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2 DOUBEK, MARKL, ZIMA

1. ALGEBRAS AND MODULES

In this section we investigate modules (where module means rather a bimodule than a one-

sided module) over various types of algebras.

1.1. Example. — The category Ass of associative algebras.
An associative algebra is a k-vector space A with a bilinear multiplication A ® A — A
satisfying
a(bc) = (ab)c, for all a,b,c € A.
Observe that at this moment we do not assume the existence of a unit 1 € A.

What we understand by a module over an associative algebra is in fact a bimodule,
i.e. a vector space M equipped with multiplications (“actions”) by elements of A from both

sides, subject to the axioms
a(bm) = (ab)m,
a(mb) = (am)b,
m(ab) = (ma)b, for all m € M, a,b € A.
1.2. Example. — The category Com of commutative associative algebras.

In this case left modules, right modules and bimodules coincide. In addition to the axioms

in Ass we require the commutativity
ab = ba, for all a,b € A,
and for a module
ma = am, for allm € M, a € A.
1.3. Example. — The category Lie of Lie algebras.

The bilinear bracket [—, —] : L ® L — L of a Lie algebra L is anticommutative and satisfies
the Jacobi identity, that is

l[a,b] = —I[b,al], and
la, [b, c]] + [b, [, a]] + [¢, [a,b]] = O, for all a,b,c € L.
A left module (also called a representation) M of L satisfies the standard axiom
a(bm) — b(am) = [a, bm, for all m € M, a,b € L.

Given a left module M as above, one can canonically turn it into a right module by setting

ma := —am. Denoting these actions of L by the bracket, one can rewrite the axioms as
l[a,m] = —[m,al], and

[a, [b,m]] + [b, [m, a]] + [m, [a,b]] = O, for all m € M, a,b € L.
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Examples 1.1-1.3 indicate how axioms of algebras induce, by replacing one instance of an
algebra variable by a module variable, axioms for the corresponding modules. In the rest of
this section we formalize, following [41], this recipe. The standard definitions below can be

found for example in [32].

1.4. Definition. The product in a category C is the limit of a discrete diagram. The terminal
object of C is the limit of an empty diagram, or equivalently, an object T" such that for every

X € C there exists a unique morphism X — 7.

1.5. Remark. The product of any object X with the terminal object 7" is naturally isomor-
phic to X,
XxT=X=2TxX.

1.6. Remark. It follows from the universal property of the product that there exists the
swapping morphism X x X = X x X making the diagram

4!

X x X X
\\ o
D2 \\\ D2
\\‘
X X x X,
4!

in which p; (resp. p2) is the projection onto the first (resp. second) factor, commutative.

1.7. Example. In the category of A-bimodules, the product M; x M; is the ordinary direct
sum M; @& Ms. The terminal object is the trivial module 0.

1.8. Definition. A category C has finite products, if every finite discrete diagram has a limit
in C.

By [32, Proposition 5.1], C has finite limits if and only if it has a terminal object and
products of pairs of objects.

1.9. Definition. Let C be a category, A € C. The comma category (also called the slice
category) C/A is the category whose

— objects (X, ) are C-morphisms X - A, X € C, and

— morphisms (X', 7') EN (X", ") are commutative diagrams of C-morphisms:

S

X/ X//
,n_/ ,n_l/
A A
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1.10. Definition. The fibered product (or pullback) of morphisms X B 4 and Xy 2 Ain
C is the limit D (together with morphisms D X, D% Xs) of the lower right corner of
the digram:

D —————— > X1
]92: Ji
¥
X, A.
f2

In the above situation one sometimes writes D = X; x4 Xs.
1.11. Proposition. If C has fibered products then C/A has finite products.

Proof. A straightforward verification. The identity morphism (A, id 4) is clearly the terminal
object of C/A.

Let (Xy,71) and (Xs,m) be objects of C/A. By assumption, there exists the fibered
product

p--Px
: <o
(1) P2, \\\ T
' .
X5 A
T2

in C. In the above diagram, of course, 0 := mp; = mops. The maps p; : D — X; and ps :

D — X, of the above diagram define morphisms (denoted by the same symbols) p; : (D, d) —

(X1, m)and pg : (D, d) — (Xa,m) in C/A. The universal property of the pullback (1) implies

that the object (D,d) with the projections (pq,p2) is the product of (Xi,m) x (X3, ms)

in C/A. O
One may express the conclusion of the above proof by

(2) (Xp,m) X (Xp,m) = X1 x4 Xy,

but one must be aware that the left side lives in C/A while the right one in C, therefore (2)

has only a symbolical meaning.
1.12. Example. In Ass, the fibered product of morphisms B; EEA A, By 2 Ais the subalgebra
(3) By x4 By = {(b1,b2) | fi(b1) = fa(b2)} C B1 @ B

together with the restricted projections. Hence for any algebra A € Ass, the comma category
Ass /A has finite products.



DEFORMATION THEORY 5

1.13. Definition. Let C be a category with finite products and T its terminal object.
An abelian group object in C is a quadruple (G,G x G 5 G,G 5 G, T 5 G) of objects and

morphisms of C such that following diagrams commute:

— the associativity p:

d
GXGXGMXZGGXG
ide Xp 1
GxG G,
W

— the commutativity of p (with s the swapping morphism of Remark 1.6):

S

G xG G x G

— the neutrality of e:

d d
TxGeXZGGxGZGXGGxT

N

— the diagram saying that 7 is a two-sided inverse for the multiplication p:

nXidG

G GxG

idg X1 7

GxG

G,
1

in which the diagonal map is the composition G — T % G.

Maps u, n and e above are called the multiplication, the inverse and the unit of the abelian

group structure, respectively.
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Morphisms of abelian group objects (G’ p/, 7', ¢’) EN (G", 1",n", €") are morphisms G’ EN
G" in C which preserve all structure operations. In terms of diagrams this means that

f idy

@ xa 122X gr g e G T—""

G’ G G’ G
f f f

commute. The category of abelian group objects of C will be denoted C,,.

G

Let Alg be any of the examples of categories of algebras considered above and A € Alg. It
turns out that the category (Alg /A), is precisely the corresponding category of A-modules.
To verify this for associative algebras, we identify, in Proposition 1.15 below, objects of

(Ass /A),, with trivial extensions in the sense of:

1.14. Definition. Let A be an associative algebra and M an A-module. The trivial extension

of A by M is the associative algebra A @& M with the multiplication given by
(a,m)(b,n) = (ab,an +mb), a,b € A and m,n € M.

1.15. Proposition. The category (Ass /A) ., is isomorphic to the category of trivial extensions

of A.

Proof. Let M be an A-module and A ® M the corresponding trivial extension. Then A @ M
with the projection A @ M ™ A determines an object G of Ass /A and, by (2) and (3),
GxG=(AeMaM™ A). Itis clear that p : G x G — G given by pu(a,my,my) :=
(a,m1 + my), e the inclusion A — A@® M and n : G — G defined by n(a,m) := (a, —m)
make G an abelian group object in (Ass /A) .

On the other hand, let ((B, ), i, 1, e) be an abelian group object in Ass /A. The diagram

A—° . B
29',7(
7

A

for the neutral element says that 7 is a retraction. Therefore one may identify the algebra A
with its image e(A), which is a subalgebra of B. Define M := Ker 7 so that there is a vector
spaces isomorphism B = A® M determined by the inclusion e : A — B and its retraction 7.
Since M is an ideal in B, the algebra A acts on M from both sides. Obviously, M with these

actions is an A-bimodule, the bimodule axioms following from the associativity of B as in
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Example 1.1. It remains to show that m'm” = 0 for all m’, m” € M which would imply that
B is a trivial extension of A. Let us introduce the following notation.

For a morphism f : (B, 7') — (B”,7") of k-splitting objects of Ass /A (i.e. objects with
specific k-vector space isomorphisms B’ =2 A& M’ and B” =2 A @& M” such that «’ and
7" are the projections on the first summand) we denote by f : M’ — M” the restriction
f|ar followed by the projection B” ™ M". We call f the reduction of f. Clearly, for every
diagram of splitting objects in Ass /A there is the corresponding diagram of reductions in

Ass.
The fibered product (A& M, 7) x (A® M, ) in Ass /A is isomorphic to A& M & M with

the multiplication

/! / / " " " I>w/ N /N
(a’',my,my)(a”, m],my) = (d'a”,a'm{ + mia" + mim{, a'm; + mya” + mhm3).

The neutrality of e implies the following diagram of reductions

O@Mexsz Mo Mszxe

which in turn implies
f(0,m) = fi(m,0) = m, for all m € M.
Since p is a morphism in Ass, it preserves the multiplication and so does its reduction . We
finally obtain
m'-m” = j(m’,0) - 4(0,m") = fi((m’, 0) - (0,m")) = f(m"- 0,0 - m") = 0.
This finishes the proof. U

We have shown that objects of (Ass /A),, are precisely trivial extensions of A. Since there

is an obvious equivalence between modules and trivial extensions, we obtain:
1.16. Theorem. The category (Ass /A)ap is isomorphic to the category of A-modules.
1.17. Exercise. Prove analogous statements also for (Com /A),, and (Lie /L)

1.18. Exercise. The only property of abelian group objects used in our proof of Proposi-
tion 1.15 was the existence of a neutral element for the multiplication. In fact, by analyzing
our arguments we conclude that in Ass /A, every object with a multiplication and a neutral
element (i.e. a monoid in Ass /A) is an abelian group object. Is this statement true in any
comma category? If not, what special property of Ass /A makes it hold in this particular

category?
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2. COHOMOLOGY

Let A be an algebra, M an A-module. There are the following approaches to the “coho-
mology of A with coefficients in M.”

(1) Abelian cohomology defined as H*(Lin(R., M)), where R, is a resolution of A in the
category of A-modules.

(2) Non-abelian cohomology defined as H*(Der(F,, M)), where F, is a resolution of A
in the category of algebras and Der(—, M) denotes the space of derivations with
coefficients in M.

(3) Deformation cohomology which is the subject of this note.

