for n*(6, + n,). In other
words, /g is also a Liapunov function for the “flow” defined by eq. (5.1). This inequality
implies that if g satisfies the condition of Lemma 5.5 then the energy of a solution « of (5.1),
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whose lift to M joins % and g- J, is uniformly bounded by some ¢’. Assume the contrary, i.e.
there exists an infinite number of g, € I'; satisfying the condition in Lemma 5.5. Then there
exists an infinite number of solutions & of (5.1) on M such that lim,,_, & = %,
lim,. . #; = g;- § and E(u;) < ¢’. By the compactness result, there exists a limit u,,. Let g, be
an element in I} such that lim, ., , #, = g - J. Note that all §i;, i, have £ as one of the ends.
Then the other end of 4, when [ is sufficient large, is also g, J. We arrive at a contradic-
tion, |

It is easy to see that ¢ is invariant under the action of I'y. By Lemma 5.5 we can extend
¢ as a chain homomorphism of Ag-modules C,(H) and C,(H!). The same argument now
shows that ¢ is a Ag-linear isomorphism. This completes the proof of Theorem 53. O

6. FLOER HOMOLOGY AND NOVIKOV HOMOLOGY

First of all, we recall some fundamental facts about Novikov homology. Let X be
a closed manifold and # a closed 1-form on X. Denote by n: X — X the covering space -
associated to the homomorphism I,: 7,(X) - R. Then there exists a function f: X — R such
that n*n = df. For a generic Riemannian metric g on X, the gradient flow of f with respect
to n*g is of Morse-Smale type and the Novikov complex CY°*(z, g) is defined in the same
way as the Morse complex (cf. Appendix C). The complex C¥°°(#, g) is a graded module over
the Novikov ring A,. The homology group Nov,(n, g) of CY¥*°(n,g) is called the Novikov
homology associated to #. In this note we consider only Novikov rings over Z,.

Fact 6.1: Nov,(n,g) does not depend on the choice of Riemannian metric g for which the
gradient flow of f is of Morse—Smale type.

Fact 6.2: Nov,(n) = Nov.(1,g) depends only on the projective class of the cohomology
class of n, i.e.
Nov,(n) = Nov,(n') if [n] = A[n'] in HY(X;R) for some 1 # 0.
The following Fact 6.3 tells us that the Novikov homology can be computed from the
Morse complex C,(h) of n*h: X - R.
Fact 6.3: Nov,(n) = H,(C.(h) ® A,).

The goal of this section is to show the following result.

THeEOREM 6.4. Let (M, w) be a symplectic manifold of dimension 2n satisfying the condi-
tion of the Main Theorem. For a generic periodic family {6,} of closed 1-forms in a fixed
cohomology class [n] there exists a natural isomorphism of graded A,-modules

HF (6,,J) > @ Novju(n).
JF=k(mod 2n)
Proof. For generic pairs ({67},J%) and ({6#},Jf) with the same Calabi invariant,
HF(6¢,J°) = HF(6¢,J%)

by Theorem 5.1. In other words, the Floer homology does not depend on the choice of
a generic pair ({6,},J) with prescribed Calabi invariant n. We denote this homology by
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HF,(n). Theorem 5.4 implies that
HF,(n) = HF (1 +¢)'n) for || < A(n).

Let h be 2 Morse function on M. We consider the action functional o7, : M — R. Note
that this is the pull-back of the action functional on #M. We shall define a chain complex
C.(n"h,J). The chain group consists of ¥ a;; 4 [X, ], where the sum is taken over pairs
[%,d] e £M such that X is a critical point of m*h and the set {[%,i] laz,a #0 and
oA ([%, #]) > c} is finite for all c. We choose 4 to be a sufficiently C?-small function such that
the 1-periodic solution x(t) are precisely the critical points of h. Moreover we may assume
that the critical points of # and the gradient trajectories with Hessian index difference 1 do
not intersect the J-holomorphic spheres with Chern number less than or equal to 1. The
following lemma shows that the boundary operator ¢ depends only on the gradient
trajectories of k.

