ACADEMY OF SCIENCES
OF THE CZECH REPUBLIC

MATHEMATICAL INSTITUTE

PERIODIC PROBLEM WITH QUASILINEAR
DIFFERENTIAL OPERATOR AND WEAK SINGULARITY

Alberto Cabada, Alexander Lomtatidze and Milan Tvrdy

(preprint)

167
2006




Periodic problem with quasilinear differential
operator and weak singularity

Alberto Cabada? Alexander Lomtatidze! and Milan Tvrdy*

December 13, 2006

Abstract. We study the singular periodic boundary value problem of the form

(la'P= ) = f(tw), u(0) =u(T), w'(0)=/(T),
where p € (1,00) and f € Car(]0,T] x (0,00) can have a repulsive space singularity at = 0. On
the contrary to previous results by Mawhin and Jebelean, Liu Bing and Rachtinkovd and Tvrdy, we
need not to assume any strong force conditions. Our main existence results rely on a new antimaximum

principle for periodic quasilinear periodic problem, which has an independent meaning.
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1. Introduction

This paper deals with singular periodic problems of the form

(1.1) (dp(u)) = f(t, ),

(1.2 u(0) = u(T), w/(0) = u/(T),

where

(1.3) 0<T<oo, pe(l,00), ¢p(y)=]ylP?y for yeR
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and f satisfies the Carathéodory conditions on [0,7] x (0,00), i.e. f has the
following properties: (i) for each x € (0,00) the function f(.,x) is measurable on
(0,77 ; (ii) for almost every ¢ € [0,7] the function f(¢,.) is continuous on (0,00) ;
(iii) for each compact set K C (0,00) the function mk(t) = sup,cx |f(t,2)| is
Lebesgue integrable on [0, 7.

Second order nonlinear differential equations or systems with singularities appear
naturally in the description of particles submitted to Newtonian type forces or to forces
caused by compressed gases, see e.g. [12], [15] or [16]. The mathematical interest
in periodic singular problems increased when the paper [22] by Lazer and Solimini
appeared in 1987. Motivated by the model equation v’ = au~*+e(t) with a > 0,a #
0 and e integrable on [0,7], they investigated the existence of positive solutions to
the Duffing equation u” = g(u) + e(t) using topological arguments and the lower
and upper functions method. The restoring force g was allowed to have an attractive
singularity or a strong repulsive singularity at origin. The results by Lazer and Solimini
have been generalized or extended e.g. by Habets and Sanchez [18], Mawhin [27],
del Pino, Mandsevich and Montero [10], Omari and Ye [29], Zhang [42] and [44], Ge
and Mawhin [17], Rachunkova and Tvrdy [32] or Rachunkovd, Tvrdy and Vrko¢ [37].
All of these papers, when dealing with the repulsive singularity, supposed that the
strong force condition is satisfied. For the case of the weak singularity, first results
were delivered by Rachunkova, Tvrdy and Vrko¢ in [36]. Further results were delivered
later also by Bonheure and De Coster [2] and Torres [39)].

Regular periodic problems with ¢— or p-Laplacian on the left hand side were
considered by several authors, see e.g. del Pino, Mandsevich and Murua [11] or Yan [41].
General existence principles for the regular vector problem, based on the homotopy to
the averaged nonlinearity, were presented by Mandsevich and Mawhin in [25] (see also
Mawhin [28]).

In the well-ordered case, the lower /upper functions method was extended to periodic
problems with a ¢-Laplacian operator on the left hand side by Cabada and Pouso in
[5], Jiang and Wang in [21] and Stanék in [38]. The general existence principle valid
also when lower /upper functions are non-ordered was given by Rachunkova and Tvrdy
in [34] and, for the case when impulses are admitted, also in [33].

The singular periodic problem for the Liénard type equation

(1.4) (Ju'|P~2 W)+ h(u)u' = g(u) + e(t)

with ¢ having either an attractive singularity or a strong repulsive singularity at
x = 0 was treated by Liu [24], Jebelean and Mawhin [19] and [20] and Rachunkova
and Tvrdy [35].

Let us recall that a function ¢ is said to have an attractive singularity at x =0 if

lémHéEf g(x) = —o0.
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Alternatively, we say that ¢ has a repulsive singularity at the origin if

(1.5) limsup g(z) = +00
z—0+
and ¢ has a strong repulsive singularity at the origin if

1
(1.6) lim g(s)ds = +o0.

z—0+ /.
For a more detailed survey of the recent development we refer to [31, Section 5.

The main goal of this paper is a new existence result, Theorem 4.4, for problem (1.1),
(1.2). Asin [36, Theorem 2.5] (see also [31, Theorem 5.26]), where the classical case p =
2 was treated, we need not to assume that f satisfies any strong force condition. Our
main tools are the lower and upper function method and a generalization of a classical
antimaximum principle to the quasilinear periodic problem

(1.7) (ép(u) + Agp(u) = e(t), w(0) =u(T), '(0)=u(T)

established below in Theorem 3.2.
Our main result applies, in particular, to the Duffing type model problem

(1.8) (6p(u) + ppu™ = aw™ +e(t), u(0) =w(T), '(0)=1u(T),

where a >0, o >0, wu, = (m,/T)P is the least eigenvalue of a homogeneous Dirichlet
problem related to (1.7) and e € L;[0,7]. In particular, we get that problem (1.8) has
a positive solution if inf essycpo 7y e(t) > 0. It is worth mentioning that for a € (0,1)
the function ¢g(x) = ax™® does not satisfy the strong force condition (1.6).