The adjective (non)-abelian reminds us that (1) is a derived functor in the abelian category
of modules while cohomology (2) is a derived functor in the non-abelian category of algebras.
Construction (1) belongs entirely into classical homological algebra [30], but (2) requires
Quillen’s theory of closed model categories [40]. Recall that in this note we work over a field
of characteristics 0, over the integers one should take in (2) a suitable simplicial resolution [1].

Let us indicate the meaning of deformation cohomology in the case of associative algebras.

Let V' = Span{ey,...,eq} be a d-dimensional k-vector space. Denote Ass(V') the set of
all associative algebra structures on V. Such a structure is determined by a bilinear map
p: VeV — V. Relying on Einstein’s convention, we write p(e;, e;) = Fﬁjel for some scalars

Féﬂ' € k. The associativity pu(e;, pu(ej, ex)) = p(u(es, e;), ex) of u can then be expressed as
F:lrékzrijrfk7 7;7j7k7T: 1;---,d~

These d* polynomial equations define an affine algebraic variety, which is just another way to
view Ass(V'), since every point of this variety corresponds to an associative algebra structure

on V. We call Ass(V') the variety of structure constants of associative algebras.

The next step is to consider the quotient Ass(V)/ GL(V') of Ass(V') modulo the action of
the general linear group GL(V) recalled in formula (10) below. However, Ass(V)/ GL(V)
is no longer an affine variety, but only a (possibly singular) algebraic stack (in the sense of
Grothendieck). One can remove singularities by replacing Ass(V') by a smooth dg-scheme M.
Deformation cohomology is then the cohomology of the tangent space of this smooth dg-
scheme [6, 8].

Still more general approach to deformation cohomology is based on considering a given
category of algebras as the category of algebras over a certain PROP P and defining the de-
formation cohomology using a resolution of P in the category of PROPs [27, 34, 36]. When P
is a Koszul quadratic operad, we get the operadic cohomology whose relation to deformations

was studied in [3]. There is also an approach to deformations based on triples [11].
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For associative algebras all the above approaches give the classical Hochschild cohomology
(formula 3.2 of [30, §X.3]):

2.1. Definition. The Hochschild cohomology of an associative algebra A with coefficients in
an A-module M is the cohomology of the complex:

Hoch 6Hoch 5Hoch 6Hoch

0_>M—>C%Ioch(A M) _)Cnoch(A M)

in which C}j (A, M) := Lin(A®", M), the space of n-multilinear maps from A to M. The
coboundary & = dgoch : Cptoe (A, M) — CitL (A, M) is defined by

Sroan f(a0 ® ... @ an) = (= )”“aof(al . ®ap) + flag® ... @ an_1)an
+Z Z+”f .®aiai+1®..-®an)7
=0

for a; € A. Denote Hj}, (A, M) = H"(C}omn (A, M), 0).
2.2. Exercise. Prove that 63, = 0.

2.3. Example. A simple computation shows that
~ HYo(A, M) ={m € M | am —ma =0 for all a € A},
— H} 5, (A, M) = Der(A, M)/ IDer(A, M), where IDer(A, M) denotes the subspace of

internal derivations, i.e. derivations of the form 9,,(a) = am — ma for a € A and some fixed
m € M. Slightly more difficult is to prove that

— HE, (A, M) is the space of isomorphism classes of singular extensions of A by M [30,
Theorem X.3.1].

3. CLASSICAL DEFORMATION THEORY

As everywhere in this note, we work over a field k of characteristics zero and ® denotes
the tensor product over k. By a ring we will mean a commutative associative k-algebra. Let

us start with necessary preliminary notions.

3.1. Definition. Let R be a ring with unit e and w : k — R the homomorphism given

by w(1l) := e. A homomorphism ¢ : R — k is an augmentation of R if ew = idy or,
diagrammatically,
R—" .k
w D
k.

The subspace R := Kere is called the augmentation ideal of R. The indecomposables of the
augmented ring R are defined as the quotient Q(R) := R/ R
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3.2. Example. The unital ring k[[¢]] of formal power series with coefficients in k is aug-

mented, with augmentation € : k[[t]] — k given by €(>_. y a;it') := ao. The unital ring

1€Np
k[t] of polynomials with coefficients in k is augmented by €e(f) := f(0), for f € k[t]. The
truncated polynomial rings k[t]/(t"), n > 1, are also augmented, with the augmentation

induced by the augmentation of k[t].

3.3. Example. Recall that the group ring k[G] of a finite group G' with unit e is the space

of all formal linear combinations gec 499, ag € Kk, with the multiplication

(deG a;g)(deG agg) = deG Zuv:g a;a"/v/g
and unit le. The ring k|G| is augmented by € : k|G| — k given as

E(ZQEG’ agg) = deG g-

3.4. Example. A rather trivial example of a ring that does not admit an augmentation is
provided by any proper extension K 2 k of k. If an augmentation ¢ : K — k exists, then
Kere is, as an ideal in a field, trivial, which implies that € is injective, which would imply
that K = k contradicting the assumption K # k.

3.5. Exercise. If /=1 ¢ k, then k[x]/(z* 4+ 1) admits no augmentation.

In the rest of this section, R will be an augmented unital ring with an augmentation

€ : R — k and the unit map w : k — R. By a module we will understand a left module.

3.6. Remark. A unital augmented ring R is a k-bimodule, with the bimodule structure
induced by the unit map w in the obvious manner. Likewise, k is an R bimodule, with the
structure induced by e. If V is a k-module, then R ® V is an R-module, with the action
r(r"@uv) =r'r" ®uv, forr',r" € Rand v € V.

3.7. Definition. Let V' be a k-vector space and R a unital k-ring. The free R-module
generated by V' is an R-module R(V') together with a k-linear map ¢ : V' — R(V') with the
property that for every R-module W and a k-linear map V % W, there exists a unique
R-linear map ® : R(V) — W such that the following diagram commutes:

L

v

R(V)

K
'
W,

This universal property determines the free module R(V') uniquely up to isomorphism.
A concrete model is provided by the R-module R ® V recalled in Remark 3.6.
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3.8. Definition. Let W be an R-module. The reduction of W is the k-module W := k®@z W,
with the k-action given by k'(k” @p w) := K'E" ®@g w, for k', k" € k and w € W

One clearly has k-module isomorphisms W = W/RW and R(V) = V. The reduction

clearly defines a functor from the category of R-modules to the category of k-modules.

3.9. Proposition. If B is an associative R-algebra, then the reduction B is a k-algebra, with

the structure induced by the algebra structure of B.

Proof. Since B ~ B/RB, it suffices to verify that RB is a two-sided ideal in B. But this is
simple. For r € R, V', 1" € B one sees that u(rt',b") = ru(b',v") € RB, which shows that
w(RB, B) C RB. The right multiplication by elements of RB is discussed similarly. 0

3.10. Definition. Let A be an associative k-algebra and R an augmented unital ring. An
R-deformation of A is an associative R-algebra B together with a k-algebra isomorphism
a:B— A

Two R-deformations (B/,F/ L A) and (B", B
an R-algebra isomorphism ¢ : B’ — B” such that ¢ = «

" A) of A are equivalent if there exists

n—1 o O/.
There is probably not much to be said about R-deformations without additional assump-
tions on the R-module B. In this note we assume that B s a free R-module or, equivalently,

that
(4) B = R® A (isomorphism of R-modules).

The above isomorphism identifies A with the k-linear subspace 1 ® A of B and A ® A with
the k-linear subspace (1® A) ® (1® A) of B® B.

Another assumption frequently used in algebraic geometry [19, Section II1.§9] is that the
R-module B is flat which, by definition, means that the functor B ® p — is left exact. One

then speaks about flat deformations.

In what follows, R will be either a power series ring k[[¢]] or a truncation of the polynomial
ring k[t] by an ideal generated by a power of ¢. All these rings are local Noetherian rings
therefore a finitely generated R-module is flat if and only if it is free (see Exercise 7.15,
Corollary 10.16 and Corollary 10.27 of [2]). It is clear that B in Definition 3.10 is finitely
generated over R if and only if A finitely generated as a k-vector space. Therefore, for A

finitely generated over k, free deformations are the same as the flat ones.

The R-linearity of deformations implies the following simple lemma. Recall that all de-

formations in this sections satisfy (4).
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3.11. Lemma. Let B = (B, u) be a deformation as in Definition 3.10. Then the multiplica-
tion p in B is determined by its restriction to A® A C B® B. Likewise, every equivalence
of deformations ¢ : B — B" is determined by its restriction to A C B.

Proof. By (4), each element of B is a finite sum of elements of the form ra, r € R and a € A,
and p(ra, sb) = rsp(a,b) by the R-bilinearity of u for each a,b € A and r, s € R. This proves

the first statement. The second part of the lemma is equally obvious. U

The following proposition will also be useful.

3.12. Proposition. Let B' = (B, B L A) and B" = (B",B" o A) be R-deformations of
an associative algebra A. Assume that R is either a local Artinian ring or a complete local
n—1

ring. Then every homomorphism ¢ : B — B" of R-algebras such that ¢ = o"' o' is an

equivalence of deformations.

Sketch of proof. We must show that ¢ is invertible. One may consider a formal inverse of ¢
in the form of an expansion in the successive quotients of the maximal ideal. If R is Artinian,
this formal inverse has in fact only finitely many terms and hence it is an actual inverse of ¢.

If R is complete, this formal expansion is convergent. 0

We leave as an exercise to prove that each R-deformation of A in the sense of Definition 3.10
is equivalent to a deformation of the form (B, B “* A), with B = R® A (equality of k-vector
spaces) and can the canonical map B =k ®p (R® A) — A given by

can(l ®@g (1 ®a)) := a, for a € A.

Two deformations (B, i) and (B, u”) of this type are equivalent if and only if there exists
an R-algebra isomorphism ¢ : (B, y') — (B, p”) which reduces, under the identification
can : B — A, to the identity id4 : A — A. Since we will be interested only in equivalence

classes of deformations, we will assume that all deformations are of the above special form.

