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0. INTRODUCTION

The paper deals with boundary value type problems for functional-differential
equations

(0,1) x(1) = JT [deP(1, 9)] x(t + 9) + f(t) ae. on [a,b]

(0,2) x(t) = A(r) x(t) + B(t) x(t — r) + fb_ [d,G(t, s)] x(s) + f(¢) a.e. on [a, b],

where —o0 < a < b < oo and the functions P(t,9), G(t, s), A(t), B(t) and f(¢)
fulfil some natural assumptions. In particular, we derive their adjoints and in some
special cases prove the Fredholm alternative. (The results of A. HALANAY [5] or
E. A. LisSic [9] on the existence of periodic solutions to the equation (0,1) and the
results of [12] on integral boundary value problems for ordinary integro-differential
equations are included.) Our approach is based on the ideas of D. WEXLER [14]
and St. ScHwABIK [11] and differs from that of A. Halanay [6] or D. HENRY [8] (cf.
also J. K. HALE [7]). The adjoint problems obtained seem to be more natural than
those of D. Henry [8] and follow directly from the principles of functional analysis.
(It is shown that after some artificial steps our adjoint reduces to that of D. Henry.) *
Initial functions are continuous on [a — r, a] or of bounded variation on [a — r, a].
In §4 boundary value type problems for hereditary differential equations con-
sidered in the sense of M. C. DELFOUR, S. K. MITTER [3] (with square integrable
initial functions) are treated.
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1. PRELIMINARIES

Let —0 < a < f < +00. The closed interval « < ¢ <  is denoted by [«, §],
its interior & < t < B by («, ) and the corresponding half-open intervals by [«, f)
and (o, B]. Givena p x g-matrix M = (m; ;) . » M denotes its transpose
and

il -

[M] = max 3 Z |m

A, is the space of real column n-vectors with the norm ||x| = _max [x |- The space of
=1,.

real row n-vectors is Z.. (Elements of &} are denoted by x°, where X € Ry;
i =E )

%,(2, B) is the Banach space (B-space) of continuous functions u : [, §] — 4,
with the norm |Juf, = . B] -
te[a,f]

- A, of bounded variation on [«, f] with the norm [u]zy = Hu(/i)“ + varf u
¥ (a, B) is the set of functions u' : [, B] > % of bounded variation on [a, ],
right continuous on («, ) and vanishing at § (being equipped with the norm ”u‘“g,.,,,
¥ Yo, B) becomes a B-space); /%,(a, B) is the B-space of absolutely continuous
functions u : [o, B] — 2, with the norm |ul|ye = |ullay; ZL.(o B) is the B-space
of Lebesgue integrable (L-integrable) functions u : [, 8] — 2, with the norm

ul, —Jj]’u(t)” gt

#7(, P) is the B-space of essentially bounded functions u' : [«, 8] — 2%, with the
norm u*(#)]-
81
Given a B-space 2, Z* denotes its dual and the value of a functional y € Z* on

x € Z is denoted by <{x, y)4. The zero functional on % is denoted by o,. Hereafter
Z¥(o, B) and (o, p) are identified with #;°(«, B) and ¥7(«, B), respectively, while

(x, YD = ij‘(t) x(f)dt and (u, v')g =Jj[dv‘(t)] u(t)

for x € Z,(a, ), y' € Z(, B), u € 6,(«, B) and v* € ¥"(«, B). (There are isometric
isomorphisms between Z;(«, f) and £;(a, f) and between % (o, f) and ¥")(«, B),
cf. e.g. [4].)

Let %, % be B-spaces. Given a linear bounded operator T: % — % (defined on
the whole &), T* denotes its adjoint (T* : #* - &*, (Tx, yya = {x, T*y)y for all
xe % and y € #*), Ker (T) is the set of all x € Z such that Tx = 0 = zero element
of @ and Im (T) is the range of T. Given two operators Ty, : &y —» %, T, : &, = ¥,
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the homogeneous equations T;x = 0 and T,z = 0 are said to be equivalent if there
is a one-to-one correspondence between Ker (T;) and Ker (T3).

2. GENERAL BOUNDARY VALUE TYPE PROBLEM AND ITS ADJOINT

2,1. Assumptions. We assume —oo <a < b < 400, r > 0*). A(t) and B(r)
are n x n-matrix functions L-integrable on [a, b], G(t, s) is a Borel measurable
in (1, s) on [a, b] x [a — r, b] n x n-matrix function such that var’_, G(t, ) < o
foranyte[a, b]and

J:(‘]G(t, b)| + vari_, G(z, +))dt < 0,

f(t)e Z,(a, b). Ais an arbitrary B-space, [ € A and the operators M : 6,(a — r, a) —
- A, N:4%,(a,b) > A are linear and bounded, while Im (N*) = &, (a, b) =
= ¥"Y(a, b) (i.e., given A € A*, there is a function (N*2) (1) € ¥"J(a, b) such that

(Nx, 2> 4 = {x, N¥AD 44 = J.b[d(N*/l) (1] x(1) for all x € #%,(a, b)).

Without any loss of generality we may also assume that, given ¢ € [a, b], the
function G(t, *) is right continuous on (a — r, b), while G(¢t, b) = 0. Given A e A*,
let us denote by (M*4) (t) the row n-vector function such that (M*1) () — (N*2) (a) €
e ¥ Ya — r,a) and

M 1, = M2 = [ [0 () = (4°2) @) w9

forallue%,(a — r, a).
We are interested in the following boundary value type problem:

2,2. Problem (P). Determine x € #/%,(a, b) and u € ¢,(a — r, a) such that
@1) (1) = Q) x(1) + {’;8 i‘cg B ;jg: i . ’ :} + J :_r[dSG(t, $)] u(s) +
+ J:[dSG(t, s)] x(s) + f() ae.on [a,b],
(2,2) x(a) = u(a),

(2.3) Mu + Nx =1,

where Assumptions 2,1 are fulfilled.

*) If r = 0, the equation (2,1) reduces to an ordinary integro-differential equation with
initial data in R,,. The case of r = 0 will be treated separately later on (cf. Sec. 5,5).
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2,3. Notation. Let us put

X = A%, (a,b) x €(a —r,a), ¥ =L ab)xAx R,

and
Dx — Ax — Bix — B,u — G;x — G,u
(2,4) U (Z)egc“—» Mu + Nx e,
u(a) — x(a)
where

D:xe b, (a,b) — x(t)e L,(a,b),
A:xedC(a,b) - A(t)x(t)e Z,(a, b),

0, t<a-+r

B, :xe A%, (a, b) — {B(t) s(t—r) tza+ r} € %, (a,b),

B,:ue%fa—r, a)_){B(t)uE)t =) ;;.Z ::—_ :}Egn(a, b),

G, :xeAb,a,b) — f:[dsG(t, 5)] x(s) € Z,(a, b),

G,:ue%b,(a—ra)> J:_r[dsG(t, s)] u(s) e £,(a, b).