Lemma 6.5 [10, Corollary 4.6]. Let (M, w) be a closed symplectic manifold of dimension
2n which satisfies the condition in the Main Theorem or ¢, ), = 0. Suppose h is a Morse
function on M. Then there exists a number © > 0 such that if u is a solution 0f (2.9.1),(2.9.2) and
(2.9.3) corresponding to the (time-independent) Hamiltonian th and p(u) <1, then u is
independent of t.

We also have that the linearization of the operator (2.9.1) is non-degenerate at the
gradient trajectories of h (see Appendix B). The boundary operator 0 is defined exactly same
as in (4.3). We denote the resulting homology group by HF,(z"h,J). Then as in the proof of
Theorem 5.4, the fact that &/ is a Liapunov function for (5.1) yields that

HF,(h,J) = HF,(¢-n,J') for |¢| < h(0).

Therefore HF, (1) = HF,([dh]). Now recall the relation between the Conley—Zehnder index
of the pair [x = x(t),u,], where u, is an element in I, and the Morse index ind,(x) of h at x:
u([x(t), u.]) = ind,(x) — n [14, 8]. Therefore the set of all x(t) with Conley—Zehnder index
k coincides with the set of all critical points x = x(t) of Morse index j = k (mod 2N). Taking
Fact 6.3 into account, Lemma 6.5 implies that the Floer complex C,(dh, J) is isomorphic to
the Novikov complex C¥°*(dh).

Theorem 6.4 implies our Main Theorem.

7. AN EXAMPLE

By Theorem C.4 the Euler number of the Novikov homology of a free Abelian covering
M is the same as that of the original manifold M. Hence, our theorem also implies the
Lefschetz fixed point formula for symplectomorphisms which are symplectically isotopic to
the identity. Here we will give a non-trivial example of symplectic manifolds satisfying the
condition of the Main Theorem such that the sum of the Betti numbers of the Novikov
homology corresponding to any free Abelian covering of M is strictly greater than the Euler
number of M. By Theorem C.2 it suffices to consider the maximal free Abelian covering
M of M.

The following example of 3-folds with non-vanishing odd Betti number was pointed out
to us by Keiji Oguiso. Let X, be the hypersurface in CP* defined by the equation
{xk + -~ + x4 =0}.Denote by h the generator of H?(CP*; Z). A direct calculation
yields
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CraiM 7.1. The first Chern class of X, satisfies ¢; = (5 — k)hjx,. If k = 3 the Betti
number by(X,) is non-zero.

Let X, denote a Riemannian surface of genus g # 0. We have 7,(%,) =0 and any
non-degenerate 2-form w, on Z, is a symplectic form.

Cram 7.2. The product manifold (X, xZ,,wx ® w,), k # 5, is a symplectic manifold
which satisfies the condition in Main Theorem. Further suppose that k > 3 and g > 2. Then the
sum of the Betti numbers of the maximal free Abelian covering of X\ x Z, is strictly greater
than the Euler number of X, xZ,.

Proof. The first statement is trivial. The maximal free Abelian covering of X x X, is
X x £,, where £, denotes the maximal free Abelian covering of X,. Using Theorem C.4 it is
easy to see that the Betti numbers of flg are 0,2g — 2,0. With the help of Claim 7.1 and
Theorem C.3 we obtain the second statement in Claim 7.2. In particular, if k = 3 we have
the Euler number of X;xX, = 12(g — 1) while the sum of its Betti numbers equals
28(g — 1), if k = 4 we have the Euler number of X, x X, = 112(g — 1) while the sum of its
Betti numbers equals 128(g — 1). O

Thus, if k > 3,k # 5, and g > 2, the number of the fixed points of a symplectomorphism
£ € Diff3(X; x Z,) is strictly greater than the Euler number of X, x £,, provided that all the
fixed points are non-degenerate. In particular, if k = 3 (or k = 4, resp.) this number is at
least 28(g — 1) (or 128(g — 1), resp.).