3.13. Definition. A formal deformation is a deformation, in the sense of Definition 3.10,

over the complete local augmented ring k[[t]].
3.14. Exercise. Is k[z, y, t]/(z* + txy) a formal deformation of k[z,y|/(z?)?
3.15. Theorem. A formal deformation B of A is given by a family
{pi: A®A— A|ieN}
satisfying po(a,b) = ab (the multiplication in A) and

(Dr) ZiJrj:k, i,j>0 pi(ps(a, b), c) = ZiJrj:k, i,j>0 pi(a, pi(byc))  forall a,b,c € A
for each k > 1.
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Proof. By Lemma 3.11, the multiplication p in B is determined by its restriction to A ® A.

Now expand p(a,b), for a,b € A, into the power series
:u(a> b) = Mo(av b) + i (av b) + t2M2(a> b) +-e

for some k-bilinear functions p; : A® A — A, i > 0. Obviously, pg must be the multiplication
in A. Tt is easy to see that u is associative if and only if (Dy) are satisfied for each £ > 1. O

3.16. Remark. Observe that (D;) reads
ap (b, ¢) — pi(ab, ¢) + pa(a, be) — pa(a, b)e =0

and says precisely that pu; € Lin(A®?% A) is a Hochschild cocycle, dxoen (1) = 0, see Defini-
tion 2.1.

3.17. Example. Let us denote by H the group
H = {u=ids+dit + oot + - --| ¢; € Lin(A, A)},

with the multiplication induced by the composition of linear maps. By Proposition 3.12,
formal deformations p' = pg + pit + pht*> + -+ and p” = po + pit + pht* + -+ of g are

equivalent if and only if

(5) wo (o + pht + ppt® 4+ -+ ) = (po + pit + pyt® -+ ) o (u @ w).

We close this section by formulating some classical statements [13, 14, 15] which reveal the
connection between deformation theory of associative algebras and the Hochschild cohomol-
ogy. As suggested by Remark 3.16, the first natural object to look at is 1. This motivates
the following

3.18. Definition. An infinitesimal deformation of an algebra A is a D-deformation of A,
where

D= K]/()

is the local Artinian ring of dual numbers.

3.19. Remark. One can easily prove an analog of Theorem 3.15 for infinitesimal deforma-
tions, namely that there is a one-to-one correspondence between infinitesimal deformations
of A and k-linear maps 1 : A® A — A satisfying (D;), that is, by Remark 3.16, Hochschild

2-cocycles of A with coefficients in itself. But we can formulate a stronger statement:

3.20. Theorem. There is a one-to-one correspondence between the space of equivalence
classes of infinitesimal deformations of A and the second Hochschild cohomology HE, 4, (A, A)
of A with coefficients in itself.
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Proof. Consider two infinitesimal deformations of A given by multiplications %" and %", re-
spectively. As we observed in Remark 3.19, these deformations are determined by Hochschild
2-cocycles pf, pu) : A® A — A, via equations
(6) a*'b=ab+ty)(a,b)

ax"b=ab+tu{(a,b), a,be A
Each equivalence ¢ of deformations *’ and *” is determined by a k-linear map ¢, : A — A,
(7) ¢(a) =a+1tpi(a), a€A,
the invertibility of such a ¢ follows from Proposition 3.12 but can easily be checked directly.
Substituting (6) and (7) into
(8) ¢(ax'b) = d(a) «" §(b), a,b€ A,
one obtains

¢(ab + tpy(a, b)) = (a + tér(a)) " (b+ té1(D))
which can be further expanded into
ab +t¢(p(a, b)) = ab + t(ag1 (b)) + t(1(a)b) + tui(a + tér(a), b+ te1 (b))
so, finally,
ab + tu)(a,b) = ab + t(apy(b) + ¢1(a)b) + tu)(a,b).

Comparing the ¢-linear terms, we see that (8) is equivalent to

Mll(a’a b) = 5H0Ch¢1 (a7 b) + Mlll(aﬂ b)
We conclude that infinitesimal deformations given by u, uf € C% 4 (A, A) are equivalent if
and only if they differ by a coboundary, that is, if and only if [¢}] = [¢]] in HE 4, (A, A). O

Another classical result is:

3.21. Theorem. Let A be an associative algebra such that H% 4 (A, A) = 0. Then all formal

deformations of A are equivalent to A.

Sketch of proof. If «', %" are two formal deformations of A, one can, using the assumption
HE (A, A) =0, as in the proof of Theorem 3.20 find a k-linear map ¢; : A — A defining
an equivalence of (B, *') to (B, *") modulo t>. Repeating this process, one ends up with an

equivalence ¢ = id +tp, + t2¢py + - - - of formal deformations *" and *”. O

3.22. Definition. An n-deformation of an algebra A is an R-deformation of A for R the
local Artinian ring k[t]/(t"1).

We have the following version of Theorem 3.15 whose proof is obvious.
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3.23. Theorem. An n-deformation of A is given by a family
{pi: A A—A|1<i<n}

of k-linear maps satisfying (Dy) of Theorem 3.15 for 1 < k < n.

3.24. Definition. An (n+ 1)-deformation of A given by {1, ..., finy1} is called an extension
of the n-deformation given by {uq, ..., .}

Let us rearrange (D,,41) into

—afin+1(b, ¢) + pnr1(ab, ¢) — pni1(a, be) + pnii(a, b)e =
= Z (MZ’(av Mj(bv C)) - :U'i(:uj (CL, b)> C))
i+j=n+1, i,j>0
Denote the trilinear function in the right-hand side by 9,, and interpret it as an element of
CI::}IOCh(A7 A)?
(9) On= D (uilay(b,) = piliy(a,b),¢)) € Ciga, (4, A).
itj=n+1, i,5>0
Using the Hochschild differential recalled in Definition 2.1, one can rewrite (D, 1) as
5Hoch(un+l) - Dn

We conclude that, if an n-deformation extends to an (n + 1)-deformation, then O, is

a Hochschild coboundary. In fact, one can prove:

3.25. Theorem. For any n-deformation, the Hochschild cochain 9, € CJ_ 4 (A, A) defined
in (9) is a cocycle, duoen(On) = 0. Moreover, [O,] = 0 in HJ 4 (A, A) if and only if the

n-deformation {p1, ..., u,} extends into some (n + 1)-deformation.
Proof. Straightforward. O

Geometric deformation theory. Let us turn our attention back to the variety of structure
constants Ass(V') recalled in Section 2, page 8. Elements of Ass(V') are associative k-linear
multiplications - : V. ® V' — V and there is a natural left action - +— -4 of GL(V') on Ass(V)
given by

(10) a-gb:=¢(¢7 (a) - 67'(b)),
for a,b € V and ¢ € GL(V). We assume that V is finite dimensional.
3.26. Definition. Let A be an algebra with the underlying vector space V interpreted as a

point in the variety of structure constants, A € Ass(V). The algebra A is called (geometri-
cally) rigid if the GL(V')-orbit of A in Ass(V') is Zarisky-open.
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Let us remark that, if k = R or C, then, by [39, Proposition 17.1], the GL(V')-orbit of A in
Ass(V) is Zarisky-open if and only if it is (classically) open. The following statement whose
proof can be found in [39, § 5] specifies the relation between the Hochschild cohomology and
geometric rigidity, compare also Propositions 1 and 2 of [9].

3.27. Theorem. Suppose that the ground field is algebraically closed.
(i) If HE, o, (A, A) = 0 then A is rigid, and
(ii) if Hy,o (A, A) =0 then A is rigid if and only if HE (A, A) = 0.

Three concepts of rigidity. One says that an associative algebra is infinitesimally rigid if
A has only trivial (i.e. equivalent to A) infinitesimal deformations. Likewise, A is analytically
rigid, if all formal deformations of A are trivial.

By Theorem 3.20, A is infinitesimally rigid if and only if HZ_, (A, A) = 0. Together with
Theorem 3.21 this establishes the first implication in the following display which in fact holds
over fields of arbitrary characteristic

infinitesimal rigidity = analytic rigidity = geometric rigidity.

The second implication in the above display is [16, Theorem 3.2]. Theorem 7.1 of the same
paper then says that in characteristic zero, the analytic and geometric rigidity are equivalent
concepts:
char. 0
analytic rigidity <= geometric rigidity.

Valued deformations. The authors of [18] studied R-deformations of finite-dimensional
algebras in the case when R was a valuation ring [2, Chapter 5]. In particular, they considered
deformations over the non-standard extension C* of the field of complex numbers, and called
these C*-deformations perturbations. They argued, in [18, Theorem 4], that an algebra A

admits only trivial perturbations if and only if it is geometrically rigid.

3.28. Remark. An analysis parallel to the one presented in this section can be made for
any class of “reasonable” algebras, where “reasonable” are algebras over quadratic Koszul
operads [38, Section I1.3.3] for which the deformation cohomology is given by a “standard
construction.” Let us emphasize that most of “classical” types of algebras (Lie, associative,

associative commutative, Poisson, etc.) are “reasonable.” See also [3, 4].

4. STRUCTURES OF (CO)ASSOCIATIVE (CO)ALGEBRAS

Let V' be a k-vector space. In this section we recall, in Theorems 4.16 and 4.21, the

following important correspondence between (co)algebras and differentials:

{coassociative coalgebra structures on the vector space V'}

!

{quadratic differentials on the free associative algebra generated by V'}.



DEFORMATION THEORY 17

and its dual version:

{associative algebras on the vector space V'}

!

{quadratic differentials on the “cofree” coassociative coalgebra cogenerated by V'}.

The reason why we put ‘cofree’ into parentheses will become clear later in this section.
Similar correspondences exist for any “reasonable” (in the sense explained in Remark 3.28)
class of algebras, see [12, Theorem 8.2]. We will in fact need only the second correspondence
but, since it relies on coderivations of “cofree” coalgebras, we decided to start with the first

one which is simpler to explain.

4.1. Definition. The free associative algebra generated by a vector space W is an associative
algebra A(W) € Ass together with a linear map W — A(W) having the following property:

For every A € Ass and a linear map W - A, there exists a unique algebra homomorphism
A(W) — A making the diagram:

W A(W)

'
A

commutative.