2. Preliminaries

As usual, for an arbitrary subinterval I of R we denote by C(I) the set of functions
z : I — R which are continuous on I, C'[0,T] stands for the set of functions
x € C[0,T] with the first derivative continuous on [0,7]. Further, L;[0,T] is the set
of functions x : [0,7] — R which are measurable and Lebesgue integrable on [0, 7.
AC|0,T] is the set of functions absolutely continuous on [0,7]. For x € L1[0,T] we
put

1 T
2]l = sup ess |#(f)] and z:—/ 2(s) ds.
+€[0,T) T Jo

If f:]0,7]x(0,00) — R satisfies the Carathéodory conditions on [0,77] x (0,00) we

write

(2.1) f € Car([0,T] x (0,00)).



2.1. Definition. A function w : [0,7] — R is a solution to problem (1.1,) (1.2)
if ¢,(u') € AC[0,T], u>0 on [0,T], (¢,(v'(t))) = f(t,u(t)) for a.e. te[0,T],
u(0) = u(T) and /(0) = /(7).

Notice that the requirement ¢(u') € AC[0,T] implies that « € C[0,T].
The singular problem (1.1), (1.2) will be also investigated through regular auxiliary
problems of the form

(2.2) (Sp(w)) = f(t,u), u(0) =u(T), w'(0)=(T),
(2.3) (6p(w)) = f(t,u), ula) =u(b) =0,

where ]76 Car([0,7] x R) and a,b € R, a <b. Asusual, by a solution of problem
(2.2) we understand a function u such that ¢,(u') € AC[0,T], (1.2) is true and

(6, (W' (1)) = f(t,u(t)) for a.e. t € [0,T]. Analogously, u is a solution to (2.3) if

op(u') € AC[a,b], wu(a) =u(b) =0 and (¢,(u'(t))) = f(t,u(t)) for ae. t& [a,b).
The lower and upper functions method combined with the topological degree ar-

gument is an important tool for proofs of solvability of boundary value problems. For

our purposes the following definitions of lower and upper functions associated with
problems (2.2) or (2.3) are suitable.

2.2. Definition. Let f € Car([0,7] x R). We say that a function o € C[0,7] is

a lower function of problem (2.2) if ¢,(0’) € AC([0,T]) and

(2.4 { (0p(0'(1)) > f(t,a(t)) for ae. t €[0,T],
o(0) =a(T), o'(0) = o'(T).

Analogously, o € C[0,T] is a lower function of (2.3) if ¢,(c’) € AC(]a,b]) and

{ (6(0' (1)) > flt,o(t)) for ae. t € [a,b],
(

(25) a) <0, o) <O0.

If the inequalities in (2.4) or (2.5) arereversed, then o is called an upper function
of (2.2) or of (2.3), respectively.

The next two assertions based on the lower and upper functions method will be
useful for our purposes.

2.3 . Proposition. ([34, Theorem 3.2] or [31, Lemma 5.9]) Assume (1.3) and

fe Car([0,T] x R). Furthermore, let o1 and o9 be a lower and an upper function
of (2.2) and let there be m € L1[0,T] such that

Flt,z,y) > m(t) (or f(t,2) <m(t)) forae te[0,T] and all z € R.
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Then problem (2.2) has a solution u such that
min{oy(7,), 02(7)} < u(r,) < max{oi(r,),02(7.)}  for some 7, € [0,T].

2.4. Proposition. ([6, Theorem 2.1] or [40] or [30, Lemma 3.2] or [7, Theorem 3.5])
Assume (1.3), f € Car([0,T] xR) and let a,b € R, a <b be given. Furthermore,
let o1 and o9 be a lower and an upper function of (2.3) such that o1 < o9 on
la, b].

Then problem (2.3) has a solution u such that o1 <u <oy on [a,b].

3. Sign properties of quasilinear periodic problems

First, let us recall some basic known facts concerning initial value problems of the form

(3.1) (ép(u)) + X p(u) =0,
(32) U(to) = 0, U,(to) = d,

where p € (1,00), th € R, M€R and d € R. Asin [8] (see also e.g. [1], [9], [13],
[14], [43], [45], [26]), let us put

1
T, =2(p— 1)1/7’ / (1— sp)_l/p ds.
0
Clearly, my = 7. Furthermore, it is known that

(v/p)
sin (v/p)

B =

T, =2(p—1)

(See [14, Sec. 1.1.2], but take into account that our definition differs slightly from that
used in [14], where 7, =2 fol(l — sP)~YPds.) Tt is known (see [14, Theorem 1.1.1])
that for each tp € R, A€ R and d € R problem (3.1), (3.2) has a unique solution
u on R which can be, by [8, sec. 3]), expressed as

u(t) = dAVP sin, (AP (t — ty)) for t € R,

where the function sin, : R — [—(p — 1)¥/?, (p — 1)'/P] is defined as follows.
Let w: [0,m,/2] — [0,(p — 1)}/?] be the inverse function to

v e (0,12 — /O (1_‘1—;)1“0 €00, (p—1)7).