All these operators are linear and bounded. The given problem (P) can be reformula-
ted as the operator equation
: f
U <;‘> =|1].
0

Clearly, Z* = %) (a, b) x ¥ 2(a — r,a), ¥* = L7(a, b) x A* x &, and

<<i> (9, h‘)>w =X, §Pue + J-:_r[dh‘(z)] u(t),

f

b
L, 4Y)) = Jy‘(t)f(t) ds + LAY, + 7'k
k ) a

¥
for x € #%,(a,b), uc%,(a — r,a), ge L€, (a, b), ' e ¥ (a —r,a), f€ Z(a, b),
leA, keR, y'e L (a,b), Le A* and y' e &) Let (i:) eZ and (', 4, 7)€Y,
then

<U (i)(y A y‘)>@= (Dx — Ax — Byx — Byu — Gyx — Gyu, y' Do +
+ {Mu + Nx, Ay 4 + y'(u(a) — x(a)) =
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= (x, D*y' — A*y' — BYy' — Gy' + N*2 + K[y Dgye +
+ <ll, _B>2ky\ - G;V‘ + M*) + K?‘y‘){,’a

where

K, :xed%,(a, b) > —x(a)e X,
and

K,:ue%,(a—r,a)—>ula)e,.
Consequently

Vo D*y' — A*y' — BYy' — Giy' + N*A + KTy’
*: v @* \ \ \ *
U A e —»[ —B3y' — G3y' + M*2 + K3y o

and the adjoint to (P) is the system of equations for (y', 4, y*) € #*
(25) D¥y — A%y = BIY = GIY' + N*A + Kiy' = 0,
— B3y' — G3y' + M*A + Kj3y' = 04 .
2,4. An analytic form of the adjoint problem. By the definition of an adjoint

operator and by the unsymmetric Fubini theorem (2) it holds for all x € #%,(a, b),
ueba—r,a),ye&r(ab),ieA*andy Ry

(O o) i)
- [yoswa - [y0a0 0@ [ y0 50 - na-
- [0 80w = na = [0 ([Tase 0 50) -
= [0 ([ a0 9756 o+ <ot 35, 25,4 7(0te) = ) =
- [vos0a - [Taro1s0 - [ fanenuo.

where
b
a

(2,6) g'\(t) = - J‘tby‘(s) A(s)ds + j y'(s) G(s, t) ds — (N*2) (1) —

b
\ < _ \ —
[ rose - iz e efen,

0 ,t>b—r 0,1
() = — J :‘:y\(s) B(s) ds + ij‘(s) (G(s, 1) — G(s, a)) ds + {g ‘= Z} _
— (M*2)(t) + (N*2) (a) for te[a—r a].
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Now, (', 4, ") e Ker (U*) iff

@) o= [yos0a- oo - [ oo

for all x € #%,(a, b) and u € %,(a — r, a). In particular, if x() = 0 on [a, b], (2,7)
means that

J [dr' ()] u(t) =0 forall ue®,(a—r, a).
Since h' € ¥"Y(a — r, a), this is possible iff h'(t) = 0 on [a — r, a]. Thus

2.8) f j::y‘(s) B(s) ds — J :y‘(s) (G(s, 1) — G(s, a)) ds +

. + (M*2)(t) — (N*2)(a) — ' =0 on [a—r,a).

The equality (2,7) now becomes (after integrating by parts)
b b
(2,9 J y'(t) %(r) dt = —g'(a) x(a) — J‘ g'()) x(t)dt forall xe %, (a,b).

Since we may choose x(f) = x(a) # 0 on [a, b], (2,9) implies furthermore g'(a) = 0
or

(2,10) ' = — ij‘(s) A(s)ds — J:+ry‘(s) B(s)ds + J.:y‘(s) G(s, a)ds — (N*2) (a) .
Consequently, (2,9) reduces to
jby‘(t) x(r)dt = — Jbg‘(t) x(t)dt forall xe%,(a,b)
Jj(y‘(z) +g'(t) z(t)dt =0 forall zeZ,(a,b).
Hence y\(1) = g'(¢) a.. on [ag, b], i.e.

@) ym=ﬂmmwm+fgwmm&@b_d_

0 ,t>b—r
- Lby‘(s) G(s, t)ds + (N*2) (/) a.e.on [a,b].

Let ' e £ (a, b). Then (2%, 4, y') € Ker (U*) iff there exists y* € £(a, b) fulfilling
(2,8) and (2,10) and such that y(t) = z(t) a.e. on [a, b] and (2,11) holds for all te
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€ (a, b). Finally, inserting (2,10) into (2,8) and taking into account that the right
hand side of (2,11) is of bounded variation on [a, b] and right continuous on (a, b),
we complete the proof of the following

2,5. Theorem. Let z' € ¥7(a, b), Ae A* and y' € R). Then (z', 1,7") € Ker (U*)
iff there exists y € #Y ,(a, b) right continuous on (a, b) (the values y(a), y(b) may
be arbitrary) such that y(t) = z(t) a.e. on [a, b] and

(2,12) ij‘(s) A(s)ds + fj+ry‘(s) B(s)ds — J':y‘(s) G(s, t)ds + (M*2) (1) =0

for te[a —r,a),

@13 ()= [by‘(s) A(s)ds + {fﬂy‘@) B(s)ds, t < b — rl ~

! 0 s t>b—r
b
- f y'(s) G(s, 1) ds + (N*2) (t) for te(a,b),
while y* is given by (2,10).

2,6. Definition. The problem (P*) of finding y € 47 ,(a, b) right continuous on
(a, b) and A € A* such that (2,12) and (2.13) hold is called the conjugate problem
to (P).

(In virtue of Theorem 2,5 the adjoint problem (2,5) to (P) and the problem (P*)
conjugate to (P) are equivalent.)

2,7. Corollary. The problem (P) has a solution only if
b
(2,14) f V() F(s) ds + (I, 25 = 0

for all solutions (y, A) of the conjugate problem (P*). If the operator U defined
by (2,4) has a closed range Im (U) in & ,(a, b) x A x R,, then the condition (2,14)
is also sufficient for the existence of a solution to the problem (P)

(The proof follows from Theorem 2,5 and from the fundamental “alternative”
theorem concerning linear equations in B-spaces ([4], VI § 6).)

2,8. Remark. Let &, % be B-spaces and let L: % — % be linear and bounded.
A set #* < #* of linear continuous functionals on % is said to be total in ¥* if
{y, 9>y = 0forall ge¥* implies y = 0. Furthermore, if L* : #* — %* is a linear
operator such that {Lx, g)y = {x, L*g), for all xe & and g e ¥ ™", we shall say
that L* is a conjugate operator to L with respect to #*. Clearly, L* is a restriction
of the adjoint operator L* to Lon # ™. Hence Ker (L*) = Ker (L*). (For some more
details concerning conjugate operators see [11].)
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Now, let ¥",(a, b) be the space of row n-vector functions of bounded variation
on [a, b] and right continuous on (a, b). Then ¥",(a, b) is a total subset in Z;"(a, b).
(In fact, let f € &,(a, b) and

b
0= J y' (&) f()dt forall y'e¥ (a,b).
Then

b
(2,15) 0= J V(1) dg(n) forall y' e (a,b),

where g € /%,(a, b) is an indefinite integral of f on [a, b]. Let g(1,) # g(t,) for
a component g; of the vector g = (g, g2, ..., d,) and for some ¢, 1, €[a, b],
t, < t,. Analogously to the second part of the proof of Lemma 5,1 in [10] we put
y'(1) = (y4(2), yo(2), ..., (1)), where y(t) =0 on [a, b] for j i, y(t) =0 for
tela, 1)), y(t) = 1forte[t,, t,)and y(t) = Ofort € [t,, b]. Then y* € ¥",(a, b) and