The free associative algebra on W is uniquely determined up to isomorphism. An example
is provided by the tensor algebra T(W) := @), W®" with the inclusion W = W®! —
T(W). There is a natural grading on T (W) given by the number of tensor factors,

T(W) =@, T"(W),
where T™(W) := W®" for n > 1 and T°(W) := 0. Let us emphasize that the tensor algebra

as defined above is nonunital, the unital version can be obtained by taking T°(W) := k.

4.2. Convention. We are going to consider graded algebraic objects. Our choice of signs
will be dictated by the principle that whenever we commute two “things” of degrees p and ¢,
respectively, we multiply the sign by (—1)P?. This rule is sometimes called the Koszul sign
convention. As usual, non-graded (classical) objects will be, when necessary, considered as

graded ones concentrated in degree 0.

Let f/: V' — W'and f”: V" — W” be homogeneous maps of graded vector spaces. The
Koszul sign convention implies that the value of (f’ ® f”) on the product v’ @ v" € V' @ V"

of homogeneous elements equals

(f/ ® f”)('U, ® 'U”) — (_1)deg(f”)deg(v’)f/(v/) ® f”(’U”).
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In fact, the Koszul sign convention is determined by the above rule for evaluation.

4.3. Definition. Assume V = V* is a graded vector space, V = @._, V'. The suspension

operator | assigns to V' the graded vector space TV with Z-grading (1V)? := V=1, There

1EL

is a natural degree +1 map T: V' — TV that sends v € V into its suspended copy Tv € TV.
Likewise, the desuspension operator | changes the grading of V according to the rule (| V)" :=
Vit The corresponding degree —1 map |: V — |V is defined in the obvious way. The
suspension (resp. the desuspension) of V' is sometimes also denoted sV or V[—1] (resp. s~'V

or V[1]).

4.4. Example. If V is an un-graded vector space, then T V is V placed in degree +1 and
1 V' is V placed in degree —1.

4.5. Remark. In the “superworld” of Z,-graded objects, the operators T and | agree and

coincide with the parity change operator.

4.6. Exercise. Show that the Koszul sign convention implies (] ® |)o (T ® 1) = —id or,

more generally,
n(n—1)

l®n o T®n:T®n o l®n: (_1>T id

for an arbitrary n > 1.

4.7. Definition. A derivation of an associative algebra A is a linear map 6 : A — A satisfying
the Leibniz rule

O(ab) = 6(a)b + ab(b)
for every a,b € A. Denote Der(A) the set of all derivations of A.

We will in fact need a graded version of the above definition:

4.8. Definition. A degree d derivation of a Z-graded algebra A is a degree d linear map
0 : A — A satisfying the graded Leibniz rule

(11) 0(ab) = 0(a)b + (—1)%ad(b)

for every homogeneous element a € A of degree |a| and for every b € A. We denote Der?(A)

the set of all degree d derivations of A.

4.9. Exercise. Let 1 : A® A — A be the multiplication of A. Prove that (11) is equivalent to
Op = pu(0 ® id) 4+ pu(id ®0).

Observe namely how the signs in the right hand side of (11) are dictated by the Koszul

convention.
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4.10. Proposition. Let W be a graded vector space and T (W) the tensor algebra generated

by W with the induced grading. For any d, there is a natural isomorphism

(12) Der(T(W)) = Lin* (W, T(W)),

where Lind(—, —) denotes the space of degree d k-linear maps.

Proof. Let 0 € Der®(T(W)) and f := 0w : W — T(W). The Leibniz rule (11) implies that,
for homogeneous elements w; € W, 1 <1 < n,

Ow; @ ... Q0 wy,) = flw) Quwa ® ... Qwy, + (=) @ flws) @ ... @wy, + -
= (=1)dlmbtiady, @ @ f(w) @ ... @ w,
=1

which reveals that 6 is determined by its restriction f on W. On the other hand, given
a degree d linear map f : W — T(W), the above formula clearly defines a derivation
0 € Der?(T(W)). The correspondence

DerY(T(W)) 2 0 «— f := 0|y € Lin®(W,T(W))
is the required isomorphism (12). d
4.11. Exercise. Let 0 € Der(T(W)), f := 0|y and x € T*>(W). Prove that
0(z) = (f ® id + id ®f)(x).

4.12. Definition. A derivation 6 € Der®(T(W)) is called quadratic if 6(W) C T?*W. A de-

gree 1 derivation 6 is a differential if 6% = 0.

4.13. Exercise. Prove that the isomorphism of Proposition 4.10 restricts to
Derd(T(W)) = Lin®(W, T*(W)),

where Derd(T(W)) is the space of all quadratic degree d derivations of T'(W).

4.14. Definition. Let V be a vector space. A coassociative coalgebra structure on V' is given

by a linear map A : V — V ® V satisfying
(A ®id)A = (id ®A)A

(the coassociativity).

We will need, in Section 6, also a cocommutative version of coalgebras:

4.15. Definition. A coassociative coalgebra A = (V, A) as in Definition 4.14 is cocommuta-
tie if
TA=A



20 DOUBEK, MARKL, ZIMA
with the swapping map 7: V®V — V ® V given by
TW ®@v") = (=)l @ o
for homogeneous v',v” € V.
4.16. Theorem. Let V' be a (possibly graded) vector space. Denote Coass(V') the set of all

coassociative coalgebra structures on'V and Diff 5(T'(1V)) the set of all quadratic differentials

on the tensor algebra T'(1V'). Then there is a natural isomorphism

Coass(V) = Diff5(T(1V)).

Proof. Let x € Diff5(T(1V)). Put f := x|y so that f is a degree +1 map 1V — TV & 1V.
By Exercise 4.11 (with W := 1V, 0 := x and z := f(Tv)),
0=x*(Tv) = x(f(1v)) = (f @ id + id ®f)(f(1v))

for every v € V, therefore
(13) (fRid+idxf)f =0.
We have clearly described a one-to-one correspondence between quadratic differentials y €
Diff5(T(1V)) and degree +1 linear maps f € Lin'(1V,T?(1V)) satisfying (13).

Given f: TV — TV ® TV as above, define the map A : V — V ® V by the commutative

diagram

TV—»f VeV
7 T®17
1% VeV

i.e., by Exercise 4.6,
A=) ofol=—(l®])ofoT.
Let us show that (13) is equivalent to the coassociativity of A. We have
(Agid)A = (-(le])f1eid) (-(le)f)=(loD)fTeid) (o)1
=((eh)fe)fT=-(clel)(feid)fT.

The minus sign in the last term appeared because we interchanged f (a “thing” of degree
+1) with | (a “thing” of degree —1). Similarly

(dRA)A = (d(=(1@ )N (=UehfN)=(we(a)fT) (el

=(eleDHfT=0elel)i[daf)fT,
so (13) is indeed equivalent to (A ® id)A = (id ®A)A. This finishes the proof. O]



DEFORMATION THEORY 21

We are going to dualize Theorem 4.16 to get a description of associative algebras, not

coalgebras. First, we need a dual version of the tensor algebra:

4.17. Definition. The underlying vector space T'(W) of the tensor algebra with the comul-
tiplication A : T(W) — T(W) @ T'(W) defined by

n—1

Al ® ... Q wy,) = Z(wl®...®w,~)®(wi+1®...®wn)
i=1
is a coassociative coalgebra denoted “T'(W) and called the tensor coalgebra.

Warning. Contrary to general belief, the coalgebra “T'(W') with the projection “T'(W) — W
is not cofree in the category of coassociative coalgebras! Cofree coalgebras (in the sense of
the obvious dual of Definition 4.1) are surprisingly complicated objects [10, 43, 20]. The coal-
gebra “T'(W) is, however, cofree in the subcategory of coaugmented nilpotent coalgebras [38,

Section 11.3.7]. This will be enough for our purposes.

In the following dual version of Definition 4.8 we use Sweedler’s convention expressing the

comultiplication in a coalgebra C' as A(c) = > ¢y ® ¢y, ¢ € C.

4.18. Definition. A degree d coderivation of a Z-graded coalgebra C' is a linear degree d
map 6 : C' — (' satisfying the dual Leibniz rule

(14) Ab(c) =Y 0(cq) @ oy + Y (=) Wleqy ©0(c),
for every ¢ € C. Denote the set of all degree d coderivations of C' by CoDer®(C).

As in Exercise 4.9 one easily proves that (14) is equivalent to
Al = (0 ®id)A + (id ®0)A.
Let us prove the dual of Proposition 4.10:
4.19. Proposition. Let W be a graded vector space. For any d, there is a natural isomor-
phism
(15) CoDer®(“T(W)) = Lin (T (W), W).
Proof. For € CoDer(T(W)) and s > 1 denote f, € Lin®(T*(W), W) the composition

‘9|TS(W) proj.

(16) fs :T°(W) — “T(W) — W.
The dual Leibniz rule (14) implies that, for wy,...,w, € W and n > 0,

n—s+1

SN (mpHlmlrtiely @ @ wi @ fl(wi ® . @ Wit 1) ® Wins @ ... D wy,

s>1 =1
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which shows that 6 is uniquely determined by f = fo + fi + fo +--- € Lin (T(W), W).
On the other hand, it is easy to verify that for any map f € Lin®(T(W), W) decomposed

into the sum of its homogeneous components, the above formula defines a coderivation

0 € CoDer®(T(W)). This finishes the proof. O

4.20. Definition. The composition f; : T*(W) — W defined in (16) is called the sth
corestriction of the coderivation 6. A coderivation § € CoDer®(T(W)) is quadratic if its sth

corestriction is non-zero only for s = 2. A degree 1 coderivation 6 is a differential if 6% = 0.

Let us finally formulate a dual version of Theorem 4.16.

4.21. Theorem. Let V be a graded vector space. Denote CoDiff5(°T(1V)) the set of all
quadratic differentials on the tensor coalgebra “T'(| V). One then has a natural isomorphism
(17) Ass(V) = CoDiff 5(“T(LV)).