8. CONCLUDING REMARKS

If ¢42,p = O the Novikov ring A, 4 changes~ when the cohomology class 6 changes.
That is the main obstruction to the control of the “finiteness condition”, and therefore, to
the construction of “chain homomorphisms” and computation of the corresponding Floer
homology groups. However, if the Calabi invariant is small enough we still have the
following theorem.

TueOREM 8.1. Let (M, w) be a closed symplectic manifold and ¢,y = 0. There exists
¢ > 0 such that if |[0]| < ¢ then

HF:(G) = NOU,(G) ®A,A0,w'
Consequently, the sum of ranks of HF,(6) equals of Nov,(0).

Here we suppose that M is equipped with some Riemannian metric and that the norm
[[0]] is defined as the infimum of the norms of 1-forms 8 in the cohomology class [8].

Proof of Theorem 8.1. By Theorem 4.3 (invariance under exact deformations) it suffices
to show that for each regular periodic 1-form 6, on M there exists a positive number 7 such
that HF.(z-0,,J) = Nov,(0) ®4,As, . First we choose a C2-small Morse function which
satisfies the condition of Lemma 6.5. We lift this function h to the covering space M corres-
ponding to the form 6. As in Section 6 we define the Floer complex C.(h,J) for the lifted
function . Further we choose t small enough so that the energy estimate for the “chain
homomorphism” solution u between HF.(h,J) and HF.(x-6,J’) holds (sce Lemma 5.4).
Finally we compare the Floer homology HF.(h ) with the Novikov homology Nov.(6). As in
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the proof of Theorem 6.4, we have

HF.(h,J) = Nov,,n(8) ®nr,Auw.e- O

Remark 8.2. If the dimension of a symplectic manifold (M, w) is less than or equal to 6,
then M is automatically weakly monotone and the conclusion of the Main Theorem holds
without the assumption on the minimal Chern number.
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APPENDIX A: ON POINCARE’S INVARIANT FOR SYMPLECTOMORPHISMS

In this section, for symplectic manifolds of dimension greater than or equal to four we prove the
converse of the Poincaré theorem, namely, if two embedded loops on a symplectic manifold M have
the same Poincaré invariant then there exists an exact Hamiltonian flow on M which sends one loop
to the other.

Originally the Poincaré theorem was stated for the symplectic manifold R?™ and then for the
cotangent bundle 7*M with the canonical 1-form a = p dgq and the canonical symplectic form w = da
[1]. In the general case of an arbitrary symplectic manifold M we replace the Poincaré integral by the
action functional ¢ defined on an appropriate covering space of the space EZ(M) of contractible
embedded loops. We define this covering space EZ(M) to be the quotient of the space of pairs
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{[y,u]| du = y} by the equivalence relation defined by homotopy equivalence of the bounding disk .
We have

A ([y,ul) = J‘u‘m (A1)

Descending to the base space, the action functional is only defined modulo the group o([7;(M)]).
However, the differential of the action functional is well-defined on the loop space:

dd(v)(X)=jw(X,)")= = ®(X)([v]) (A2)

k4

where @ is defined in (2.1). From (A2) we immediately obtain the following well-known theorem.

THEOREM A.l. Any Hamiltonian flow f, on M preserves the generalized Poincare invariant, namely
the action functional on the covering space ES (M) of the space of embedded contractible loops E¥ (M)

([, u]) = L ([LL0), £s)]).

Note that if the symplectic form w on M is exact, that is & = du, then

d([%u])=f x. (A3)

¥

THEOREM A.2. Let (M, w) be a symplectic manifold of dimension 2m > 4. Suppose that two embed-
ded contractible loops [yo,uo] and [y1,u1] have the same Poincare invariant. Then there exists
a Hamiltonian flow f, such that fo = Id and f(y0) = 71.

Proof. This follows from the following two propositions.
PROPOSITION A.3. Every level surface o~ '(a) = ES(M) is path-connected.

PROPOSITION A.4. Suppose a path [y,,u,], s €[0,1], of embedded loops lies on a level surface
& ~1(a). Then there exists a Hamiltonian flow f; such that f(75) = 7s.