[0 =3 [ 5000 = [10900 = "6 - 00 - a0 40

which contradicts (2,15). Hence g(f) = const. on [a, b] and f(f) = O a.e. on [a, b].)
The operator D : x € #%,(a, b) > % € Z,(a, b) is linear and bounded. It is easy to
verify that ifs conjugate operator D* with respect to ¥",(a, b) is given by

0, t=a
Dt : y'e "I/'n(a’ b) - ——y‘(t), te(a, b) € ’V,?(d, b) .
0, t=5>b

Let us put #* = ¥ (a, b) x A* x #;. Then #* is a total subset in ¥* =
= Z7(a, b) x A* x &) and the conjugate operator U* to U with respect to #*
is given by

LN AY) et > (E@).n'(1) eV Na, b) x ¥(a —r,a),
where

é(o:{ o) ie_(ib) + [y a0 e+ [IECLOESEI SR

0, t="b 0 ,t>b—rJ

Jy(s)c(s 0 ds + (N*2) (1) + {V’ I:Z} for te[a, b],
W) = J t::y‘(s) B(s) ds — j :y‘(s) (G(s, 1) — G(s, a)) ds + (M*2) (1) — (N*2) (a)
_{g"’ ;:Z} for tela —ra].
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The equation U*(y', 4, y*) = 0 is identical with the system of equations (2,8), (2,10),
(2,13) and hence it is equivalent also with the problem (P*) introduced in Definition
2,6. In Section 2,4 we proved actually that Ker (U*) = #* and hence Ker (U*) =
= Ker (U*).

2,9. Remark. The above procedure can be also applied to the case of initial func-
tions of bounded variation on [a — r, a]. This means that instead of u € %,(a — r, a)
we are looking for u € #¥",(a — r, a). The adjoint problem is again equivalent to
the system of the form (2,12), (2,13). Only we have to suppose in addition that
Im (M*) < ¥"Y(a — r, a).

2,10. Remark. Some examples of spaces A and operators M, N fulfilling Assump-
tions 2,1 are given in the following § 3. Some conditions on the closedness of Im (U)
are given in § 5.

2,11. Remark. The couple (y', A) being a solution to (P*), the values y'(a), y'(b)
may be arbitrary. We can require e.g. y'(a) = y'(b) = 0ory'(a+) = y'(a), y'(b—) =
= »'(b). In the latter case we add to the system (2,12), (2,13) the conditions

(2,16)  y'(a) = —J‘:y‘(s) (G(s, a+) — G(s,a=))ds + (N*2) (a+) — (M*2) (a—),
(b) = f :y‘(s) G(s, b—) ds — (N*1) (b—).

(Indeed, by (2,12)
J:Jy‘(s) A(s)ds + J:,“y‘(s) B(s)ds = Jty‘(s) G(s,a—)ds — (M*2) (a—).)

2,12. Remark. o/%;(a, b) is isometrically isomorphic with #;°(a, b) x #;. Given
g € #%,(a, b), there exist uniquely determined f' € % and y'(t) € £°(a, b) such
that

b
X @Due = ﬁ\x(a) + f y‘(f))'c(t) dt

for all x € #%,(a,b). (See [4] IV, 13, 29.) By a similar argument as in 2,4 we could
derive the analytic form of the adjoint problem also-in the case that N is a general
linear bounded operator #/%,(a, b) - A without supposing Im(N*) = ¥"(a, b) .

If N* 1l e A* > (N¥1, N*A) e £2(a, b) x ¢ and (M*2) (1) — (N*)) e ¥"%(a — r, a)
for any 4 € A*, then the problem of finding (y\(), A) € £,°(a, b) x A* such that (2,12)
holds on [a — r, a) and (2,13) holds a.e. on [a, b] is equivalent to the adjoint of the
given problent (P).
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3. SOME SPECIAL CASES

Let us mention some special cases of the given problem (P) which arise by a special
choice of the boundary operators M, N and of the terminal space A.

3,1. The case A = &,(c,d). Let A = &,(c,d) (—0 < ¢ <d < +o0) and
(3.1) M:ue%,(a—r,a)—> J [dM(a, s)] u(s)e 4,

(3.2) N :xe d%,(a, b) > '[:[dsN(oc, s)] x(s)e 4,

where M(x, s) is a Borel measurable in («, s)e[¢, d] x [@ — r, a] m x n-matrix
function such that var_, M(a, *) < oo for any o € [¢c, d] and

Jj(HM(oz, a)| + vari_, M(a, *)) da < ©

and N(a, s) is a Borel measurable in (o, s) € [¢, d] x [a, b] m x n-matrix function
such that var) N(a, +) < oo for any a € [¢, d] and

Jj(”N(oc, b)| + vari N(a, +)) de < oo .

Without any loss of generality we may assume that for any « € [¢, d], M(a, *) is right
continuous on (a — r, a), N(, *) is right continuous on (a, b), M(x, a) = N(a, a)
and N(a, b) = 0.

Let xe AC,(a, b), ueC,(a — r,a), A'e Z(c,d). Then by the unsymmetric
Fubini theorem ([2])

(M, 25y = ij(a) (f:_r[dsM(oc, 9] u(s)) do =
_ J [ds f :i‘(a) (M(s, 5) — M(%, a) da] u(s)

and

12 = [ 20 ([T 9150 s = [

a

[ds le‘(a) N 5) da] %(s),
where

(3.3) (N*2) (1) = _[ :}L‘(oc) N, £) doe #°(a, b)
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and
(3,4) (M*),‘) (t) _ (M*i‘) (a) _
= f/l‘(oc) (M(o, t) — M(ot, a)) dace ¥ 2(a — 1, a).

Hence in this case the adjoint problem is equivalent to the system (2,12), (2,13),
where M* and N* have the special form (3,4) and (3,3), respectively.

3,2. The case A = G,(c, d). Similarly we can treat the case of A = &,(c, d)
(=00 < ¢ < d < +o0) with the operators M, N given by (3,1), (3,2), where M(+, s)
and N(-, o) are continuous on [c, d] for any se€ [a — r, a] and ¢ € [a, b]. (Let us
note that in this case any linear bounded operator M :(gn(a -, a) — A can be
expressed in the form (3,1), where M(o, s) fulfils all our assumptions.) Analogously
as in 3,1 we obtain

d .
M*: 2 e ¥ e, d) AJ\ [dA()] M(x, t)e ¥ (a — 1, a),
d
N* : 2 e ¥ )c, d) —>J [dA\(@)] N(x, t) € ¥ }(a, b) .
[4
3,3. Finite dimensional terminal space. Let 4 = #,, and
M:ue%,a—ra)— J‘ [dM(s)] u(s) € R »
b
N :xe A%, (a, b) —>J [dN(s)] x(s) € 2, »
where M(t) and N(t) are m x n-matrix functions of bounded variation on [a — r, a]
and [a, b], respectively. We may assume also M right continuous on (a -, a), N

right continuous on (a, b), M(a) = N(a) and N(b) = 0.
Let x € #%,(a, b), u€ %,(a — r, a) and A' € Z,,, then

M 235 = 2(010) = [ [a(2(6) = M@ U
and

(Nx, g = D(N5) = J :[d(i‘ N x(5),
where (M*1') (1) — (M*2") (a) = A'(M(r) — M(a))e ¥"2(a — r, a) and (N*1") (1) =
= A'N(t)e ¥"(a, b).