Proof. Let x € CoDiff5(‘T(|V)) and f : |V ® |V — |V be the 2nd corestriction of Y.
Define p1: V@ V — V by the diagram

Welvd v
1ol }
vev -t v

The correspondence x <« p is then the required isomorphism. This can be verified by
dualizing the steps of the proof of Theorem 4.16 so we can safely leave the details to the

reader. O

5. DG-LIE ALGEBRAS AND THE MAURER-CARTAN EQUATION

5.1. Definition. A graded Lie algebra is a Z-graded vector space

s=Pg"

nez
equipped with a degree 0 bilinear map [—,—| : g ® g — g (the bracket) which is graded

antisymmetric, i.e.

(18) [a, 8] = —(=1)"I*![b, a]

for all homogeneous a, b € g, and satisfies the graded Jacobi identity:

(19) [, [b, €] + (=)l DD, [e, a]] + (—1) e, [a, 5] = 0

for all homogeneous a, b, c € g.



DEFORMATION THEORY 23

5.2. Exercise. Write the axioms of graded Lie algebras in an element-free form that would
use only the bilinear map | := [—,—] : g ® g — g and its iterated compositions, and the
operator of “permuting the inputs” of a multilinear map. Observe how the Koszul sign

convention helps remembering the signs in (18) and (19).

5.3. Definition. A dg-Lie algebra (an abbreviation for differential graded Lie algebra) is a
graded Lie algebra L = €
d: L — L which is

nez L™ as in Definition 5.1 together with a degree 1 linear map

— a degree 1 derivation , i.e. d[a,b] = [da, b] + (—1)l%[a, db] for homogeneous a,b € L, and

— a differential, i.e. d®> = 0.

Our next aim is to show that the Hochschild complex (Cfj,, (A, A), dnocn) of an associative
algebra recalled in Definition 2.1 has a natural bracket which turns it into a dg-Lie algebra.

We start with some preparatory material.

5.4. Proposition. Let C be a graded coalgebra. For coderivations 0, ¢ € CoDer(C') define

0,6]:=000—(-1)"¥lg 0.
The bracket [—, —] makes CoDer(C) = @, ., CoDer™(C) a graded Lie algebra.

neL

Proof. The key observation is that [0, ¢] is a coderivation (note that neither 6o¢ nor ¢of are
coderivations!). Verifying this and the properties of a graded Lie bracket is straightforward
and will be omitted. O

5.5. Proposition. Let C be a graded coalgebra and x € CoDer*(C) such that
(20) [ x] =0,
where [—, —] is the bracket of Proposition 5.4. Then
d(0) := [x, 0] for 6 € CoDer(C)
is a differential that makes CoDer(C) a dg-Lie algebra.

Observe that, since |x| = 1, (20) does not tautologically follow from the graded antisym-
metry (18).

Proof of Proposition 5.5. The graded Jacobi identity (19) implies that, for each homoge-
neous 6,

D I ) = = (=) 10, X1 = [0, [ X1
Now use the graded antisymmetry [0, x] = (—1)1*1[x, 6] and the assumption [y, x] = 0 to

conclude from the above display that

[Xa [Xa 0“ = _[X7 [X7 QH,
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therefore, since the characteristic of the ground field is zero,
d*(0) =[x, [x,0]] = 0,
so d is a differential. The derivation property of d with respect to the bracket can be verified

in the same way and we leave it as an exercise to the reader. O

In Proposition 5.5 we saw that coderivations of a graded coalgebra form a dg-Lie algebra.
Another example of a dg-Lie algebra is provided by the Hochschild cochains of an associative

algebra (see Definition 2.1). We need the following;:

5.6. Definition. For f € Lin(V®™+D V) g € Lin(VE™+) V) and 1 < i < m + 1 define
foig € Lin(VOmnth) V) by

(foig)i=f (z‘d%“’” g @ z’d%ﬂ’”’”“)) .

Define also
m+1
fog=> (=1)""fo.g
i=1
and, finally,
[f;9] = fog—(=1)"go[.
The operation [—, —] is called the Gerstenhaber bracket (our definition however differs from

the original one of [13] by the overall sign (—1)").

Let A be an associative algebra with the underlying space V. Since, by Definition 2.1,
Citl (A, A) = Lin(VOUFD V), the structure of Definition 5.6 defines a degree 0 operation
[—, =] : Citl (A A) @ CiHL (A A) — CiL (A, A) called again the Gerstenhaber bracket.

We leave as an exercise the proof of

5.7. Proposition. The Hochschild cochain complex of an associative algebra together with
the Gerstenhaber bracket form a dg-Lie algebra C3tL (A, A) = (CiitL (A, A), [—, =], OHocn)-

The following theorem gives an alternative description of the dg-Lie algebra of Proposi-
tion 5.7.

5.8. Theorem. Let A be an associative algebra with multiplication pu : V@ V. — V and
x € CoDiff5(°T(1V)) the coderivation that corresponds to p in the correspondence of The-
orem 4.21. Let d := [x, —| be the differential introduced in Proposition 5.5. Then there is a

natural isomorphism of dg-Lie algebras

o~

5 : (Cl(ikotkll) (A7 A)> [_7 _]7 5Hoch> - (COD(ET’* (CT(lv))a [_7 _]7 d) :
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Proof. Given ¢ € Cptl (A, A) = Lin(VE™+D V) et f: (V)2 — |V be the degree n
linear map defined by the diagram

vy Ly

l@(nJrl) l

yen+l) ¢ V.
By Proposition 4.19, there exists a unique coderivation § € CoDer™(“T'([V')) whose (n + 1)th
corestriction is f and other corestrictions are trivial.
The map ¢ : C’I(;Otﬁ)(A, A) — CoDer*(°T(]V)) defined by £(¢) := 6 is clearly an isomor-
phism. The verification that & commutes with the differentials and brackets is a straightfor-

ward though involved exercise on the Koszul sign convention which we leave to the reader. [

5.9. Corollary. Let u be the multiplication in A interpreted as an element of C3, .. (A, A),
and f € Clom (A, A). Then Suoen(f) = (1 f]-

Proof. The corollary immediately follows from Theorem 5.8. Indeed, because & commutes

with all the structures, we have

5Hoch<f) = éilgéHoch(f) = gil(d(éf)) = 571[X7 gf] = [:ua f]
We however recommend as an exercise to verify the corollary directly, comparing [u, f] to
the formula for the Hochschild differential. O

5.10. Proposition. A bilinear map k : V @V — V defines an associative algebra structure

on V if and only if [k, k] = 0.

Proof. By Definition 5.6 (with m =n = 1),
1 1

5[/1,%]:5(/10/{—(—1)”1"/40/{) =KOK=KO1Kk— Koy k =kK(Kk®idy) — k(idy ®K),

therefore [k, k] = 0 is indeed equivalent to the associativity of &. O

5.11. Proposition. Let A be an associative algebra with the underlying vector space V and
the multiplication pu : V@V — V. Let v € C}, 4, (A, A) be a Hochschild 2-cochain. Then
p+veCq (A A) = Lin(V®2 V) is associative if and only if

1
(21) OHoch (V) + §[I/, v =0.
Proof. By Proposition 5.10, u + v is associative if and only if
1 1 1
0= gl vt v = g { b + o + sl + o b = Ga0) + 500001

To get the rightmost term, we used the fact that, since p is associative, [u,pu] = 0 by
Proposition 5.10. We also observed that [u, V| = [v, ] = dnoen(v) by Corollary 5.9. O
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A bilinear map v : V®V — V such that u+v is associative can be viewed as a deformation
of p. This suggests that (21) is related to deformations. This is indeed the case, as we will
see later in this section. Equation (21) is a particular case of the Maurer-Cartan equation

in a arbitrary dg-Lie algebra:

5.12. Definition. Let L = (L, [—, —],d) be a dg-Lie algebra. A degree 1 element s € L! is

Maurer-Cartan if it satisfies the Maurer-Cartan equation
1
(22) ds + 5[3, s] = 0.

5.13. Remark. The Maurer-Cartan equation (also called the Berikashvili equation) along
with its clones and generalizations is one of the most important equations in mathematics.
For instance, a version of the Maurer-Cartan equation describes the differential of a left-

invariant form, see [25, 1.§4].

Let g be a dg-Lie algebra over the ground field k. Consider the dg-Lie algebra L over the

power series ring k[[t]] defined as
(23) L:=g® (1),

where (t) C k[[t]] is the ideal generated by t. Degree n elements of L are expressions
fit + fot? +---, fi € g" for i > 1. The dg-Lie structure on L is induced from that of g in
an obvious manner. Denote by MC(g) the set of all Maurer-Cartan elements in L. Clearly,
a degree 1 element s = fit + fot® + - -+ is Maurer-Cartan if its components {f; € g'}i>
satisfy the equation:
(MCy) dfe + % S Ui fi)=0

i+j=k
for each k£ > 1.

5.14. Example. Let us apply the above construction to the Hochschild complex of an as-
sociative algebra A with the multiplication i, that is, take g := Cji'L (A, A) with the Ger-
stenhaber bracket and the Hochschild differential. In this case, one easily sees that (MCy)
for s = it + pat* +- -+, i € Cfoo (A, A) is precisely equation (Dy,) of Theorem 3.15, k > 1,
compare also calculations on page 15. We conclude that MC(g) is the set of infinitesimal

deformations of .

Let us recall that each Lie algebra [ can be equipped with a group structure with the

multiplication given by the Hausdorff-Campbell formula:

(21) voyi= oyt gle sl + ol + sy al) +
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assuming a suitable condition that guarantees that the above infinite sum makes sense in [,
see [42, L.IV.§7]. We denote [ with this multiplication by exp(l). Formula (24) is obtained
by expressing the right hand side of

x -y = log(exp(xr) exp(y)),

where

1 1 1 1
exp(a) := 1+a+ﬁa2—l—§a3+--- , log(l+a):=a-— §a2+§a3—--- :
in terms of iterated commutators of non-commutative variables x and y.