Further, put w(t) = w(n, —t) for t € [n,/2,7,] and then w(t) = —w(—t) for
t € [-7mp,0]. Finally, we define sin, : R — R as the 2m,— periodic extension of w
to the whole R. In particular, if d =0, then ©w =0 on R. Obviously, we have

sin,(t) =0 if and only if t =nm,, n e NU{0},
sin, (1) = (p — 1)Y? if and only if ¢t = (2n + 1) %, n € NU {0},

and
sin, () > 0 for t € (2nm,, (2n+1)m,), n € NU{0}.

As a corollary, we immediately obtain that for given a,b € R, a < b, the correspond-
ing Dirichlet problem

(3.3) (p(u)) + App(u) =0, u(a) =u(b) =0

possesses a nontrivial solution, i.e. A is an eigenvalue for (3.3), if and only if

(3.4) Ae{(bnfz;)p: neNU{O}}.

In particular,

(3.5) mw=(2)"

is the least eigenvalue for (3.3) with b —a = T, wherefrom the following assertion
follows.

3.1. Proposition. Let p€ (1,00), a,beR, a<b, andlet X\ = p,, where p, is
given by (3.5). Then problem (3.3) has a nontrivial solution if and only if b—a > T.

It is easy to check that the function

T
Glt,5) = 5 sin (% = 5|) , tselo,T],

is the Green function for v” + psv =0, ©v(0) = o(T), ' (0) =V (T) and G(t,s)
is nonnegative on [0,7] x [0,7]. Hence, for classical linear second order periodic
problems, the following antimaximum principle is true:

for each h € L1[0,T] such that h >0 a.e. on [0,T], all solutions v of the problem
Vit ppv = h(t),  v(0) =o(T), 2'(0) =(T)

are nonnegative on [0, 7).
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3.2. Theorem. Let p € (1,00) and let p € L1[0,T] be such that
(3.6) 0<u<p, ae on [0,T7] and u>0,
and let v € C'0,T] be such that ¢,(v") € AC|0,T],

(3.7) (@p(v'(1)))" + () p(v(t)) = 0 for a.e. t € [0, T]
and
(3.8) v(0) =o(T), o'(0)=1d(T).

Then v >0 on [0,T].

Proof. Let v € C0,T] be such that ¢,(v') € AC[0,T] and (3.6) and (3.7) hold.
Without any loss of generality we may assume that v is does not vanish on [0, 7.

Step 1. First, we show that
(3.9) max{v(t) : t € [0,7]} > 0.
Assuming, on the contrary, that v <0 on [0,7], we get by (3.7)

(p(V' (1)) > —p(t) ¢p(v(t)) > 0 for ae. t € [0,7].

Therefore, v" is nondecreasing on [0,7] and, taking into account (3.8), we deduce
that v =0 on [0,7]. Consequently, v(t) =v(0) <0 on [0,7]. Hence, (3.7) reduces
to

—u(t) (=v(0))P~t > 0 for a.e. t € [0, 7).
However, as >0 a.e. on [0,7] and @ > 0, this is possible if and only if »(0) =0,
ie. v =0 on [0,7], which contradicts our assumption that v does not vanish
identically on [0, 7.

Step 2. Assume that min{v(t) : ¢ € [0,7]} < 0. Let us extend v and u to T-
periodic functions on R. In view of Step 1, there are a,b € R such that v > 0 on

(a,b), v(a)=wv(b) =0 and
(3.10) 0<b—a<T.

Moreover, v >0 on (a,b). Indeed, if v(7) =0 for some 7 € (a,b), then necessarily
also v/(7) =0, i.e. v=0 on R. In virtue of (3.6) and (3.7), we have

(3.11)  (¢p(v' (1)) + 11y Bp(v(2)) = (D (V' (1)) + pu(t) dp((t)) > 0 for ace. t € [a,b].
Furthermore, put

T—-0b
GU_G—TM, b0:a0+T

and



o9(t) = du;l/p sin,, (,ull/p (t—ap)) for teR
with d > 0 large enough, i.e. such that oy(t) > v(t) > 0 on [a,b]. We have

(3.12) (dp(on(t)) 4 pp dp(02(t)) = 0 for ace. t € [a, b].

Thus, oy is an upper function for (3.3). Moreover, in view of (3.11), oy = v is a lower

function for (3.3). Hence, by Proposition 2.4, where we put f(t,z) = —p, ¢,(z) for t,
x € R, there exists a nontrivial solution u to (3.3). This, due to (3.10), contradicts
Proposition 3.1. 0

4. Main results

First, let us recall the following a priori estimate (see [34, Lemma 2.4] or [31, Lemma
5.8]).