The adjoint problem is equivalent to the conjugate problem (P*) given by (2,12),
(2,13) with M* and N* defined above. Moreover, we may write it in the form more
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similar to the adjoint of the boundary value problem for ordinary integro-differential
equation ([12]). Let us put for t € [a, b]

M =N(a+) — M(a—), N=-N(b-),
C(t) =G(t,a+) — G(t,a=), D(t) = —G(t,b-),

N(a+) for s = a, G(t,a+) for s =a,
L(s) =<N(s) fora<s<b, Go(t,s) =4G(t,s) fora<s<b,
N(b—) for s = b, G(t,b—) for s =b.

Then, requiring y'(a+) = y'(a), »'(b—) = »'(b) (cf. Remark 2,11) we obtain the
conjugate problem (P*) to (P) in the following form:
b b b
J. y'(s) A(s)ds + J y'(s) B(s) ds — J. ¥'(s) G(s, ) ds + 2* M(r) = 0,
a t+r a

on [a—r,a),
b

y'(1) = y'(b) + ﬁy‘(s) A(s) ds + jthy‘(s) B(s)ds, t<b—r| _

0 ,t>b—r

- J‘:y‘(s) (Gofs 1) — Gofs, b)) ds + 2(L(H) — L(b)) on [a, b],
y'(a) = 2'M — J:y‘(s) C(s)ds, y'\(b) = —A'N + J:y‘(s) D(s)ds .

3,4. Boundary value ty[ie problems for functional-differential equations of retarded
type. In this section we shall deal with boundary value problems for standard func-
tional-differential equation

(3.5 (1) = j.:[dsP(t, 9] x(t +9) + f(r) ae.on [a,b],
(3,6) x(f) = u(t) on [a—r,ad],
(3,7 . Mu +Nx=led,

where the initial functions u(f) are continuous on [a — r, a] and the following
assumptions are fulfilled:

P(t, 9) is a Borel measurable in (t, 9) € [a, b] X (—o0, +00) n x n-matrix
function such that P(t, 9) = P(t, —r) for 9 £ —r, P(1,9) = P(,0) for 3 = 0,
var?, P(t, *) < oo for all te[a, b] and

j‘z('i'lP(t, 0)“ + var P(t, +))dt < o .
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A is a B-space and the operators M : %,(a — r,a) > A and N : &%,(a, b) > A
are linear and bounded, while Im (N*) = ¥"J(a, b). Furthermore, l€ A and f(t) e
€ &,(a, b). We may also assume that P(t, +) is right continuous on (—r, 0) and
P(1,0) = 0 for any ¢ € [a, b].
Let us put for te[a, b]
P(t, —r+) if s<t—r,
B(t) = P(t, —r+) — P(t, —=r), G(t,s) =<P(t,s —1) if t—r<s<t,
P(t,0)=0 if sx¢t.

Then B(t) and G(t, s) fulfil Assuptions 2,1. Moreover, given t € [a, b], G(, *) is right
continuous on (a — r, b), G(t, b) = 0 and

f ir[dsP(t, 9] x(t + 9) = f :—r[dsP(t, s — 0] x(s) =
= Bt) x(t — 1) + f :_r[dsG(t, )] x(s) -

The problem (3,5)—(3,7) is reduced to the problem of the type (P). Furthermore,
forte[a — r,d]

f :ry‘(s) B(s) ds — f :y‘(s) G(s, 1) ds — f tb+ry‘(s) (P(s, —r+) — P(s, 1)) ds —
- J:Hy‘(s) P(s,t — s)ds — f:ry‘(s) P(s, —r+)ds = —j:y‘(s) P(s,t — s)ds.
Analogously for t e (a, b — r)

J. :”y‘(s) B(s)ds — Lby‘(S) G(s, 1) ds = — .[ tby‘(s) P(s, t — 5)ds

and
b b
- f y'(s) G(s, t)ds = — J‘ y'(s) P(s,t — s)ds for te[b—rb].
a t
The following theorem is now a direct consequence of Theorem 2,5.

3,5. Theorem. The problem of finding y € #7",(a, b) right continuous on (a, b)
(the values y(a), y(b) may be arbitrary) and A€ A* such that

(3.8) - ij‘(s) P(s,t — s)ds + (M*2)(t) =0 | on [a—r,a),
(3.9) () = — f tby‘(s) P(s,t — s)ds + (N*) () on (a,b)

is equivalent to the adjoint problem to the problem (3,5)—(3,7).
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(The functions (M*2)(t) and (N*2)(t) are again such that for any i€ A*
(M*2) (1) — (N*2) (a) e ¥ (a — 1, a), (N*2) (t) € ¥"{(a, b) and

ot i3 = [ Ta{009) ) - 002 @] 460,
s, 33, = [ T2 6150

forallue®%,(a — r, a), xe 4%,(a, b) and A € A*.)

3,6. Two-point boundary value type problem. Let us consider the ‘“‘two-point”
boundary value type problem given by the system (3,5), (3,6) and

(3,10 Mu + Nyx =led,

where the functions P(t, 9), f (t) and the operator M satisfy the corresponding as-
sumptions of Section 3,4. Given A e A*, let (M*2) (¢) denote now a function from
¥ 3(a — r, a) such that

a

<Mu: l>A = J.

a

[ae2) (0] u()

for all u e ¢,(a — r, a) and A € A*. The operator N, = NS, : #%,(a, b) - A is the
composition of a linear bounded operator N : %,(b — r, b) > A and of a shift
operator S, : x € #%,(a, b) > x|[b — r, b] € €,(b — r, b) (which is also linear and
bounded). Let 0 < r < b — a.

Let x € #%,(a, b) and A € A*. Then

b
(Nyx, )4 = (Syx, Niyg = L_r[d(N*A) (0] x(1)

where (N*1) (t)e ¥°3(b — r, b), and putting

~ N*A)(b —r for t=b-r,
and

w0 -{Ra G o St s herian,

we get finally
b
Mo 154 = [ T 0150

Since all the assumptions of Section 3,4 are satisfied, the following assertion is an
immediate consequence of Theorem 3,5.
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3,7. Corollary. The problem of finding y € B ,(a, b) right continuous on (a, b)
(the values y(a), y(b) may be arbitrary) and i € A* such that

(3,11) j:y‘(s) P(s,t — s)ds — (M*2) (t) =(N*A) (b —r) on [a —r, a),
G12)  y() + fy‘(s) P(s,t — s)ds = (N*) (b — 1) on (a,b—1),

b
(3.13) () +J‘ () P(s, t — s)ds — (N*2)(t) =0 on [b—r,b)
t
is equivalent to the adjoint problem to the two-point problem (3,5), (3,6), (3,10).
3,8. Relationship with the adjoint of D. Henry. Let us continue the investigation
of the two-point boundary value type problem (3,5), (3,6), (3,10). We shall show that
the adjoint problem (3,11) derived in 3,6 can be reduced to the form of D. Henry [8].