Using this construction, we introduce the gauge group of g as

G(g) == exp(L’),
where L° = g% ® (¢) is the Lie subalgebra of degree zero elements in L defined in (23). Let

us fix an element y € g'. The gauge group then acts on L' = g' ® (¢) by the formula

(25) x-l::l—l—[m,x+l]+%[z,[z,x—l—l]]+%[z,[w,[z,x+l]]]—l—---, r € G(g),l € L,

obtained by expressing the right hand side of
(26) -1 = exp(z)(x + 1) exp(—z) — X

in terms of iterated commutators. Denoting dy := [x, x|, formula (25) reads
1 1
@7) w-l=1+do+ [ol)+ 5 { o, da] + [a o, 0]} + 5 { [ o, dol] + [ o o U + -

5.15. Lemma. Action (27) of G(g) on L' preserves the space MC(g) of solutions of the

Maurer-Cartan equation.

Proof. We will prove the lemma under the assumption that g is a dg-Lie algebra whose dif-
ferential d has the form d = [y, —] for some yx € g! satisfying [x, x] = 0 (see Proposition 5.5).

The proof of the general case is a straightforward, though involved, verification.

It follows from (26) that x + z - | = exp(z)(x + ) exp(—x), i.e. z transforms x + [ into
exp(x)(x + 1) exp(—z). Under the assumption d = [x, —], the Maurer-Cartan equation for [
is equivalent to [x + [, x + {] = 0. The Maurer-Cartan equation for the transformed [ then

reads
lexp(z) (x + 1) exp(—x), exp(z) (x + 1) exp(—z)] =0,
which can be rearranged into
exp(z)[x + 1, x + ] exp(—z) = 0.
This finishes the proof. U
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Thanks to Lemma 5.15, it makes sense to consider

Def(g) :=MC(g)/G(g),

the moduli space of solutions of the Maurer-Cartan equation in L = g ® (t).

5.16. Example. Let us return to the situation in Example 5.14. In this case
g0 = Cioan (4, A) = Lin(A, A),

with the bracket given by the commutator of the composition of linear maps. The gauge
group G(g) consists of elements x = fit + fot®> + ..., f; € Lin(A, A). Tt follows from the
definition of the gauge group action that two formal deformations p' = pg + pyt + pht® + - - -
and p" = po + pit + pht? 4+ - -+ of uo define the same element in Def(g) if and only if

(28)  exp(x)(po + pt + ppt® + -+ ) = (po + pit + pyt® + -+ ) (exp(z) @ exp(z))
for some = € G(g). The above formula has an actual, not only formal, meaning — all power
series make sense because of the completeness of the ground ring.

On the other hand, recall that in Example 3.17 we introduced the group
H = {u=ida+¢it + ¢at> + - --| ¢ € Lin(A, A)}.

The exponential map exp : G(g) — H is a well-defined isomorphism with the inverse map
log : H — G(g). We conclude that the equivalence relation defined by (28) is the same
as the equivalence defined by (5) in Example 3.17, therefore Def(g) = MC(g)/G(g) is the

moduli space of equivalence classes of formal deformations of .

The above analysis can be generalized by replacing, in (23), (t) by an arbitrary ideal m in

a local Artinian ring or in a complete local ring.

6. Loo-ALGEBRAS AND THE MAURER-CARTAN EQUATION

We are going to describe a generalization of differential graded Lie algebras. Let us start

by recalling some necessary notions.

Let W be a Z-graded vector space. We will denote by AW the free graded commutative
associative algebra over W . 1t is characterized by the obvious analog of the universal property
in Definition 4.1 with respect to graded commutative associative algebras. It can be realized
as the tensor algebra T(W) modulo the ideal generated by » ® y — (—1)*IMly @ z. If one
decomposes

W = Jeven g yrodd

into the even and odd parts, then

/\W ~ k[weven] ® E[WOdd],
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where the first factor is the polynomial algebra and the second one is the exterior (Grass-
mann) algebra. The algebra AW can also be identified with the subspace of T'(W) consisting

of graded-symmetric elements (remember we work over a characteristic zero field).

Denote the product of (homogeneous) elements wy, ..., w, € W in AW by w; A ... Aw,.
For a permutation o € & we define the Koszul sign (o) € {—1,+1} by

wi AL AWy = €(0)Wo1) Ao A Wok)
and the antisymmetric Koszul sign x(o) € {—1,+1} by
x(0) := sgn(o)e(0).
6.1. Exercise. Express ¢(o) and x(o) explicitly in terms of o and the degrees |wy],. .. |w,].

Finally, a permutation o € &,, is called an (i,n — i)-unshuffle if o(1) < ... < o(i) and
o(i+1) <...<o(n). The set of all (i,n — i)-unshuffles will be denoted &; ,,_;).

6.2. Definition. An L. -algebra (also called a strongly homotopy Lie or sh Lie algebra) is
a graded vector space V together with a system

I, : "V -V, keN
of linear maps of degree 2 — k subject to the following axioms.

— Antisymmetry: For every k € N, every permutation ¢ € & and every homogeneous

Vi,...,0 €V,

(29> lk(UU(1)7 cee 7UJ(k)) = X(U)lk(vh cee 7Uk)'
— For every n > 1 and homogeneous v, ...,v, € V,
(Lo) > (=1 > X)Ly, - - - Vo))s Va(ist)s - - - > Vo)) = 0.
i+j=n+1 0€S; n_i

6.3. Remark. The sign in (L,) was taken from [17]. With this sign convention, all terms
of the (generalized) Maurer-Cartan equation recalled in (31) below have +1-signs. Our sign
convention is related to the original one in [28, 29] via the transformation [,, +— (—1)(%1)[”.
We also used the opposite grading which is better suited for our purposes — the operation [
as introduced in [28, 29] has degree k — 2.

Let us expand axioms (L,,) for n = 1,2 and 3.

Case n = 1. For n =1 (L;) reduces to [;(l;(v)) = 0 for every v € V, i.e. [; is a degree +1

differential.

Casen = 2. By (29), 1, : V®V — V is a linear degree 0 map which is graded antisymmetric,
lo(v,u) = (= 1)1y (u, v)
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and (L,) for n = 2 gives

(La) L (I (u, 0) = ly(l(w),v) + (=1)"iy (u, 1 (v))

meaning that [y is a graded derivation with respect to the multiplication l5. Writing d := I3

and [u,v] := la(u,v), (La) takes more usual form
dlu,v] = [du,v] + (—1)"[u, dv].
Case n = 3. The degree —1 graded antisymmetric map I3 : @3V — V satisfies (L3):

<_1)|u‘|w‘ [[u7 ’U], w] + (_1)‘1}”1“'[[11)7 U], U] + (_1)‘UHU‘ [[Uv U)], u] =
= (=Dl dlg(u, v, w) + I3(du, v, w) + (=1)"1s(u, dv, w) + (=1) P (u, v, dw)).
One immediately recognizes the three terms of the Jacobi identity in the left-hand side and

the d-boundary of the trilinear map I3 in the right-hand side. We conclude that the bracket
[—, —] satisfies the Jacobi identity modulo the homotopy [3.

6.4. Example. If all structure operations l;’s of an L.-algebra L = (V,ly,1s,13,...) except
Iy vanish, then L is just a dg-vector space with the differential d = [;. If all I}’s except [
and [y vanish, then L is our familiar dg-Lie algebra from Definition 5.3 with d = [; and the

Lie bracket [—, —] = l5. In this sense, dg-Lie algebras are particular cases of L.-algebras.

6.5. Example. Let L' = (V' 11,105,105, ...) and L" = (V" 1],15,15,...) be two L.,-algebras.
Define their direct sum L' & L” to be the L..-algebra L' & L” with the underlying vector

space V' @ V" and structure operations {l}r>1 given by
L(vy @ vy, .. v, @ o) = Loy, o) + (0 vg),

for v},... v, € V' o ... v € V.

For a graded vector space V' denote Vi (V) the quotient of ®k V' modulo the subspace
spanned by elements
V1 ® - ® vk — X(0) V(1) @+ ® Ug(r).-
The antisymmetry (29) implies that the structure operations of an L, algebra can be inter-
preted as maps

We are going to give a description of the set of L..-structures on a given graded vector
space in terms of coderivations, in the spirit of Theorem 4.21. To this end, we need the

following coalgebra which will play the role of “T'(W).
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6.6. Proposition. The space \(W) with the comultiplication A : A(W) — A(W) @ A(W)
defined by

[y

n—

Alwy Ao Awy) =

(]

Z 6(0) (wg(l) VANPIA wo(i)) & (wg(lqu) VANRIRAVAN ’wg(n))

1=1 0€G; n_;

is a graded coassociative cocommutative coalgebra. We will denote it *\(W).
Proof. A direct verification which we leave to the reader as an exercise. O
For the coalgebra ¢/A\(W), the following analog of Proposition 4.19 holds.

6.7. Proposition. Let W be a graded vector space. For any d, there is a natural isomorphism

CoDer®(CAN(W)) 2 Lin®(C\N(W), W).

We leave the proof to the reader. Observe that the coalgebra °/A(W) is a direct sum
AW) =P A"w)
n>1
of subspaces A" (W) spanned by wy A. .. Aw,, for wy,...,w, € W. One may define the sth

corestriction of a coderivation § € CoDer(°A(W)) as the composition

s 9'/\S(W) proj.
fs : SN (W) —— NW) — W.

As in Definition 4.20, a coderivation § € CoDer?(°A(W)) is quadratic if its sth corestriction
is non-zero only for s = 2. A differential is a degree 1 coderivation 6 such that 62 = 0.

6.8. Theorem. Denote by Lo (V) the set of all Lo-algebra structures on a graded vector
space V and CoDiff'(°\(LV)) the set of differentials on (1 V). Then there is a bijection
Loo(V) = CoDiff (A(IV).

Proof. Let x € CoDiff*(*A(}V)) and f, : °A"(| V) — |V the nth corestriction of y, n > 1.

Define I,, : V,,(V) — V by the diagram
c f”
X"l l

Ly

V. (V) V.
It is then a direct though involved verification that the maps
(30) L= (—1){"2)7,

define an L..-structure on V and that the correspondence x < (l1,1s,13,...) is one-to-one.