4.1. Lemma. Let p € (1,00) and let 1 € L1]0,T]. Then

(4.1) [v'lse < &, " (I]11)
holds for each v € CY0,T] fulfilling ¢,(v") € AC[0,T], v(0)=v(T), v'(0)=7'(T)
and (6,(v'(t))) > ¥(t)  (or (¢p(v'(t))" <®(t)) for a.e. t€[0,T].

Next, we prove an existence principle which relies on the comparison of the given
problem (1.1), (1.2) with the related quasilinear problem fulfilling the antimaximum
principle.

4.2. Theorem. Assume (1.3), (2.1) and p € [2,00). Furthermore, let r > 0,
A>r, p,B€ L4]0,T] be such that p(t) >0 a.e. on [0,T], >0,

(4.2) B<0 and f(t,x)<B(t) fora.e te|0,T)] and all z € [A, B
and
(4.3) ft,x) + p(t) pp(x —r) >0  fora.e. t €[0,T] and all x € [r, B],
where
B—A> 6, (Iml)).
m(t) = max{sup{f(t,x) cx € r, Al}, B(t), 0} for a.e. t € [0,T]
and
v >0 on [0,T] holds for each v € C0,T] such that
Pp(v') € AC[0, T,
(6p(v'(2)))" + pu(t) dp(v(t)) = 0 for a.e. t € [0, T,
v(0) =o(T), ' (0)=v(T).
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Then problem (1.1),(1.2) has a solution u such that

(4.5) r<u<B on [0,T] and U] < ¢;1(||m||1)
Proof. Part 1. First, assume that § < 0.
Step 1. Put

f@r) = p(t) gp(z —r) if 2w <,
(4.6) flt,x) =< f(t,z) if zelr Bl

f(t,B) if > B

and consider problem (2.2). We have f € Car([0,T]xR). Furthermore, by (4.2)—(4.6),
the inequalities

(4.7) flt,z) <p@) if 2> A
and
(4.8) Ft,x) + p(t) ¢p(z—r) >0 forall zeR

are valid for a.e. ¢ € [0,7]. In particular, in view of (4.6), we have
(4.9) Flt,x) > h(t) == —pu(t) (B —7) forae tel[0,T]andall z € R,

By (4.8), 0y =7 is an upper function of (2.2). Further, if b= 3 — 3, then b€
L1[0,T] and b =0 and it is easy to see that there is a uniquely defined oo € C'[0, 7]
such that ¢,(0() € ACI0,T],

(pp(oo(t))) =0b(t) forae. t€[0,T] and o¢(0) =00(T)=0.

Now, let us choose ¢* > 0 such that ¢*4+09> A on [0,7] and define o, = ¢* + 0y.
By (4.7) we have

01(0) o(T) = ¢,
(6p(01(1)) = B(t) = B > B(t) = f(t,01(1)) for ae. t € [0,T],

and
0p(06(T)) — ¢p(05(0)) =Tb=0.

Consequently, o7 is a lower function of (2.2). Therefore, by (4.9) and by Proposition
2.3, the regular problem (2.2) has a solution u such that wu(t,) > r for some ¢, €
[0,T7.

Step 2. We show that

(4.10) u>ron [0,7T].
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To this aim, set v =u —r. By virtue of (4.8), we have

(&, (0 (1)) + 1(t) Sp(0(t) = F(t,ult)) + p(t) dplu(t) —7) = 0
for a.e. t€[0,7]. By (4.4) it follows that v(¢) >0 on [0,T], i.e. (4.10) is true.
Step 3. We show that

(4.11) u < B on [0,T].

Indeed, by the definition of m and by (4.6) and (4.7) we have

f(t,z) <mf(t) fora.e. te€[0,T] and all x >r.
Hence, we can use Lemma 4.1 to get the estimate

(4.12) [ lse < &, (llmlly).

If w> A were valid on [0,7], then taking into account the periodicity of «' and
(4.7) we would get

T _ T B
0= [ Feuwyar< [ swa=175<0
0 0
a contradiction. Hence,
min{u(s) : s € [0,7]} < A.

Now, assume that
*

u* = max{u(s) : s€[0,7]} > A
and extend u to be T-periodic on R. There are sy, s and s* € R such that
51 <8 <SSy, Se—51<T, wu(s))=u(sy)=A and u(s")=u"> A

In particular, due to (4.12),

wherefrom the estimate

T _
u(t) — A< 3 ¢, (lmll1) < B—Aon [0,
follows. Thus, (4.11) is true.

Step 4. The estimates (4.10) and (4.11) mean that r <« < B holds on [0,7]. In
view of (4.6), we conclude that u is a solution to (1.1), (1.2).
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Part II. Now, let =0. Put ny = max{%, ];TA, 3}. For an arbitrary n € N, define

(

~

t,r) if x <,

~

t,

8

(
(t,x) if x € [r, A],
Fto)—nt) 6 (3 5554) iz e (A B
ft.B) - ut) o, (2 £2)  ifz>B.