Proof of Proposition A.3. It is easy to see that the space E#(M) is path-connected. Suppose that
[7s, 4s] is a path in EZ(M) which joins two points of [yo,uo] and [y;,u;] with the same Poincaré
invariant. Our aim now is to find a deformation of the path [y,,4,] to a new path with the same
endpoints and constant Poincaré invariant.

Fix two distinct points p € ¥, and g € y;. Yet ¢:[0,1] — M be an embedding with ¢(0) = p and
a(1) = q. By Darboux’s theorem there exists a tubular neighborhood N, of ¢([0, 1]) in M such that N,
is symplectomorphic to [0,1] x D™~ ! in R?>™ with the standard symplectic structure for some ¢ >0
(here D?™~! is the e-ball in R?*™™!). Thus we can find a smooth family of embeddings
¢,:D%(e) x [0, 1] = N, such that the following condition holds.

For all s and 7 the restriction ¢, to D?(¢) = (D?(g), 1) is a symplectic embedding (here the disk D*(g)
of radius ¢ carries the standard symplectic structure).

Let x(s) be a smooth function on [0, 1] with x(0) = x(1) = 0and 0 < x(s) < 1for s € (0, 1). Now we
can find a finite number of points 14, . . ., 7, € [0, 1] and construct an embedding ®: S* x [0, 1] —» N,
with the following properties.

(1a) For each s, the image ®,(S!) = ®(S!,s) is a connected sum of » circles

¢s(sv11.s) #d),(S,‘,,,) # #¢l(sl1y..$)

where S}, ; is the boundary of DZ(x(s)"¢),

(1b) ®4(S*) = p, ®(5*) = q.

(2) For each s, we have o (®,(S")) = [o,(s:) 2= |9 (¥) — # (o). Here a is an 1-form on N, such
that oy, = da.

Here the condition 2m > 4 makes sure that the connected sum of circles (S, ;) can be chosen as

embedded loops in M. Note that each circle S% , bounds a disk D?(x(s)- ). Therefore, for each s, the
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connected sum ®,(S!) bounds a disk, which is a boundary connected sum of the disks ¢,(DZ(x(s)*¢€))
fori=1,..., n. More precisely, the map ® can be extended to D? x [0, 1], which is also denoted by ®.
Now we consider a new path [y,,u,] which is the connected sum [y, #®,(5"), 4, # ®,(D?)]. The
conditions (1b) and (2) imply that

(3) ['})’O’ul()] = ['yOs uO]’ [yliv u’l] = [YI:ul];
(4) for each s we have o (y;) = A (yo) = A (y1).

Once again we apply the construction of connected sum to the path [y;,u;] with the path
[®.(S!), ®,(D?)] which satisfies the opposite condition to (2). Namely we have

2) A @S < — [ (y5) — A (y0)|.

"

Clearly, the path [y;,u;] also joins [yo, o] and [y;,u,]. By our construction it is easy to find
a positive function 7(s) on [0,1], 0 < 5(s) < 1, such that the path [y)",u)’] = [y, #®.(n(s) S),
u, #®,(n(s)- D*)] has the properties required in Proposition A.3. Geometrically, 5(s): D? is a bound-
ary connected sum of shrunken disks DZ(n(s)-e) fori=1,...,n. 0

Proof of Proposition Ad4. Let ¢, be a 1-parameter family of embeddings of §* into M with the
same Poincaré invariant. Differentiating with respect to s, we get a 1-parameter family ¥, of vector
fields along ¢,. It is sufficient to show that ¥, which is defined on y, = ¢,(S") can be extended to
a Hamiltonian vector field on M. Using the isomorphism ® (cf. (2.1)), we get a cross section ®(¥,) of
7°M]|,,. We shall extend this section to a closed 1-form on a tubular neighborhood N(y,). Since
symplectic manifolds are orientable, N (y,) is diffeomorphic to §* x D>~ ! in such a way that S* x {0}
corresponds to y,. Let {xy, . .., X;,—} be coordinate functions on D™~ 1, Then there exist functions
a(t),by(t), ..., bym-1(t) on S* such that

2m-1

O(V,)=a(t)dt + Y by(r)dx,.
i=1

!