The reason for the sign change in (30) is explained in Remark 6.3. U
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6.9. Remark. By Theorem 6.8, L..-algebras can be alternatively defined as square-zero dif-
ferentials on “cofree” cocommutative coassociative coalgebras (the reason why we put ‘cofree’
into quotation marks is the same as in Section 4, see also the warning on page 21). Dual
forms of these object, i.e. square-zero differentials on free commutative associative algebras,
are Sullivan models that have existed in rational homotopy theory since 1977 [45]. The same
objects appeared as generalizations of Lie algebras independently in 1982 in a remarkable pa-
per [7]. As homotopy Lie algebras with a coherent system of higher homotopies, L.-algebras

were recognized much later [22, 29].

6.10. Exercise. Show that the isomorphism of Theorem 6.8 restricts to the isomorphism
Lie(V) = CoDiff5(°A(LV))

between the set of Lie algebra structures on V' and quadratic differentials on the coalgebra

¢A(lV). This isomorphism shall be compared to the isomorphism in Theorem 4.21.

Let us make a digression and see what happens when one allows in the right hand side
of (17) all, not only quadratic, differentials. The above material indicates that one should
expect a homotopy version of associative algebras. This is indeed so; one gets the following

objects that appeared in 1963 [44] (but we use the sign convention of [33]).

6.11. Definition. An A -algebra (also called a strongly homotopy associative algebra) is

a graded vector space V together with a system
e VR SV, k> 1,
of linear maps of degree k — 2 such that

—1n—X

(An) Z (_1>k+>\+k)\+k(‘vl‘+...+‘UA|) ':un*kﬂLl(’Ul? ey U, :uk(v)\Jrh ) U)\+k)7 UNk+15 -y Un) = O
A=0 k=1

3

for every n > 1, vy,...,v, € V.

One easily sees that (A;) means that 0 := p; is a degree —1 differential, (Ay) that the
bilinear product py : V® V. — V commutes with 0 and (A3) that pg is associative up to
the homotopy u3. As-algebras can also be described as algebras over the cellular chain
complex of the non-¥ operad K = {K,},>1 whose nth piece is the (n — 2)-dimensional
convex polytope K, called the Stasheff associahedron [38, Section I1.1.6]. Let us mention at
least that K5 is the point, K3 the closed interval and K, is the pentagon from Mac Lane’s

theory of monoidal categories [31]. A portrait of K5 due to Masahico Saito is in Figure 1.
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FIGURE 1. Saito’s portrait of K.

6.12. Theorem. For a graded vector space V' denote Ay (V') the set of all Ax-algebra struc-
tures on 'V and CoDiff'(‘T(|V)) the set of all differentials on “T(|V). Then there is a
natural bijection

Aso (V) =2 CoDiff *(°T(L V).

Proof. The isomorphism in the above theorem is of the same nature as the isomorphism of
Theorem 6.8, but it also involves the ‘flip’ of degrees since we defined, following [33], A.-
algebras in such a way that the differential 0 = 1 has degree —1. We leave the details to
the reader. OJ

Let us return to the main theme of this section. Our next task will be to introduce
morphisms of L.-algebras. We start with a simple-minded definition.

Suppose L' = (V' I1,15,15,...) and L" = (V" I7,15,1%,...) are two Lo.-algebras. A strict
morphism is a degree zero linear map f : V' — V" which commutes with all structure
operations, that is

f(or, o ok)) = Gi(f(01), - fuk)),
for each vy,...,v, € V', k > 1.

For our purposes we need, however, a subtler notion of morphisms. We give a definition

that involves the isomorphism of Theorem 6.8.

6.13. Definition. Let L' and L” be L.-algebras represented by dg-coalgebras (‘A(] V"), )
and (A(LV"),8"). A (weak) morphism of Ly.-algebras is then a morphism of dg-coalgebras
F:(CA(V),8) — (CA(LVT"),d8").

Definition 6.13 can be unwrapped. Let Fj : “Ar(l V') — | V" be, for each k& > 1, the

composition
proj.

ALV —— AUV E v
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Define the maps fi : ViV’ — V” by the diagram

F
C/\k(lv/) L’ lv//
®"| !

\/kvl Ji VY
Clearly, fy is a degree 1 — k linear map. The fact that F'is a dg-morphism can be expressed

via a sequence of axioms (M,,), n > 1, where (M,,) postulates the vanishing of a combination

of n-multilinear maps on V' with values in V" involving f;,l} and [/ for i < n.

We are not going to write (M,,)’s here. Explicit axioms for L,-maps can be found in [24],
see also [28, Definition 5.2] where the particular case when L” is a dg-Lie algebra (I = 0
for k > 3) is discussed in detail. The reader is however encouraged to verify that (M) says
that fi : (V',1}) — (V",1}) is a chain map and that (Ms) means that f; commutes with the
brackets [}, and [ modulo the homotopy fs.

Morphisms of L..-algebras L' and L” with underlying vector spaces V' and V" can there-
fore be equivalently defined as systems f = {f : " V' — V" ti>1, where fi is a degree
1 —k graded antisymmetric linear map, and axioms (M,,), n > 1, are satisfied. Let us denote

by L. the category of L..-algebras and their morphisms in the sense of Definition 6.13.

6.14. Exercise. Show that the category strL, of L-algebras and their strict morphisms can
be identified with the (non-full) subcategory of L., with the same objects and morphisms
f=(f1, fo,...) such that f, =0 for k > 2.

Show that the obvious imbedding dglie — L., is not full. This means that there are
more morphisms between dg-Lie algebras considered as elements of the category L., than in
the category of dglie. Observe finally that the forgetful functor OJ : L., — dgVect given by

forgetting all structure operations is not faithful.

7. HOMOTOPY INVARIANCE OF THE MAURER-CARTAN EQUATION

Let us start with recalling some necessary definitions.

7.1. Definition. A morphism f = (f1, fo,...) : L' = (V' 11,15, ...) — L" = (V"I]15,...)
of L.-algebras is a weak equivalence if the chain map f; : (V', 1) — (V”,l]) induces an

isomorphism of cohomology.

7.2. Definition. An L..-algebra L = (V,ly,ls,...) is minimal if [; = 0. It is contractible if
lp =0 for k> 2 and if H*(V,l;) = 0.
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7.3. Proposition. Let f be a weak equivalence of minimal Lo.-algebras g’, g” over the ground
field k. Let m be the mazimal ideal in a complete local k-algebra R. Then the induced map
fom:L — L" where L' =g @ m and L" := g’ ® m, is an isomorphism of L.,-algebras.

Proof. Tt follows from the minimality of g’ and g” that the linear part f; of the weak equiv-
alence f = (fi, fo,...) is an isomorphism, thus the corresponding map F' : (CA(LV'),§") —
(°A(LV"),6") induces an isomorphism of generators. Such maps can be formally inverted,

and the extension of scalars by m guarantees that the inversion formula converges. U

Warning. There seems to be general belief that a weak equivalence of minimal L .-algebras
is always an isomorphism, but simple examples show that this is not true. One needs to
control the convergence of the inversion formula. This can be achieved either by extending
the scalars as in the above proposition, or by imposing some restrictions on the grading, as

the simple connectivity assumption in rational homotopy theory.

The following theorem, which can be found in [26], uses the direct sum of L.-algebras

recalled in Example 6.5.

7.4. Theorem. FEach L..-algebra is the direct sum of a minimal and a contractible L .-

algebra.

Let L = L,, ® L. be a decomposition of an L..-algebra L into a minimal L..-algebra L,,
and a contractible L..-algebra L.. Since the inclusion ¢ : L,, — L,, ® L. = L is a weak

equivalence, Theorem 7.4 implies:

7.5. Corollary. Fach Ly-algebra is weakly equivalent to a minimal one.

Corollary 7.5 can also be derived from homotopy invariance properties of strongly homo-
topy algebras proved in [35]. Suppose we are given an L..-algebra L = (V,l1,ls,...). In
characteristic zero, two cochain complexes have the same cochain homotopy type if and only
if they have isomorphic cohomology. In particular, the cochain complex (V1) is homotopy
equivalent to the cohomology H*(V, ;) considered as a complex with trivial differential. Move
(M1) on page 133 of [35] now implies that there exists an induced minimal L.-structure on
H*(V, 1), weakly equivalent to L. Let us remark that an A..-version of Corollary 7.5 was
known to Kadeishvili already in 1985, see [23].

Remarkably, each L.,-algebra is, under some mild assumptions, weakly equivalent to a dg-
Lie algebra. This can be proved as follows. Suppose L is an L.-algebra represented by a
dg-coalgebra (‘A(LV),d). The bar construction B(°A(]V'),0) is a dg-Lie algebra and one

may show, under an assumption that guarantees the convergence of a spectral sequence, that
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B(°A\(lV),0) is weakly equivalent to L in the category of L.-algebras. This property is an
algebraic analog of the rectification principle for WP-spaces provided by the M-construction
of Boardman and Vogt, see [38, Theorem I1.2.9].

Let g be an L..-algebra over the ground field k, with the underlying k-vector space V.
Then V ® (t), where (t) C k][t]] is the ideal generated by ¢, has a natural induced L..-
structure. Denote this L.-algebra by L :=g® (t) = (V ® (t),11,1,13,...). Let MC(g) be

the set of all degree +1 elements s € L' satisfying the generalized Maurer-Cartan equation

1 1 1
(31) li(s) + §l2(s, s) + 5[3(8, S,8)+ -+ mln(s, ey 8)+ - =0.

When g is a dg-Lie algebra, one recognizes the ordinary Maurer-Cartan equation (22).

At this moment one needs to introduce a suitable gauge equivalence between solutions
of (31) generalizing the action of the gauge group G(g) recalled in (25). Since in applications
of Section 8 all relevant L..-algebras are in fact dg-Lie algebras, we are not going to describe
this generalized gauge equivalence here, and only refer to [26] instead. We denote Def(g) the
set of gauge equivalence classes of solutions of (31). Let us, however, mention that there are
examples, as bialgebras treated in [36], where deformations are described by a fully-fledged

L.-algebra.

