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2.1. Stable and Unstable Numerical Processes |

EXAMPLE 2.2b. Compute y, from the formulae
(2.1.6) Yat1 =Vl Up=n[n+1), y, =1
for n = 1, 2, ..., 10000.

TasLE 2.2. Evaluation of y;5900 X 10% by (2.1.3)

Floating decimal point
Comments
Computer Computing centre* Y10000 X 10*
ZUSE 23 SVUTT Prague 0-999993645
LGP 30 VUT Brno 0-9992631 Machine language
LGP 30 KU Prague 0-9995524 Automatic coding
LGP 30 . KU Prague 1:001660 Special subroutine
D2 TU Dresden 1-00000000002
X1 TH Braunschweig | 1-00000000000 | 12 dec. plac., aut. coding
X1 TH Braunschweig | 0:99996060 8 dec. plac., aut. coding
SIEMENS 2002 TH Mainz 0-999999761
ER 56 TH Stuttgart 0-99999972512
Fixed decimal point
Computer | Computing centre* Y10000 X 10%
LGP 30 KU Prague 0-84878
5 TU Dresden 0-99999999970654
URAL 1 UTIA Prague 0-99997

* The abbreviations are explained in Table 2.1.

Evidently, the exact value of y, is 1 [n. Table 2.3 shows the results obtained
on different computers by use of (2.1.6).

EXAMPLE 2.3. Compute

I 17) Fag] &= r1=1



8 Stability of Numerical Processes
TaBLE 2.3. Evaluation of y, 900 X 10* by (2.1.6)
Floating decimal point
Comments

Computer Computing centre* | y,,000 X 10*
ZUSE 23 SVUTT Prague 0-999991849
LGP 30 VUT Brno 0-9992850 Machine language
LGP 30 KU Prague 0-9995754 Automatic coding
LGP 30 KU Prague 1-001661 Special subroutine
D2 TU Dresden 0-999999999316
b, TH Braunschweig |0-999999999990( 12 dec. plac., aut. coding
X1 TH Braunschweig |0:99988480 8 dec. plac., aut. coding
SIEMENS 2002 TH Mainz 0:9999999745
ER 56 TH Stuttgart 1-0009004836

Fixed decimal point

Computer | Computing centre* Yisnss X 10° .
D1 TU Dresden 0-9999999998
LGP 30 KU Prague 0-97692
X1 TH Braunschweig 0:67345081

* The abbreviations are explained in Table 2.1.

Table 2.4 shows the values of r;g00, Obtained on different computers.
They are seen to be practically identical.

Next, we will compare the results obtained for these three examples. We see
that Example 2.1 exhibits a striking phenomenon which causes all computations
to break down after a few steps. This most obvious type of numerical instability
is seen to occur irrespective of the type of computer employed.

In contrast, while Tables 2.2, 2.3 still display a certain loss of decimal places,
this phenomenon is definitely less pronounced than in the case of Example 2.1.
It is seen that the type of computer, the machine program and the fact whether
fixed or floating points have been employed exercise a strong influence on the

results.
Finally, Example 2.3 is characterized by the accuracy of the corresponding

results which are independent of the type of computer and machine program



2.2. Stability of Numerical Processes 9

employed. It is a typical example of a numerically stable process. In practice,
we should always aim at using such processes and avoid those of the type

illustrated by Example 2.1.

TasLE 2.4. Evaluation of rygggg by (2.1.7)

Floating decimal point

Computer | Computing centre* ¥10000
ZUSE 23 SVUTT Prague 1-00010002
LGP 30 VUT Brno 1-000100

D2 TU Dresden 1-00010002008

Fixed decimal point

Computer | Computing centre* 10000
LGP 30 VUT Brno 1-00010002
D1 TU Dresden 1-00010002010378

* The abbreviations are explained in Table 2.1.

Since the theoretical development of a numerical method is based on the
assumption that all numbers employed in computations are exact, we can trust
such formulae only in cases of stable numerical processes, i.e., only in the case
of stable processes we can identify the numerical process on the computer
with the mathematical model based on exact numbers. In practice, we will
not be able to avoid weakly unstable computations of the type illustrated by
Examples 2.2a,b. However, in such cases we must take the phenomenon
of weak instability into consideration in the assessment of the final results.