Let us put for 9 [—r,0] P(t,9) = P(t + b — a, 9) if te[a — r, a). Given a func-
tion z(7) defined on [a — r, b] and t € [a, b], we put

0 if «=0.

2(0) = {z(l +oa) if ae[-r0),

Let ¥7,(—r, 0) be the space of all row n-vector functions of bounded variation on
[—r, 0] and right continuous on (—r, 0). Let R(B, «) be the resolvent kernel for the
Volterra integral equation

z"(«) +foz‘(ﬁ) P(b + B, — B)dp =0, ae[-r0].
Gronwall’s inequality applied to the ,,resolvent equation”
R(B, «) +J:R(ﬁ, )P +y,0—y)dy =P0b +B,a—f); o« pfe[-r0]
yields analogously as in the proof of Lemma 1 in [14] that var?, R(ﬁ; *) < oo for

any Be[—r, 0], while the function r(f) = var?, R(B, ) is bounded on [-r, 0].
Hence the resolvent operator

R:w\(x)eV,(-r,0)~ f:w‘(ﬁ) R(B, «)dBe ¥ (-, 0)

is linear and bounded and for any w'e¥7,(—r,0), the unique solution z'(x) on
[—r,0]to

2(0) + I :z‘(ﬁ) P(b + B, @ — f)df = w\(a)
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is given by
2 =w' —Rw' =( —R)w",

where I denotes the identity operator.
Now, let (y', 1) be a solution to (3,11)—(3,13). Let us extend the function y'(t)
on the interval [a — r, a] in such a way that

(3.15)  y'(r) + J‘:y‘(s) P(s,t — s)ds = —(M*2)(t) for tel[a —r, a)
and

(3,16) y'(a) + Jty‘(s) P(s,a — s)ds = (N*A) (b — r).

Since

f"y‘(s)p(s,t_ ) ds =J° y(a+B)Pa+p t—a—pdp =

=JOY‘(0 + B)P(b + B, « — p)dB, where a=t—a,

(3,15) yields

(3,17 y.> = —(I — R)(M*}).

The last equation (3,13) in our conjugate system is obviously equivalent to the
condition

(3,18) v = (I — R)(N*2).

Finally, owing to (3,15) and (3,16) the equations (3,11) and (3,12) can be replaced
by the single equation

(3,19 »'(r) + ny‘(s) P(s,t —s)ds =(N*2)(b—r) on [a—r, b—r).

The system (3,17)—(3,19) is just the adjoint problem of D. Henry from [8]. (Only
we have the expression depending on A instead of an arbitrary constant on the right
hand side of the Volterra integral equation on [a — r, b — r).)

Obviously the couple (y*, 2) being a solution to the system (3,17)—(3,19), it is
a solution to (3,11)—(3,13).

3,9. Periodic solutions. Let a =0, b = T < oo (r < T). Let P(-, 9) be for any
9e[—r,0] a T-periodic function on (—oo, +00). Let us consider the periodic
problem consisting of the equations (3,5), (3,6) and

(3,20 u(t) = x(T+1t) =0 for te[-r0]
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(ie., in (3,10) we have A = %,(—r,0), | =0, M =1, Ny = NSy, N :z(f) €
€6(T—r,T)> —z(T +s5) e %,(—r,0).)

By Corollary 3,7 the adjoint problem is equivalent to the system of equations for
y'(1) of bounded variation on [—r, T] and right continuous on (—r, T—r)u

U (T — r, T) and for A\(f) e ¥"3(—r, 0),

(3,21) y\(1) +J:Ty‘(s) P(s,t —s)ds = =2(=r) on [—-r,T—r],
62) O+ [ YO = 9@ =20 o [-r0),

(3.23) »(1) +fy‘(s) P(s,t —s)ds = —2(t = T) on [T—rT).

Indeed, since actually we are looking for y'(f) in the space #,;°(—r, T), we may
change the values of y' on a set of measure zero in [—r, T]. Hence we may put

r© + [y 6. =85 = ~2(=1

and
T

=+ [ rORaT - gas = —2(-n).

(P(s, — s +) = P(s, — s) for any s # r and thus y'(0 +) = y'(0).)

Furthermore, since by the periodicity assumption on P(-, 9)
T (0]
fy‘(s)P(s, t —s)ds =f yNT + B)P(B,t — T— B)dp for te[T—r,T],
t t—T

the system (3,22), (3,23) is equivalent to the condition
(3.24) yN) =y (T+1) for te[—-r0).

3,10. Corollary. The adjoint to the periodic problem (3,5), (3,6), (3,20) is equi-
valent to the problem of finding y(t)e #Y ,(—r, T) right continuous on (—r, T — r) U
U (T — r, T) which satisfies (3,21) and (3,24), where 2'(—r) stands for an arbi-

trary constant n-vector.
(In other words, the problem of finding T-periodic solutions to the equation

T
(1) + f y'(s) P(s, t — s) ds = const
t

is a well posed adjoint problem to the problem of finding T-periodic solutions to
the equation (3,5).)
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4. BOUNDARY VALUE TYPE PROBLEMS FOR HEREDITARY
DIFFERENTIAL EQUATIONS OF THE DELFOUR-MITTER TYPE

4,1. Notation. Let —o0 < a < fi < +00. gf(oc, B) is the Hilbert space of square
integrable (column) n-vector functions on [«, ] with the inner product

v 23 ) = (e = [0 o0 s = [0 u( .

(The corresponding norm on Z2(a, f) is given by

o= ([

W »*(a, ) is the Hilbert space of functions x : [, f] — £, which are absolutely
continuous on [a, B] and whose derivatives Dx are square integrable on [e, B]-
The inner product and the corresponding norm are on %~ ,f’z(oc, B) given by

ue LYo p) — |u

%,y €W, B) > (%, Yy = (D3, D¥)er + (%, 9)s
and
xe Wy (x B) =[xy = (| Dx[ 22 + [

The corresponding spaces of row vector functions will be denoted also by Z2(x, f)
and #,*(a, B). No misunderstanding may arise.

4,2. Assumptions. Let —o0 < a < b < +oo and r > 0. Let A(f) and B(r) be
n x n-matrix functions essentially bounded on [a, b] and f(t) e ZL3(a, b), let M
and N be constant m x n-matrices and [ € R,,. Let A be an arbitrary B-space, w € 4
and let P : £2(a — r,a) > A and Q : #',*(a, b) - A be linear and bounded ope-
rators.

4,3. Problem (r). The subject of this paragraph is the following boundary value
type problem ()
Determine x € #''*(a, b), ¢ € &, and u € £L2(a — r, a) in such a way that

B()u(t —r), t<a+r

@1) (1) — AQ) x(t) — {B(t) o tsat r} —f(t) ae. on [ab],

4.2) Pu+Qx=w,
(4.3) M¢ + N x(b) =1,
(4.4) x(a) —&=0.