7.6. Example. For g contractible, Def(g) is the one-point set consisting of the equivalence
class of the trivial solution of (31). Indeed,

MC(Q):{8281t+52t2—|—... |d$1:d52:...:0}

so, by acyclicity, s; = db; for some b; € g°, 4 > 1. Formula (27) (with x = —byt; — bytg — - - -
and | = sit + sot% + - -) gives

therefore s = st + sot? + - - - is equivalent to the trivial solution.

7.7. Example. Let g’ and g” be two L..-algebras. Then, for the direct product,

Def(g’ © g") = Def(g’) x Def(g”).
Indeed, it follows from definition that MC(g’ & g”) = MC(g') x MC(g”). This factorization

is preserved by the gauge equivalence.

The central statement of this section reads:

7.8. Theorem. The assignment g — Def(g) extends to a covariant functor from the category
of Lso-algebras and their weak morphisms to the category of sets. A weak equivalence f :

g — g" induces an isomorphism Def(f) : Def(g’) = Def(g”).
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The above theorem implies that the deformation functor Def descends to the localization
hoL., obtained by inverting weak equivalences in L,. By Quillen’s theory [40], holL, is
equivalent to the category of minimal L..-algebras and homotopy classes (in an appropriate
sense) of their maps. This explains the meaning of homotopy invariance in the title of this

section.

Proof of Theorem 7.8. For an Ly,-morphism f = (fi, f2, f3,...) : ¢ — @” define MC(f) :
MC(g") — MC(g") by
MC()(8) 1= ils) + 5 fols ) 4o fulss o) 4
It can be shown that MC(f) is a well-defined map that descends to the quotients by the
gauge equivalence, giving rise to a map Def(f) : Def(g') — Def(g”).
Assume that f : g — g” above is a weak equivalence. By Theorem 7.4, g’ decomposes

as ¢ =g/, & g., with g/, minimal and g/, contractible, and there is a similar decomposition

g’ =g’ @® g/ for g". Define the map f: g/ — g” by the commutativity of the diagram

/! /! t !/

g D0,
f f

ol gl g,

in which i is the natural inclusion and p the natural projection. Observe that f is a weak

equivalence. By Proposition 7.3, f becomes, after extending the scalars by (t) C k[[t]], an iso-

morphism. Therefore, in the following induced diagram, the map Def(f) is an isomorphism,

t00:
Def(g,,) x Def(g,) 2efd), Def(g,,)
Def(f) Def(f)
Def(p)

Def(g,,) x Def(ge) ——> Def(gy,).
Since, by Example 7.6, both Def(g.) and Def(g”) are points, the maps Def(i) and Def(p) are
isomorphisms. We finish the proof by concluding that ®ef(f) is also an isomorphism. U

8. DEFORMATION QUANTIZATION OF POISSON MANIFOLDS

In this section we indicate the main ideas of Kontsevich’s proof of the existence of a de-
formation quantization of Poisson manifolds. Our exposition follows [26]. Let us recall some

necessary notions.
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8.1. Definition. A Poisson algebra is a vector space V with operations - : V®V — V and
{—,—}:V®V — V such that:

— (V, ) is an associative commutative algebra,

— (V,{—,—}) is a Lie algebra, and

—the map v — {u, v} is a - -derivation for any v € V', i.e. {u,v-w} = {u,v} - w+v-{u,w}.
8.2. Exercise. Show that Poisson algebras can be equivalently defined as structures with

only one operation ¢ : V ® V' — V such that

us(vew) = (uev)ow — %{(uow)ov + (vew)eu — (veu)ew — (wou)ov)} :

for each u,v,w € V, see [37, Example 2].

Poisson algebras are ‘classical limits’ of associative deformations of commutative associa-
tive algebras. By this we mean the following. Let A = (V| - ) be an associative algebra with
multiplication a,b — a - b. Consider a formal deformation (k[[t]] ® V,x) of A given, as in
Theorem 3.15, by a family {y; : A® A — A};>1 by the formula
(32) axb:=a-b+tu(a,b) + t*us(a,b) + t*us(a,b) + - - -
for a,b € V. We have the following;:

8.3. Proposition. Suppose A = (V, - ) is a commutative associative algebra. Then, for
an associative deformation (32) of A,

{a,b} := u1(a,b) — pi(b,a), a,b eV,
is a Lie bracket such that P, := (V,-,{—,—}) is Poisson algebra.

8.4. Definition. In the above situation, P, is called the classical limit of the x-product and

(k[[t]] ® V, %) a deformation quantization of the Poisson algebra P,.

Proof of Proposition 8.3. Let us prove first that {—, —} is a Lie bracket. The antisymmetry
of {—, —} is obvious, one thus only needs to verify the Jacobi identity. It is a standard fact
that the antisymmetrization of an associative multiplication is a Lie product [42, Chapter I],
therefore [—, —| defined by [z,y] == zxy —y xx for z,y € k[[t]] ® A, is a Lie bracket
on k[[t]] ® A. We conclude by observing that the Jacobi identity for {—, —} evaluated at

a,b,c € Ais the term at 2 of the Jacobi identify for [—, —] evaluated at the same elements.

It remains to verify the derivation property. It is clearly equivalent to
(33) pi(ab, c) — pi(c,ab) — apq (b, ¢) + apq(c,b) — pi(a, )b+ pi(e,a)b =0

where we, for brevity, omitted the symbol for the - -product. In Remark 3.16 we observed

that pq is a Hochschild cocycle, therefore
pla, b, c) = apy(b,c) — p(ab, c) + p1(a, be) — py(a,b)e = 0.
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A straightforward verification involving the commutativity of the - -product shows that the
left hand side of (33) equals —p(a, b, ¢) + p(a, c,b) — p(c,a,b). This finishes the proof. O

Let us recall geometric versions of the above notions.

8.5. Definition. A Poisson manifold is a smooth manifold M equipped with a Lie prod-
uct {—,—} : C°(M) @ C*°(M) — C°°(M) on the space of smooth functions such that

(C®°(M), - ,{—,—}), where - is the standard pointwise multiplication, is a Poisson algebra.

Poisson manifolds generalize symplectic ones in that the bracket {—,—} need not be
induced by a nondegenerate 2-form. The following notion was introduced and physically
justified in [5].

8.6. Definition. A deformation quantization (also called a star product) of a Poisson man-
ifold M is a deformation quantization of the Poisson algebra (C*°(M),-,{—, —}) such that

all p;’s in (32) are differential operators.

8.7. Theorem (Kontsevich [26]). Every Poisson manifold admits a deformation quantiza-

tion.

Sketch of Proof. Maxim Kontsevich proved this theorem in two steps. He proved first a ‘local’
version assuming M = R? and then he globalized the result to an arbitrary M using ideas
of formal geometry and the language of superconnections. We are going to sketch only the

first step of Kontsevich’s proof.
The idea was to construct two weakly equivalent L..-algebras g’, g” such that Def(g’)

contained the moduli space of Poisson structures on M and Def(g”) was the moduli space
of star products, and then apply Theorem 7.8. In fact, g’ will turn out to be an ordinary

graded Lie algebra and g” a dg-Lie algebra.

— Construction of g'. It is the graded Lie algebra of polyvector fields with the Shouten-
Nijenhuis bracket. In more detail, g’ = P, -, 9™ with

g" :=T(M,\"""TM), n>1,

where I'(M, A" T M) denotes the space of smooth sections of the (n + 1)th exterior power
of the tangent bundle T'M. The bracket is determined by

[Eo N AEmo AL Ay =

k l
::Z (=D)FE I AE N ANEN AN AT A AN AT,
—

=0 j
where &, ..., &, m,...,m € I'(M,TM) are vector fields, " indicates the omission and [&;, 7]
in the right hand side denotes the classical Lie bracket of vector fields &; and n; [25, 1.§1].
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Recall that Poisson structures on M are in one-to-one correspondence with smooth sections
a € T'(M,\*TM) satisfying [o,a] = 0. The corresponding bracket of smooth functions
frg € C®(M) is given by {f, g} = a(f ® g). Since ¢’ is just a graded Lie algebra,

MC(g)={s=sit+st’+...€g" @) | [s,5] =0}

therefore clearly s := at € MC(g') for each o € I'(M, A*T'M) defining a Poisson structure.
We see that Def(g’) contains the moduli space of Poisson structures on M.

— Construction of g”. It is the dg Lie algebra of polydiffenential operators,
0" = €D Dpoyy (M),
n>0
where
poty (M) € Clii, (C(M), O (M)
consists of Hochschild cochains (Definition 2.1) of the algebra C'°(M) given by polydiffer-
ential operators. It is clear that Dy (M) is closed under the Hochschild differential and
the Gerstenhaber bracket, so the dg-Lie structure of Proposition 5.7 restricts to a dg-Lie
structure on g”. The analysis of Example 5.16 shows that Def(g”) represents equivalence
classes of star products.

— The weak equivalence. Consider the map f; : g’ — g” defined by
k

€ &) (g0r o) = S san(0) [ oo (90),

|
<k+ 1) 0€GK 11 1=0
for &, ..., & € T(M,TM) and go, . .., gr € C°(M). Tt is easy to show that f; : (¢/,d =0) —

(¢”, OHocn ) 1s a chain map. Moreover, a version of the Kostant-Hochschild-Rosenberg theorem

for smooth manifolds proved in [26] states that f; is a cohomology isomorphism. Unfortu-
nately, f; does not commute with brackets. The following central statement of Kontsevich’s
approach to deformation quantization says that f; is, however, the linear part of an L.,-map:

Formality. The map f; extends to an L,-homomorphism f = (f1, fo, f3,...) : ¢ — ¢".

The formality theorem implies that g’ and g” are weakly equivalent in the category of
L..-algebras. In other words, the dg-Lie algebra of polydifferential operators is weakly
equivalent to its cohomology. The ‘formality’ in the name of the theorem is justified by
rational homotopy theory where formal algebras are algebras having the homotopy type of

their cohomology.

Kontsevich’s construction of higher f;’s involves coefficients given as integrals over com-
pactifications of certain configuration spaces. An independent approach of Tamarkin [46]
based entirely on homological algebra uses a solution of the Deligne conjecture, see also an

overview [21] containing references to original sources.

O
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