2.2. Stability of Numerical Processes

The concept of numerical stability has been introduced in order to enable
us to study the influence of the fact that, in actual cases, it is impossible to
operate with exact numbers. Thus, we are unable to avoid during actual comput-
ations small errors which may or may not cause rapid loss of accuracy.



4.7. Stability of Methods of Optimal Approximation 23535

by A4, and L, and orthonormalized in D(/ Az, L,) or D(A,, L,). It follows then
from the results of 4.6 that this system of coordinate functions is at the same
time almost optimal and numerically optimal.

Note that in floating point the accuracy of a calculation remains unchanged,
if one uses an orthogonal system of eigenfunctions of a similar problem
as coordinate functions which have not been normalized. This is a direct
consequence of the earlier study of Gauss elimination in floating point (cf. end

of 4.7.2).

EXAMPLE 4.17. Szlect as coordinate functions for the problem characterized
by (4.6.22) and (4.6.23) the functions

(4.7.14) Ujy = —\-/—2 sin jnx
jm

which represent an almost optimal and numerically optimal system. In floating
point, one may use as coordinate functions

(4.7.15) u;, = sin jux.
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Fic. 4.12. Round-off errors in the diagonal elements of the matrix Ry ,

1 number of equations 4 ry .n(4*4) — 1
2 error 3 T3 (0,0) )
3 "1,n(1=1) — 1 6 ri,n(B.B) — 1

7 slope of theoretical §,-L-sequence
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OVERIMPLICIT MULTISTEP METHODS

MILAN PRAGER, Jikf TAUFER, EMIL VITASEK
(Received January 12, 1973)

-1, INTRODUCTION

The efficient solution of many technical problems leading to initial-value problems
for ordinary differential equations (typical examples are stiff problems) by multistep
difference methods calls not only for high asymptotic accuracy but also for satisfying
other requirements. One of such requirements is Dahlquist’s A-stability which has
often proved very reasonable. It is well-known, however, that in the class of basic
methods for the numerical solution of initial-value problems (linear multistep
methods, Runge-Kutta methods), A-stable methods of order higher than 2 do not
exist (Dahlquist [1963]). This to a great extent negative result made us to seek a larger
class of methods that would include 4-stable methods of arbitrarily high order. Since
it is also well-known that A-stable linear multistep methods are necessarily implicit
(cf. again Dahlquist [1963]), the implicit character of our methods will be emphasized
in such a way that instead of computing the approximate golution at one point from
the (known) approximate solutions at I preceding points &s it is in the case of linear
l-step methods) we shall compute the approximate solutions at k successive points
simultaneously from some (generaly nonlinear) system of equations, supposing that
the solution is known at I successive points. For this reason our methods will be called
overimplicit methods.

In the paper, necessary and sufficient conditions for the convergence of over-
implicit methods are given and the existence of A-stable methods of arbitrarily high
order is studied.

2. OVERIMPLICIT MULTISTEP METHODS

In this section we define a general overimplicit multistep method. For the sake of
simplicity, we shall treat only one differential equation of the first order

(2.1) y =f(x,y) in <a b}

399
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RYCHLE ALGORITMY PRO RESENT OLOH MATEMATICKE FYZIKY

Milan Préger, Karel Segeth

1. Ovod

Rychly rozvoj, ktery zaznsmenala vypoletni technika v uplynulych letech, se pro-
nikavd odrazil v mnoha oblastech lidské &innosti. PlestoZe poditade jsou stsdle rychlej-
5{ a jejich pam&ti stdle v&t31, nelze ponechat bez pov3imnuti otdzku efektivnosti po-
uZivanych aignritmﬁ s ohledem na jejich rychlost a spotiebu pamdti. Pouziti efektiv-
nich, rychlych a na pam&f nendro&nych algoritmd dovoluje redit rozsdhlejS8i udlohy pii
nizkyeh ndkladech a &ssto dokonce umoZnuje vyiedit takové ulohy, které ménd efektivnim

algoritmem na daném politali dosud nebylo lze redit vdbec,

Budeme se zabyvat nZkolika pifklady algoritmi, které Jjsou mimoidan® efektivni
z hlediska ¢asové uspory, tzve. rychlymi (fast) algoritmy. Konkrétnd uvedeme algoritmus
rychlé Fourierovy transformace a ¢yklické redukce, a8 zejména pak n¥kterd aplikace téch-

to algoritmi, predevdim v oblasti Uloh matematické fyziky.