\
Taking into account (4.2), we get

falt, ) = f(t.2) — plt) &, (% %) < B(t) — ult) &y (% %)

(4.13) Falt, ) =

< B0 -0 by(5g) i TE[A4 B

and
ot = 50.8) = 00, (£ 5250 ) <00 - o) i 028

for a.e. t€[0,7] and all n € N such that n > ny. Thus,

(414) { Falt, ) < Ba(t) = B(t) — u(t) 6p(552)

for > A+1, forae t€[0,7] andall n>n,.
Clearly,
(4.15) Bn <0 and B,(t) < B(t) for a.e. t € [0,T].
Furthermore, by (4.3) and (4.13), we have

n n

ﬁ(t,x)—l—u(t)gzﬁp <a:—(7“—l)) > f(t,r) >0 if z€ [r—l,r],

it 16y (2= (= ) = f(t0) 4 408, (1) 20 if 2 €A

and, taking into account that
4+ n* < (£+n)* holds forall £&,n7>0 andeach a>1,

it + ) gy (2= (- )

n

= 1600~ (3, ) 00 (5 )
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> f(t,x) + plt) 6, (e —7) =0 if x € [, B],

and

it + ) gy (2= (- )

= 1B =)0y (3 57 ) 00 (2= = D)
> f(t,B)+u(t)p,(B—r)>0 if x> B.

To summarize,

(4.16) Falt, ) + p(t) bp <x —(r— %)) >0 foral x>r— l

n
For a.e. t€[0,7] and all n € N, put
~ ~ 1 1
My (t) == max { sup{f,(t,z) : z € [r — E’A + E]}’ by (t) }.
In view of (4.13) and (4.15), we have

mu(t) <m(t) forae t€[0,7] and n >

B—A

This together with (4.14)-(4.16) means that, for each n € N large enough, Part I of
this proof ensures the existence of a solution w, to the auxiliary problem

(Sp()) = Faltsun)s un(0) = un(T),  w,(0) =, (T)

which satisfies the estimates

1 1
r——<u() <B4+~ on [0,T] and i}l <, (lm]l)-

n

Now, notice that

n

- - 1
|[fu(t,z) — f(t,2)| < u(t) dp (—) for a.e. t€[0,7], all z € R and all n €N,

where
ft,r) if <,
ft,z) =< f(t,x) if e [r, B,
f(t,B) if ©>B.
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Thus, in a standard way (using the Arzeld-Ascoli and the Lebesgue Dominated Con-
vergence Theorem) we can show that the sequence {u,}5°, contains a subsequence
which converges in C'[0,7] to a solution u of the problem

(¢p(u)) = f(t,u), u(0)=u(T), u'(0)=1u(T)
which satisfies necessarily the estimate (4.5), i.e. solves also (1.1), (1.2). O

The next supplementary assertion concerning the case p € (1,2) follows immedi-
ately from Part I of the previous proof.

4.3. Theorem. Let all assumptions of Theorem 4.2 be satisfied, with the exceptions
that p € (1,2) is allowed and [ <0 is required in (4.2).
Then problem (1.1),(1.2) has a solution u such that (4.5) s true.

Theorems 3.2, 4.2 and 4.3 yield the following new existence criterion.

4.4 . Theorem. Assume (1.3) and (2.1). Furthermore, let p € (1,00), p, =
(mp/T)P and let v >0, A>r, B>A and B € L1[0,T] be such that (4.2), with
B<0, if pe(1,2), and (4.3) hold, where

T
B Az 26, (Imlh)

and
m(t) = max { sup{f(t,z) : = € [r, A}, 3(t),0} for a.e.t€[0,T).

Then problem (1.1),(1.2) has a solution u such that (4.5) s true.
In particular, for the Duffing type equation (¢,(u')) = g(u) + e(t) we have

4.5. Corollary. Let p € (1,00). Suppose that f(t,x) = g(x) + e(t) for z € (0,00)
and a.e. t € [0,T], where g€ C(0,00), ee€ L1]0,T], and

(4.17) €+ limsup g(z) <0

and there is r > 0 such that
(4.18) e(t) +g(x) + ppa?t > p, "t for ae. t€[0,T) and all x> r.

Then problem (1.1),(1.2) has a solution u such that u(t) >r on [0,T].

Proof. Due to (4.17), we can find A > r such that

1
g(x)+e< B (E—i— hmsupg(x)) <0 for x €A, ).

T—00
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Consequently,
1
f(t,z) =g(x) +e(t) = (g(x) +e) + (e(t) —e) < 5 (€+ lim sup g(:):)) +e(t)—e
for a.e. ¢t €[0,7] and all = € [A,00). Therefore (4.2) holds with

1
B(t) :==e(t) —e+ 5 (E + lim sup g(x))
and B > A arbitrarily large. we have 3 < 0. Furthermore, according to (4.18), by
using that (z — r)P~! > 277! — yP71 we deduce that f satisfies (4.3) with B > r
arbitrarily large.
Now, the assertion follows by Theorem 4.4. 0

For the case p > 2 we have an existence result under weaker assumptions.

4.6. Corollary. Let p > 2. Assume the hypothesis of the previous result, replacing
condition (4.17) by the following one:

There is B >0 such that €+ g(z) <0 for all x > B.