Let #" = W, %(a, b) x R, x L¥a —r,a), % = L*a,b) x A X R, x R, and
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let the operators D, A, B, : # 1 *(a, b) > £Xa,b) and B,:Z%Xa —r a)—
— £2(a, b) be defined analogously as in 2,3 and

Dx — Ax — Byx — Byu

X
Pu + QOx
Ulélew - M.§+Nx(b) eZ.
“ x(a) — ¢

The operator U is clearly linear and bounded and the given problem () is equivalent
to the operator equation

4,4. Remark. The corresponding initial value problem (4,1) and (4,4) (with u e
e ZXa — r,a) and ¢ € &, fixed) was studied in [3].

4,5. Theorem. Let n' € £2(a, b), L€ A*, ' € & and 5 € R;. Then (n*, 4, 7', 6") €
€ Ker (U*) iff there exists y' € £%(a, b) such that y* + (d/d) (Q*4) € £%,(a, b),
¥(t) = n(t) a.e. on [a, b] and

[+ sen]o = —ran - PO =T

a 0, t>b—r
+(Q*2) () ae.on [a,b],
[+ s@en)@-ru. [+ Sen]e = -,
Y4B+ )~ (P)() =0 acon [a—ral,

while 3* = y'M (P* : A* — %2X(a — r, a)and Q* : A* - W,*(a, b) are the adjoints
to P and Q).

Proof. Let n' e ZL}(a, b), e A*, y' € &% and §' € Z;. Then (', 4,7',6")e
e Ker (U*) iff for any (x, &, u)e W

u

x \ X
0=||¢ ,U*(n‘,x,y‘,a‘)) =|v|e]s orare)) =
W

u z

= ﬁn‘(t) X(r) dt — J:n‘(t) A(f) x(1) dt — j:_'n‘(t + 1) B(t + r) x(t) dt —
- r_rn‘(t + 1) B(t + r)u(t) dt + 3'(M¢& + N x(b)) + &'(x(a) — &) +

a
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T (1 P*2)g + (x, 0*2)y =
= [i0s@a [ 4 @a0]0w - [0+

+ 9'N x(b) + 6" x(a) — Ja—rq‘(t) u(t)dt + (M — ") &,

where
PO =n a0 + {7 0@ o [0]
and

q'(t) =n'(t +r)B(t +r)— (P*2)(t) on [a —r,a].
In particular, putting £ = 0 and x(f) = 0 on [a, b], we get
4.5) n'(t + r)B(t +r) — (P*2)(1) =0 ae.on [a—r,a].
Furthermore, putting x(f) = 0 on [a, b] and u(t) = 0 on [a — r, a], we get
(4,6) PM =8 =0.
Let us put

b
p(s)ds —y'N -6, t =a |

t

\ — b
g(z)_ljp‘(s)ds-—y‘N ,a<t<b

t

[ ' 0 ,t=5b

e ¥ a, b).

Then, in virtue of the integration-by-parts formula,

o= [} + [Sen0]swar s [Tarono -
- j {n‘(t) + [f; (0*3) <r>] - g‘<r>} (1) dt — g'(a) x(a)
for all x e %(gn(a, b). Again, we deduce that ‘

4.7) g'(a) = J.:y‘(s) A(s)ds + Jtﬂy‘(@ B(s)ds — J‘:(Q*i) (s)ds —=y'N =68 =0

and .
49y 0 +[ge0]-| () AG5) ds [ (@) (s)ds — N +
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0 ,t=2b—r

[J‘ y'(s) B(s) ds, t<b—r} on (a, b)

for some y' € Z7(a, b), y'(t) =n'(t) a.e. on [a, b].
By (4.8), [y* + (d/dt) (Q*A)] (a+) and [y* + (d/d?) (Q*2)] (b—) exist,

[+ @] =~

and according to (4,6) and (4,7)
[y +— (Q*X)J(a+) =6 =9yM.

The theorem easily follows.

4,6. Corollary. Let the operator Q in (4,2) be a linear and bounded mapping of
LXa, b) into A. Then (n', A, 7", 8') € Ker (U*) iff there is y* € o4%,(a, b) such that
y\(1) = n'(t) a.e. on [a, b] and

P = —y'(t) A() ~ {y‘(t +7r)B(t +71),t<b : :} +(0*2) (1) ae.on [a,b],

0 ,t>b
yi(a) =y'M, y\(b)=—yN,
=yt +r)B(t +r)+ (P*2)(1) =0 ae.on [a—ra]
(P*:4* > Z}a — r,a) and Q* : A* > L2(a, b) are adjoints of P and Q).
Proof. Since for all x e #2(a, b) and A e A* .

(0% A3, = (v, *9) = Lb(Q*A) () x(0) dt,

the term [(d/dz) (Q*4)] does not appear in the formula (4,8).

4,7. Remark. Let Q : #2(a, b) - A belinear and bounded. Then @ is also bounded
as an operator #',"*(a, b) - A and apparently we have two possible adjoint prob-
lems, defined in Theorem 4,5 and Corollary 4,6, respectively. We must take into
account that in this case we should write 0* instead of Q* in the former adjoint,
where § = QF and E:x e )*(a,b) > x e £}(a, b) is a continuous imbedding
of #',"*(a, b) into £2(a, b). (Given Ae A* and x € #',"*(a, b)),

f (%) (1) x(r) dt = j {[ (Qw@] %) + (@2)() x(t)} .
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5. REMARKS ON THE CLOSEDNESS OF Im (U)

All the boundary value type problems which occur in paragraphs 2 and 3 of this
paper may be formulated as operator equations of the type

Ué =n,

where U is a linear bounded mapping of either %, = «%,(a, b) x %,(a — r, a)
or Z, = 4%,a, b) x BY (a —r,a)into ¥ = ZL,(a,b) x A x R, and A is a
B-space. The aim of this paragraph is to characterize in some special cases the range
Im (U) of the operator U and, in particular, to find some conditions guaranteeing
the closedness of Im (U).

Let (¢ + #Y),(a — r, a) denote the set of all functions w:[a — r,a] > %,
for which there exist functions u € ,(a — r, a) and ve #¥",(a — r, a) such that
w(t) = u(t) + v(t) on [a — r, a].

In what follows we make use of the following lemma which is a slight modification
of the variation-of-constants formula due to H. T. Banks [1].

5,1. Lemma. Let the n x n-matrix function P(t,9) fulfil the corresponding
assumptions from Sec. 3,4. Given fe Z,(a,b) and ue (¢ + BY),(a — r, a),
there is just one solution to the initial value problem ((3,5), (3,6))

(1) = j :[ng(t, 9] x(t + 9) + /(1) ae on [ab],
x(t) =u(t) on [a—ra].

There exist a linear operator @ : (¢ + #Y"),(a — r, a) > o%,(a, b) and a linear
bounded operator ¥ : Z,(a, b) - «4%,(a, b) such that this solution is given by
(5.1) . x = du + ¥Pf.