Put
db;
at,x;)=at) + —-x;.
(t.x:) = a(t) i
It is easy to see that
2m-1

n=datx)dt+ Y bt)dx;
i=1
is the desired extension as a closed 1-form. Since the embedded loops y, have the same Poincaré
invariant, (A2) implies that ®(¥;) is an exact 1-form on y,. Note that S* x {0} is a deformation retract
of ' x D>"~1, hence 7 is also an exact 1-form, i.e. n = dh for some function h.

For a cut-off function ¢ which equals 1 near §* x {0}, the Hamiltonian vector field of ¢-h
coincides with ¥, on y, and vanishes near the boundary of the tubular neighborhood. Therefore it
naturally extends to a Hamiltonian vector field ¥, which vanishes outside of the tubular neighbor-
hood. This completes the proof of Proposition A.4. d

Remark A.5. The same argument may be used to generalize Theorem A.2 to embedded loops with
non-trivial homotopy class by the same line of argument. We can also show the case that M = R? with
the standard symplectic structure.

APPENDIX B: NON-DEGENERACY OF THE LINEARIZED OPERATOR FOR TIME INDEPENDENT
HAMILTONIANS

In this appendix, we shall show the surjectivity of the linearized operator at gradient trajectories
(see also [14]). Let f be a C?-small Morse function on a symplectic manifold M such that the
Conley—Zechnder indices at critical points with trivial bounding disks coincide with the indices of the
Hessian of f. We also fix a metric for which the gradient flow of fis of Morse—Smale type and which is
compatible with an almost complex structure calibrated by w.
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Let y:R — M be a trajectory of the gradient flow joining two critical points p and gq. Denote by
u,:R x §' — M the mapping defined by u(s, t} = y(s). The linearization operator D3y of O g at u, is
given by

Doy ut = Vol + JVel + Hess(f)¢ (B1)

where Hess(f)¢ = V,Vf. Since the Hamiltonian f and the connecting orbit u, are t-independent, we
have a symmetry in the t-variable. Hence Dy ; decomposes into Fredholm operators

POV~ W,

where W"2(u;TM) = @ .2V and L2(u;TM) = @ (W are decompositions as S'-modules ac-
cording to weights. From (B1), P®¢ = Va & + (—k + Hess(f))¢.

For k = 0, P is surjective and moreover we have index P = dim ker P‘¥ = index Hess,(f) —
index Hess,(f), since the gradient flow of f is of Morse-Smale type. (P‘® coincides with the
linearization operator for the gradient flow of a Morse function {13,15].)

From now on, we assume that fis C>-small such that |Hess(f){ < é < 1 for some § > 0. Let

EMI) = [oXEls, (s, 1) dr.
For k > 0, the solution ¢ of P®¢ = 0 satisfies

0
gi!fllz =2KVeg 600

= 2{<k — Hess(f)& EDD
>(1 =912

Hence || £ ||* grows exponentially as s tends to + co, unless £ = 0. Since & is square integrable, we get
£=0, ie ker P® =0 for k > 0. The same conclusion holds for k < 0. Therefore we get index

Doy y = dim ker P — ¥, _ dim coker P®. On the other hand, index D¢,y = dim ker P, hence P®
is surjective for all k, i.e. Dd; y is surjective.