Then problem (1.1),(1.2) has a solution w such that u(t) >r on [0,T].

4.7. Example. Consider the problem
(4.19) (6p(u)) + k™ (1) = au™ +e(t), u(0)=u(T), u'(0)=u'(T),

where a >0, a>0, kel[0,pu,) and e € L;[0,T].

It is easy to see that if k£ > 0, then the assumption (4.17) of Corollary 4.5 is
satisfied for all e € L1[0,7T], while in the case k = 0 this condition holds whenever
e <0.

Furthermore, define h(x) = (p, — k) 2?~' +az™® for x > 0. We can verify that

h.:= inf h(z):a(upa )((p_l)(“p_m)aﬁ“.

x€(0,00) —1 aa

Therefore, under the assumption

e, :=inf esse(t) > —h,,
te[0,7)

we get for a.e. t€[0,7] and all >0
h(x) + e(t) > ex + hy > 0,

i.e. the second assumption (4.18) of Corollary 4.5 is satisfied with

<e* +h*>"i1
r= )
Hp




Periodic problem with quasilinear differential operator and weak singularity 15

To summarize: by Corollary 4.5 problem (4.19) has a positive solution in the following
cases:

—1 aFp-1
k=0, e€<0 and infesse(t)> —a (1+pa )((p )Np)

te[0,T] —1 aa
or

ke (0,1, and infesse(t) > —a (1+ - )((p_l)(“”_k))ﬁﬂ.

te[0,7) p—1 aa
In particular, problem (1.8) has a positive solution if

inf esse(t) > 0.
t€[0,T]

For the case p > 2, from Corollary 4.6, we can verify that if

—1 a1
k=0, <0 and infesse(t)> —a (1_|_ @ >((p )Mp) 7
p

te[0,7) -1 aa

then problem (4.19) has a positive solution.

References

[1] P.Binding, P. Drdbek and Y.X. Huang, On the Fredholm alternative for the p-Laplacian. Proc.
Amer. Math. Soc. 125 (1997), 3555-3559.

[2] D. Bonheure, C. De Coster, Forced singular oscillators and the method of lower and upper
functions. Topol. Methods Nonlinear Anal. 22 (2003), 297-317.

[3] A. Cabada, P. Habets and R. Pouso, Lower and upper solutions for the periodic problem as-
sociated with a ¢-Laplacian equation. In: FQUADIFF 1999 - International Conference on
Differential Equations, Vol. 1, 2 (Berlin, 1999), World Sci. Publishing, River Edge, NJ, 2000,
pp. 491-493.

[4] A. Cabada, P. Habets and R. Pouso, Optimal existence conditions for ¢-Laplacian equations
with upper and lower solutions in the reversed order. J. Differential Equations 166 (2000),
385-401.

[5] A. Cabada and R. Pouso, Existence result for the problem (é(u'))" = f(t,u,u’) with periodic
and Neumann boundary conditions. Nonlinear Anal., Theory Methods Appl. 30 (1997), 1733~
1742.

[6] A. Cabada and R. Pouso, Existence result for the problem (¢(u'))" = f(t,u,u’) with nonlinear
boundary conditions. Nonlinear Anal., Theory Methods Appl. 35 (1999), 221-231.

[7] A. Cabada, D. O’Regan and R.. Pouso, Second Order Problems with Functional Conditions
Including Sturm-Liouville and Multipoint Conditions. Mathematische Nachrichten, to appear.

[8] M. del Pino, M. Elgueta and R. Mandsevich, A homotopic deformation along p of a Leray-
Schauder degree result and existence for [u/|P~2u) + f(t,u) =0, u(0)=u(T)=0, p>1.
J. Differential Equations 80 (1989), 1-13.



16

[9]
[10]

[11]

M. del Pino, P. Drabek and R. Manésevich, The Fredholm alternative at the first eigenvalue for
the one dimensional p-Laplacian. J. Differential Equations 151 (1999), 386-419.

M. del Pino, R. Mandsevich and A. Montero, T -periodic solutions for some second order dif-
ferential equations with singularities, Proc. Roy. Soc. Edinburgh Sect. A 120 (1992), 231-243.

M. del Pino, R. Mandsevich and A. Murta, Existence and multiplicity of solutions with pre-
scribed period for a second order quasilinear O.D.E. Nonlinear Anal., Theory Methods Appl. 18
(1992), 79-92.

L. Derwidué, Systemes differérentiels non linedires ayant des solutions périodiques. Acad. R.
Belgique, Bull. Cl. Sci. (5) 49 (1963), 11-32; (5) 50 (1964), 928-942; (5) 50 (1964), 1130-1142.

O. Dosly, Half-Linear Differential Equations. In: Handbook of Differential Equations, Ordinary
Differential Equations Vol. 1, A. Canada, P. Drédbek, A. Fonda, eds., Elsevier, North Holland,
Amsterdam (2004), Chapter 3, pp. 161-357.

0. Dosly and Rehdk, Half-Linear Differential Equations. North-Holland Mathematics Studies
202, Elsevier, Amsterdam (2005).