The operator ® as a mapping B ,(a — r, a) > £%,(a, b) is completely continuous
and as a mapping %,(a — r, a) > /%,(a, b) bounded. Moreover, if b —r 2 a
and if S,:xe A4, a,b) > x|[b—r,ble?,(b—rDb), then the operator T =
= S,® :€,(a — r,a) > %,(b — r.b) is completely continuous.

(The compactness of @ : #¥",(a — r, a) - %,(a, b) was shown in [13] and the
proof of the compactness of T can be find in [7], Remark 8,9.) :

5,2. Remark. It follows from the special form of the operator ® (cf. [1]) that for
any ue (€ + 89 ),(a — r, a)
(5,2) ou = 0° u(a) + P'u,
where &° : %, - o/%,(a, b) is linear and bounded and @' : (¢ + #¥),(a — 1, a) >
- AE,(a, b) is linear and completely continuous as an operator #7,(@ — T, a) -
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— &/%,(a, b) and bounded as an operator %,(a —r, a) > «%,(a, b). Moreover,
if v is a simple jump function v(t) = 0 on [a — r, a) and v(a) = d, then ®'v = 0.

5,3. Problem (3,5)—(3,7). Let us turn back to the problem (3,5)—(3,7) whose
adjoint was derived in Sec. 3,4. Let A be an arbitrary B-space and let the operators
M:%(a—r,a)> A and N:o%,(a,b) > A and the n x n-matrix function
P(t, 9) fulfil the assumptions of Sec. 3,4. Let fe %,(a, b) and l€ A. Let us put
%, = A€ (a, b) x €,(a —r,a), ¥ = L,(a,b) x A X R,,

0

P, :x e AC,(a, b)—»f

max(—r,a—

[dsP(t, )] x(t + 9) € Z,(a, b),
t)

max(—r,a—t)
P,:ueCjfa—r, a) —>f [dsP(2, 9)] u(t + 9), € L,(a, b),

and
Dx — P,x — P,u
(5.3) U:C:)e%ﬁ Mu +Nx |e®
u(a) - x(a)

(where again D : x € #/%,(a, b) — X € Z,(a, b)). The system (3,5)—(3,7) is equivalent
to the operator equation

649 o(3)-|1|

5,3,1. Theorem. Let Im (M + N®) be closed in A, then the operator U defined
by (5,3) has closed range Im (U) in &.

Proof. Let (f, 1, d) €. According to the variation-of-constants formula (5,1)
a couple <z> € &, is a solution to the equation

f
U<")= !
“ d

x= @i + ¥f = ®%u(a) + d) + ®'u + Yf = °d + du + ¥f,

iff

where il = u + uy, u,(t) =0 on [a — r, a), ua) = d(P'u; = 0, cf. Remark 5,2)
and u € %,(a — r, a) is a solution to the operator equation

[M +N&]u = —N¥f + [ — N&% .
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Let us denote

f
S:|l|e¥ - —N¥f+1—N&o%deA.
d

Then S(Im (U)) = Im (M + N®) and since the operator S is linear and bounded,
our assertion readily follows.

5,3,2. Corollary. If A = A, then Im (U) is closed in ¥.
(In this case Im (M + N@) is a k —dimencional (0 £ k < m)linear subspace of %,,.)

5,3,3. Corollary. Let 0<r <b —a, S,:xes%,a, b)—>x I [b—r b]e
€%,(b —r,b) and let N:%,(b — r, b) > A be linear and bounded. Let the oper-
ator U be given by (5,3), where N is replaced by N, = NS,. Then, if the operator M
posseses a bounded inverse M™' : A - %,(a — r, a), the range Im (U) of U is closed
in%. :

Proof. By Theorem 5,3,1 Im (U) is closed in % if the range of the operator
M+ NS, ® =M + NT:%,(a —r,a) > A
is closed. Since by Lemma 5,1 the operator T = S,® : 6,(a — r,a) > ,(b — r, b)

is completely continuous, the existence of a bounded M~! implies the closedness
of Im (M + NT) and hence also of Im (U).

5,3,4. Remark. Our restriction to two-point boundary value type problems in
Corollary 5,3,3 does not mean an essential loss of generality (cf. [8]).

5,3,5. Corollary. The T-periodic problem (3,5), (3,6), (3,20) (cf. Sec. 3,9) has
a solution iff

j (s ds =0
for all T-periodic solutions y'\(t) (i.e., y'(t) = y(T + 1) on [—r, 0)) of the equation
V(1) + JTy‘(s) P(s,t — s)ds = const. on [—r, T—r].
(Proof follows from Corollaries 3,10 and 5,3,3.)

5,3,6. Remark. Let A, be a B-space and let the operators M, : €,(a — r, a) - A,
and N, : #%,(a, b) > A, be linear and bounded. If 4 = %,(a — r, a) x A, and

u 0
M:ue%,(a— r,a)—»[Mlu:leA, N :xe A%, (a, b)——»[le]eA,
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then the operator U given by (5,3) has closed range Im (U) in % = £,(a, b) x

x €, (a —r,a) x Ay x R, (Indeed, according to Lemma 5,1 an element (f, h, [, d)
of % belongs to Im (U) iff

F(f,h,1,d) = N,¥f + (M{ + Ny\®)h — [ + N;@°d = 0.
It is easy to see that the operator F : % — A, is linear and bounded. Consequently,
the set Im (U) = Ker (F) is closed in #.)

5,3,7. Remark. All the assertions of this section will remain true if we replace the
initial space €,(a — r, a) by 87 ,(a — r, a). Moreover, Corollary 5,3,3 could be
now formulated directly for a general linear bounded operator N : #/%,(a, b) — A.
(N need not be of the two-point character N = NS,.) This is possible in virtue of the
compactness of the operator @ : 4% ,(a — r, a) - 4%,(a, b) in the variation-of-
constants formula (5,1) (cf. Lemma 5,1).

5,4. Problem (2,1)—(2,3). The subject of this section is the general problem of
finding x € #%,(a, b) and u € #¥",(a — r, a) which satisfy (2,1)—(2,3). Let Assump-
tions 2,1 be fulfilled. We make use of the notation introduced in Sec. 2,3. (Only
%,(a — r, a) should be replaced everywhere by %7 ,(a — r, a).)

54,1. Lemma. Let —0 < ¢ <d < +o and let K(t,s) be an n x n-matrix
function defined and Borel measurable in (t,s) on [a, b] x [c, d] and such that
varf K(t, *) < oo for any te[a, b], while

b
f(var'i K(t, *) + |[K(t, d)[) dt < .
Then the operator
d
K:ue®(c,d) —>J‘ [dK(t, 5)] u(s) € Z,(a, b)
is completely continuous.

Proof. The operator K is surely linear and bounded.
Let {u/}2.; = #7,(c, d) and |u/]|,, < 1 (j = 1,2, ...). Then by Helly’s Choice
Theorem there exists a subsequence {u’'} = {u’} and u°® € #7",(c, d) such that

lim u/'(s) = u®(s) forall se [e,d].
-
Letus put forse[c,d]and I = 1,2, ... :

ols) = Ju(s) = w()]

and for t, s € [a, b] % [c, d]

k(t, s) = varSK(t, *).
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Then ||v'(s)| < |u°||lay + 1 on [c,d] forany I =1,2,..., vard k(t, *) = varfK(z, *)
for any te[a, b] and by the unsymmetric Fubini theorem

| f f :[dsK(n ] (W(s) — u(s)] dt < f ( j :[dsk(t, B) v'(s>) ai =

= Jj I:ds f:k(t, 5) dt] v'(s).