APPENDIX C: A NOTE ON NOVIKOV HOMOLOGY THEORY'

In this appendix, we shall give simple proofs of some fundamental facts on the Novikov homology
theory, which seem to be folklore to specialists (see also [11,12]). Floer [7] interpreted the Morse
complex in terms of gradient trajectories for generic Morse functions. Details were carried out by
Matthias Schwarz [15] (see also [13]). For a closed 1-form # on M, there is a smallest Abelian
covering space on which the pull-back of 5 is exact. We denote this covering space by = : M — M. Let
f be a function on M such that n*n = df. For a generic Riemannian metric on M, the gradient flow of
f with respect to the pull-back metric is of Morse—Smale type. An element of the kth Novikov chain
group of 1 is ¥ a.%, where the index of Hessian of fat X is k and {X|a; # 0 and f(X) > c} is a finite set
for all c. The Novikov ring A, is defined as the completion of the group ring of the covering
transformation group of n: M — M with respect to the weight homomorphism .. The argument in
Lemma 3.5 implies that there are at most finitely many trajectories joining two critical points %, § and
we can define the boundary operator, which is linear over the Novikov ring, exactly same as (4.3). The
Novikov chain group, and hence the Novikov homology groups, are finitely generated modules over
the Novikov ring. Note that the Novikov complexes of # and A#, with the same Riemannian metric,
are same if A # 0. The argument in Theorem 4.3 gives Facts 6.1 and 6.2.

We shall prove Fact 6.3. Our argument is a finite-dimensional analogue of the proof of a critical
points p; of h. Since M is compact, there exists a number ¢ > 0 such that the norm of the gradient
vector field Vh satisfies |Vh| > ¢ outside of UU ;- Since each U, is contractible, we can find a closed
1-form #’ which is cohomologous to n and vanishes identically on | JU;. Then we can find 4 > 0 such
that || A-n'* || < ¢/3, where n' * is the vector field associated to #’ with respect to the given Riemannian
metric. From now on n denotes A-n’ defined as above. This implies that f and f+ =n*h are both
Liapunov functions for the gradient flow of f and for the gradient flow of f+ n*h. Note that the
critical point sets of fand f + n*h coincide. We can define chain homomorphisms between the Morse

!This appendix was written in collaboration with L& Tu Qudc Thang.
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complex of fand f+ ="h by using the following ordinary differential equation.

% + V{f+ n'h}(3(s)) =0 (CD)

where h; is a 1-parameter family of functions on M such that
hy=0, fors< —R and h,=h, fors<R
for some R > 0. The energy of a solution y of (C1) is defined by

2
& ds.

© |d
E(v)=f

ds

The set of solutions of (C1) with bounded energy coincides with the set of solutions of (C1) such that
lim y(s)=% and lim y(s)=§y (C2)

for some critical points %, j of £ Moreover, we can estimate the energy in terms of %, y as follows:

E(y) <3(f(X) - f(3)

and
E(y) < 3((f+ ="h)(X) — (f + m"h)(§)).

The bound on energy implies the weak compactness of the set of solutions and no bubbling
phenomenon occurs. We define ¢(X) = ¥ m, (%, J)- §, where m, (X, §) denotes the modulo-2 reduction
of the number of solutions of (C1) satisfying the asymptotic condition (C2). To get a chain homomor-
phism from ¢, we have to show that ¢ preserves the finiteness condition with respect to f + n*h.
However this can be derived in the same way as in Lemma 3.5. We can also define a chain
homomorphism in the other direction and they are inverses each other on homology groups.

We define the rank of a module L over a commutative algebra A with unit to be the dimension of
the vector space L ® F(A) over the field of fractions F(A) of A. The rank of the Novikov homology is
defined to be the rank of it over the Novikov ring. Now we shall show the following;

THEOREM C.1. Let ¢ and &' be closed 1-forms on M whose corresponding Abelian coverings are
same. Then ranks of the Novikov homology of ¢ and the Novikov homology of & are same.

THEOREM C.2. Let ¢ and &' be closed 1-forms such that & vanishes on the kernel of £. Then the rank
of Nov.(&) is less than or equal to the rank of Nov.(&).