R. Faure, Solutions périodiques d’equations différentielles et methode de Leray-Schauder (Cas
des vibrations forceés). Ann. Inst. Fourier (Grenoble) 14 (1964), 195-204.

N. Forbat and A. Huaux, Détermination approachée et stabilité locale de la solution périodique
d’une equation différentielle non linéaire. Mém. Public. Soc. Sci. Arts Letters Hainaut 76 (1962),
3-13.

W.G. Ge and J. Mawhin, Positive solutions to boundary value problems for second order ordi-
nary differential equations with singular nonlinearities. Result. Math. 34 (1998), 108-119.

P. Habets and L. Sanchez, Periodic solutions of some Liénard equations with singularities. Proc.
Amer. Math. Soc. 109 (1990), 1035-1044.

P. Jebelean and J. Mawhin, Periodic solutions of singular nonlinear perturbations of the ordinary
p-Laplacian. Adv. Nonlinear Stud. 2 (2002), 299-312.

P. Jebelean and J. Mawhin, Periodic solutions of forced dissipative p— Liénard equations with
singularities. Vietnam J. Math. 32 (2004), 97-103.

D.Q. Jiang and J.Y. Wang, A generalized periodic boundary value problem for the one-
dimensional p-Laplacian. Ann. Polon. Math. 65 (1997), 265-270.

A.C. Lazer and S. Solimini, On periodic solutions of nonlinear differential equations with sin-
gularities. Proc. Amer. Math. Soc. 99 (1987), 109-114.

LT. Kiguradze, Boundary value problems for systems of ordinary differential equations. J. Sov.
Math. 43 (1988), 2259-2339; translation from Itogi Nauki Tekh., Ser. Sovrem. Probl. Mat.,
Novejshie Dostizh. 30 (1987) 3-103.

Liu Bing, Periodic solutions of dissipative dynamical systems with singular potential and p-
Laplacian. Ann. Polon. Math. 79 (2) (2002), 109-120.

R. Manésevich and J. Mawhin, Periodic solutions for nonlinear systems with p-Laplacian-like
operators. J. Differential Equations 145 (1998), 367-393.

R. Manéasevich and J. Mawhin, The spectrum of p-Laplacian systems under Dirichlet, Neumann
and periodic boundary conditions. In: Morse theory, minimax theory and their applications
to nonlinear differential equations, Proceedings of the workshop, H. Brezis, S.J. Li, J.Q Liu,
P.H Rabinowitz (eds.), Beijing, China, April 1-September 30, 1999. Somerville, International
Press. New Stud. Adv. Math. 1 (2003) pp. 201-216.



Periodic problem with quasilinear differential operator and weak singularity 17

[27]

J. Mawhin, Topological Degree and Boundary Value Problems for Nonlinear Differential Equa-
tions. In: Topological methods for ordinary differential equations, M. Furi and P. Zecca, eds.,
Lecture Notes in Mathematics, Vol. 1537, Springer-Verlag, Berlin (1993), pp. 74-142.

J. Mawhin, Periodic Solutions of Systems with p -Laplacian-like Operators. In: Nonlinear Anal-
ysis and its Applications to Differential Equations, M.R. Grossinho, M. Ramos, C. Rebelo and
L. Sanchez, eds., Progress in Nonlinear Differerential Equations and their Applications, Vol. 43,
Birkh&duser, Boston (2001), pp. 37-63.

P. Omari and W.Y. Ye, Necessary and sufficient conditions for the existence of periodic solutions
of second order ordinary differential equations with singular nonlinearities. Differ. Integral Equ.
8 (1995), 1843-1858.

V. Poldsek and I. Rachunkovéa, Singular Dirichlet problem for ordinary differential equations
with ¢-Laplacian. Math. Bohem. 130 (2005), 409-425.

I. Rachtinkové, S. Stanék and M. Tvrdy, Singularities and Laplacians in Boundary Value Prob-
lems for Nonlinear Ordinary Differential Equations. In: Handbook of Differential Equations,
Ordinary Differential Equations Vol. 3 (Elsevier), A. Canada, P. Drabek, A. Fonda, eds., Else-
vier, North Holland, Amsterdam (2006), Chapter 6, pp. 605-721.

I. Rachunkova and M. Tvrdy, Construction of lower and upper functions and their application
to regular and singular boundary value problems. Nonlinear Anal., Theory Methods Appl. 47
(2001), 3937-3948.

I. Rachunkova and M. Tvrdy, Second-order periodic problem with ¢-Laplacian and impulses.
Nonlinear Anal., Theory Methods Appl. 63 (2005), €257-266.

I. Rachunkovd and M. Tvrdy, Periodic problems with ¢ - Laplacian involving non-ordered
lower and upper functions. Fized Point Theory 6 (2005), 99-112.

I. Rachunkova and M. Tvrdy, Periodic singular problem with quasilinear differential operator.
Math. Bohem. 131 (2006), 321-336.

I. Rachunkovd and M. Tvrdy and I. Vrko¢, Existence of nonnegative and nonpositive nolutions
for second order periodic boundary value problems. J. Differential Equations 176 (2001), 445—
469.