Given a subdivision {¢ = sy < 5y ... < s, = d} of [¢, d],

s [[(£ k050 - ke sl =

m

2

i=1

J.b(k(t’ si) - k(t’ Si— 1) dt

b
< f (var? k(t, )) dt < .

var} <f:k(t, ) dt) < o

and according to the dominated convergence theorem for Perron-Stieltjes integrals

lim f :[ds fabk(t, 5) dt] vi(s) = 0

b
o = lim
1w |,

which completes the proof.

Thus

or

lim “Kuj’ — Ku®
-

f Ta.K(e 9] (@) - ()

dt=0

5,4,2. Remark. The operator
d
ue%,c,d) —>J [dK(t, 5)] u(s) € Z,(a, b)

(with K(t, s) fulfilling the assumptions of Lemma 5,4,1) need not be generally com-
pletely continuous.

5,4,3. Theorem. If the operator M : %Y ,(a — r,a) > A has a bounded in.
verse M™, then the operator U given by (2,4) (with %,(a — r, a) replaced by
RV (a — r, a)) has closed range in%.

Proof. By Lemma 5,1 applied to initial value problems of the type
%(t) = A(t) x(t) + B(t) x(t — r) + g(t) ae.on [a,b],

x(1) =u(t) on [a-—r,a],
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the triple (f, 1, d) € & belongs to Im (U)iff there is a solution (2) e, = A%, a, b)x
X BV ,,(a — r, a) to the system of operator equations
(5,5) x — ¥YG;x — du — YGu = Vf + 9%,

‘ Mu + Nx =1,

where the operator @ : v~ ,,(a —-r, a) - M(é,,(a, b) is linear and completely con-
tinuous and the operators 9°: %, > #%,(a,b) and ¥ :Z,(a, b) > &%,(a, b)
are linear and bounded. Since there exists a bounded inverse M~ of M, the latter
equation in (5,5) yields u = M~!] — M~'Nx, while the former becomes

x — {®M7'N + ¥YG, + YG,M N} u = ¥f + (& + YG,) M~ ] + 9% .

Let us put K = ®M~'N + ¥G, + YG,M'N, S(f,1,d) = ¥f + (? + ¥G,).
.M~ + ®°d and let I denote the identity operator on &/%,(a, b). Then S(Im (V)) =
= Im (I — K) and since S : % — /%,(a, b) is linear and bounded, Im (U) is closed
if Im (I — K) is closed. The operators G,, G, are completely continuous by Lemma
5,4,1 and since the operators M ™!, N and ¥ are bounded the operator K is also
completely continuous and Im (I — K) is closed.

5,4,4. Remark. As an easy consequence of Theorem 5,4,3 we obtain that in the
case of the T-periodic problem (i.e. a =0, b =T, r < T, A = &%,(—r,0), M =1,
N :xed%,0,T) > x1(s) = x(T + s) e #%,(—r,0) and | = 0) the range Im (V)
of U is closed in %.

5,5. Boundary value problems for ordinary integrodifferential equations. If r = 0
and A = A, then the given problem (2,1)—(2,3) reduces to the boundary value
problem for an ordinary integrodifferential equation of the form

56) (1) = A(1) x(t) + Lb[dsc;(t, $)1x(s) +f(t) ae.on [a,b],
(5,7) Nx =1,

where the n x n-matrix function A(f) is Z-integrable on [a, b], var, G(t, +) < o
for any t€[a, b],

J :(varz G(t, ) + |6t B)]) dt < oo,

fe%,(a,b), IR, and the operator N : #%,(a, b) = A, is linear and bounded.
(The initial space reduces to R,.)
Let us reformulate the problem (5,6), (5,7) as the operator equation

()
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where

(5.8) U:xed%,a,b)— <D" - ;\1{’; - Gx) e Z,(a, b) x R,

and the symbols D, A, G have the obvious menaning.
5,5,1. Theorem. The operator U defined by (5,8) has closed range in 3,,(0, b) X
X Ry '

Proof. There exist linear and bounded operators @° : #, - /%,(a, b) and ¥ :

: %,(a, b) > A%,(a, b) such that an n-vector function x(r) is a solution to the given
problem iff

x = % + Yh + ¥f,
where the couple (h, ¢) € Z,(a, b) x &, (h = Gx) is a solution to the system

Ge)f,
1 - (N¥)f.

(5.9) h —(G®°) ¢ — (G¥)h
(N®%) ¢ + (N¥)h

Il

I

(N®°) is a constant m x n-matrix. Let e.g. m < n. Putting

N@° 5 l
=1, — , 1= ER,,
Q [On—m,n] [On—m,l]

Rihe 2, b)—»[gNlP)h]e;@,,

n—m,1

(0,,, denotes the zero p x g-matrix and I, is the identity n x n-matrix),

K: (i’) e Z,(a, b) x A, > [(G‘chc - 1(31?) h] € Z,(a, b) x @,

and

S: ({ ) € Z,(a, b) k Ry — [gG_Tzé] € Z,(a,b) x #,,

the system (5,9) becomes

o en()=s()

and S(Im (U)) = Im (I — K). Since by Lemma 5,4,1 the operator G is completely
continuous, it is easy to verify that the operator K is completely continuous. It means
that Im (I — K) is closed and taking into account that the operator S is linear and
bounded we complete the proof. The case m > n can be treated analogously.
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Let N(¢) be an m x n-matrix function of bounded variation on [a, b] and let the
operator N be given by

(5,10) N :xeAd%,a, b) - '[:[dN(s)] x(s) € Ry, -

Without any loss of generality we may assume that for any 1 € [a, b] the functions
G(t, +) and N are right-continuous on (a, b). Let us put for t € [a, b]

C(t) =G(t,a+) — G(t,a), D(t) = G(t, b) — G(t, b—),

G(t,a+) for s =a, N(a+) for s =a,
Go(t,s) =4G(t,s) fora<s<b, L(s)=4N(s) fora<s<b,
G(t,b—) for s = b, N(b—) for s = b,

M =N(a+) — N(a), N =N(b) - N(b—).

Then similarly as in Sec. 3,3 we obtain that the adjoint problem to (5,6), (5,7) is
equivalent to the problem of finding y € #¥7,(a, b), right-continuous on [a, b)
and left —continuous at b and A € £, such that

610 YO =y + [ Y046 & - [0 6l - Gl B as +
+ ANL(r) = L(b)) on [a,b],
(5.12) »(a) = A'M — f V(5 C(s) ds, (b) = AN + f "y(5) D(s) ds
The following theorem is then a direct corollary of Theorem 5,5,1.

5,5,2. Theorem. The problem (5,6), (5,7) possesses a solution iff
b
fy‘(s)f(s) ds+ 21 =0

Sor any solution (y'(t), ') of the adjoint problem (5,11), (5,12).
Theorem 5,5,2 generalizes Theorem 3,1 from [12].
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