Rozvo]j rychlych algoritmd md svij podétek v dob& asi pred deseti lety. Do dnes-
ka zaznamenal I'adu uUspéchd a nékteré rychlé algoritmy, naprf. rychla Fourierova trans-

formace, se uZ staly b&Znou souldst{ matematického vybaveni modernich politadi.

UkaZme si zdkladni princip, ktery se v rychlych algoritmech velmi &asto objevu-

je, na jednoduchém p¥ikladu. Bud a;j 1=1, ..., N, posloupnost redlnych ¢isel, kte-

rd je neklesajici, tje. a; - 8419 i =1, ess, N=-1. Bud ddle ddno redlné &islo A,

Méme palézt index j takovy, Ze Az:ai pro vd8echna 1 takovd, Ze J = i.

Nejjednodudsi algoritmus, ktery FeS{ tufo dlohu, sbo&ivé v postupném porovnavani

<

lﬂi. 52=ﬂ, ey Ei

pleti, je hledané j. Tento algoritmus vyZaduje obecn®& O(N) operaci porovndvéni.

1A,

C » w 2 - {
= A, 2+ Nejmen&i index i, pro ktery podminka a; = A ne-

&
Predpoklddéjme, Z%e je N = 2°-1, a pokusme se danou Ulohu Pedit ekonomidté&ji.

Porovnejme prostfedni prvek dané posloupnosti s éislem A, tj. zkoumeime podminku

<
bisl) Sina ~m

Je-li tato podminka splnéna, je (N + 1)/2 < j a dal3{ podminka, kterou budeme zkou~
< i

mat, bude @&y y,.)/s = Ae Tim zjistime, zda (N + 1)/2 < j S 3(N+ 1)/4 nebo

3N+ 1)/4 ¢ j. Neni-1i podminka (1.1) spln&na, je j = (N + 1)/2 a ddle budeme

zkoumat podminku E(N%})/# 5 A.

Budeme=-1i takto pokradovat, zuZfme v kaZdém kroku interval, v némZ leZ{ hledany
index J, na poloviru. Krokd bude celkem s # O(log N), a tedy tento druhy algoritmus

re31 stejnou dlohu ppi O(log N) operagich. Rozdil v poltu operaci pro velkd N je
akutetné podstatny.
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APOSTERIORNI ODHADY CHYBY RESEN{
ELIPTICKYCH A PARABOLICKYCH ULOH A ADAPTACE SITE

Milan Prager, Karel Segeth

1. Uvod

V poslednim desetileti byly vyvinuty réizné techniky pro aposteriorni odhady
chyby pfiblizného fefeni eliptickych 1iloh (napf. [4], [6], [8]) a byly isp&né pouzity
pit adaptivnich zméndeh sité v metodé koneénych prvki i metodé siti. Adaptivni
zménu sité lze oviem provést aZ po vyfeseni dlohy na n&jaké "staré” siti a po
vypodtu aposteriornihio odhadu a smysl ma jen tehdy, jestlize se na nové siti bude

uloha znovu fegit.

Tak je tomu napi. v programové realizaci metody vice siti PLTMG [5], kde
se kazda daldi adaptiviné zkonstruovang jemuéjii sit pfida do posloupnosti siti, na

nichz se elipticka 1iloha fedi "vicesitove”.

Jmym piikladem je metoda piimek pro feseni parabolickych rovnic, kdy si
zpisob FeSeni mizeme piedstavit postupné jako feseni eliptické dlohy pro pevny
‘as 1, a pak ptechod na dal¥f ¢asovou vrstvu ¢ + T, kde se opét Fesi elipticka uloha.
(Podrobnéji pojedname o metodé piimek v odst. 3.) Sit, kterd se adaptivné
zkonstruuje na uréité casové frovni, se tu pouZije pro pfechod na dali &asovou
arovei a fedenf tilohy na této nové Grovni. Takovéto postupy se ¢asto také nazyvaji
metoda pohyblivé «ité (moving grid method), metoda pohyblivich koneénijch prvki

(moving finite element method) apod.

V tomto prispévku se hudeme vénovat metods piimek pro feSeni jednodimen-
zionalnich parabolickych tloh. Budeme vyuZivat obecny princip stejného rozdéleni
tzv. monitorové funkce, ktera néjak charakterizuje kvalitu reSeni, na viechny inter-

valy aktudlni sité (princip ekvidistribuce). Specialné se pak zaméfime na dilezity
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