I. Rachunkova and M. Tvrdy and I. Vrko¢, Resonance and multiplicity in periodic BVPs with
singularity. Math. Bohem. 128 (2003), 45-70.

S. Stanék, Periodic boundary value problem for second order functional differential equations.
Math. Notes (Miskolc) 1 (2000), 63-81.

P.J. Torres, Existence of one-signed periodic solutions of some second-order differential equations
via a Krasnoselskii fixed point theorem. J. Differential Equations 190 (2003), 643-662.

J. Wang, W. Gao and Z. Lin, Boundary value problems for general second order equations and
similarity solutions to the Rayleigh problem. Téhoku Math. J. 47 (1995), 327-344.

P. Yan, Nonresonance for one-dimensional p-Laplacian with regular restoring. J. Math. Anal.
Appl. 285 (2003), 141-154.

M.R. Zhang, Periodic solutions of Liénard equations with singular forces of repulsive type. J.
Math. Anal. Appl. 203 (1996), 254-269.

M.R. Zhang, Nonuniform nonresonance at the first eigenvalue of the p-Laplacian. Nonlinear
Anal., Theory Methods Appl. 29 (1997), 41-51.



18

[44] M.R. Zhang, A relationship between the periodic and the Dirichlet BVPs of singular differential
equations. Proc. Roy. Soc. Edinburgh Sect. A 128A (1998), 1099-1114.

[45] M.R. Zhang, Nonuniform nonresonance of semilinear differential equations. J. Differential Equa-
tions 166 (2000), 33-50.

Authors’ addresses:

Alberto Cabada, Departamento de Andlise Matematica, Facultade de Matematicas,
Universidade de Santiago de Compostela, Santiago de Compostela, Spain,

e-mail: cabada@usc.es

Alexander Lomtatidze, Department of Mathematical Analysis, Faculty of Natural Sci-
ences, Masaryk University, CZ 662 95 Brno, Janackovo nam 2a, Czech Republic,
e-mail: bacho@math.muni.cz

Milan Twvrdy, Mathematical Institute, Academy of Sciences of the Czech Republic,
CZ 115 67 Praha 1, Zitng 25, Czech Republic, e-mail: tvrdy@math.cas.cz



ACADEMY OF SCIENCES

OF THE CZECH REPUBLIC
MATHEMATICAL INSTITUTE

The preprint series was founded in 1982. Its purpose is to present manuscripts of submitted or unpublished
papers and reports of members of the Mathematical Institute of the Academy of Sciences of the Czech Republic.
The authors are fully responsible for the content of the preprints.

Mail address: Mathematical Institute,
Academy of Sciences of the Czech Republic
Zitna 25,
CZ-11567 Praha 1
Czech Republic
phone: +420222090711 fax: +420222211638
e-mail: mathinst@math.cas.cz http: //www.math.cas.cz

Latest preprints of the series:

2006

166 Eduard Feireisl and Sdrka Necasovd: On the motion of several rigid bodies in a viscous multipolar fluid

165 S. Kracmar, 8. Necasovd, P. Penel: Anisotropic L>-estimates of weak solutions to the stationary
Oseen-type equations in R* for a rotating body

164 Fatrick Penel and Ivan Straskraba: Construction of a Lyapunov functional for 1D-viscous compressible
barotropic fluid equations admitting vacua

163 Martin Markl: Operads and props

2005

162 Ji#i Sremr: On the initial value problem for two-dimensional systems of linear functional differential
equations with monotone operators

161 Ji#i Sremr: On the characteristic initial value problem for linear partial functional-differential equations of
hyperbolic type

160 A. Lomtatidze, S. Mukhigulashvili, and J. Sremr: Nonnegative solutions of the characteristic initial value
problem for linear partial functional-differential equations of hyperbolic type

159 Andrej Ronto: Upper bounds for the eigenvalues of compact linear operators in a preordered Banach space

158 Martin Markl: Cohomology operators and the Deligne conjecture

2004

157 J. Eisner, M. Kucera, L. Recke: A global bifurcation result for variational inequalities
156 Irena Rachiinkovd, Milan Tvrdy: Second order periodic problem with ®-Laplacian and impulses—part I1
155 Irena Rachiinkovd, Milan Tvrdy: Second order periodic problem with ®-Laplacian and impulses—part I

2003

154 J. Eisner, M. Kucera, L. Recke: Direction and stability of bifurcation branches for variational inequalities

153 Irena Rachiinkovd, Milan Tvrdy: Periodic boundary value problems for nonlinear second order differential
equations with impulses—part I11

152 Pavel Krutitskii, Dagmar Medkovd: Neumann and Robin problem in a cracked domain with jump
conditions on cracks

2002

151 Irena Rachiinkovd, Milan Tvrdy: Periodic boundary value problems for nonlinear second order differential
equations with impulses—part I1

150 Miroslav Silhavy: An O(n) invariant rank 1 convex function that is not polyconvex

149 Sdrka Necasovd: Asymptotic properties of the steady fall of a body in viscous fluids