Proof of Theorem C.1. Let M — M be the Abelian covering of M corresponding to the 1-form ¢&.
Let h be a Morse function on M and C,(h) = C.(x* h) the Morse complex of n*h. Let A be the group
ring of the covering transformation group and A, the Novikov ring of £. Then Fact 6.3 implies that
Nov,(¢) = H., (C.(h) ®aA;). Since A, is flat over A (see [2, Chap. 10]), we get Nou.(¢) =
H.(C.(h)® Al (in fact, Sikorav has shown that A, is falthfully flat [11]). Now we have rank,
NOU'(f) = rankF(A)H (C (M) ®AF(Ay) = rankp(A y{H. (C (h)) ®F(A)} ®rn) F(Ag) = rankp(,\,
H.(C.(h)) ® s F(A). Therefore the rank of the Novikov homology depends only on the covering space
M, ie. the ranks of Nov.(¢) and Nov.(&') are same. O

Proof of Theorem C.2. Let M - M and M — M be the covering spaces corresponding to ¢ and &
with covering transformation groups I and I, respectively. Let ¢y, ..., t,and t1, ..., (I < k) be
generators of I'; and T, respectively, such that ¢ is the image of ¢; by the quotient homomorphism
IN > T;. Let A; and A, be the group rings of I} and T, respectively. Then there is a natural
homomorphism ¢: A; - A, which maps ¢; to 1 for/ + 1 < i < k. We may assume that = k — 1. By
Theorem C.1 and Fact 6.3, it is enough to show that rank,, H.(C.(h) < rank,, H.(C.(h) ®a,A2)

CLAIM. The natural map H.(C.(h)) ®a,A> » H. (C (h) @a,A2) is injective. Therefore we get
rankp s, {H.(C.(h) ®aN)} @4, F(A;)> rankp s, {H. (€.(h) ) @A, Az} ®aF(A,).
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This Claim follows from the observation that B.(C.(h) ® A; = B.(C.(h) ® A,), where B.(#*)
denotes the submodule of boundary cycles.

In order to complete the proof of Theorem C.2, it is sufficient to show that
rankz ;) H.(C.(h)) ®a,F(A;)> rank,, H.(C.(h)).

Put R = F(A,)[¢3]. Write L = H.(C.(h)). Then R is a principal ideal domain and has the same
fractional field as A,. Hence for the A -module L, we have rank,, L = rankg L ®,,R. Since R is
a principal ideal domain, we have L ® 4, R = R, gives that {L ®4, R} ® xF(A;) o (F(A,))?. Hence
we get rankps, L ®4,F(A;) > rank,, L and the desired inequality. O

We have Kiinneth’s formula in Novikov homology theory.
THEOREM C.3. Let M, and M, be closed manifolds and ¢ and n closed 1-forms on M| and M,

respectively. If the kernel of the weight homomorphism for 1} ¢ + w3y is the direct sum of the kernels of the
weight homomorphism for & and n, we have

Nov (M x My ;71& + n3n) = (Novd(My; &) ®2, Nov.(M;;n)) ®A¢®A,An“¢+u;q'
Proof. We denote by I'; and T, the group ring of the covering transformation groups correspond-
ing to & and #. The Kiinneth formula for the corresponding covering spaces gives
H.(C.(nihy + n3hy)) = H(C.(nih,)) ® H.(C.(n3hs)

where h, and h, are Morse functions on M, and M,, respectively. Since the kernel of the weight
homomorphism for #}¢ + n37 is the direct sum of the kernels of the weight homomorphisms for £ and
7, the Novikov ring for n}¢ + n3n is the completion of the tensor product of the Novikov rings for
¢ and n. Note that Nov.(M; x M,; =1 + n3n) is isomorphic to H.(Cu(n'hy + 73h2)) z,1r: @ra)
Agzs 42y Combining these facts, we get that Nov.(M; x M,; ni¢ + m3n) is isomorphic to the comple-
tion of the tensor product of

Nov.(M;¢) = H.(éa(hl)) ®z,[r,1A<
and

Nov.(M3;n) & Ho(C.(h2)) ®zyirah,
with respect to the weight homomorphism for n1¢ + 731, ie.

{Nov.(M;£) ® Nov.(M3;m)} NP W O
Since the Euler number of the homology equals the alternating sum of ranks of the complex, we get

THEOREM C.4. The Euler number of the Novikov homology, i.e. the alternating sum of the ranks of
the Novikov homology groups, equals to the Euler number of the ordinary homology of M.



