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ERGODICITY AND PARAMETER ESTIMATES FOR
INFINITE-DIMENSIONAL FRACTIONAL ORNSTEIN-UHLENBECK
PROCESS

BOHDAN MASLOWSKI AND JAN POSPISIL

ABSTRACT. Existence and ergodicity of a strictly stationary solution for linear stochastic evolu-
tion equations driven by cylindrical fractional Brownian motion are proved. Ergodic behaviour
of non-stationary infinite-dimensional fractional Ornstein-Uhlenbeck processes is also studied.
Based on these results, strong consistency of suitably defined families of parameter estimators is
shown. The general results are applied to linear parabolic and hyperbolic equations perturbed
by a fractional noise.

1. INTRODUCTION

The theory of stochastic equations in infinite dimensional spaces (or stochastic partial differen-
tial equations) driven by fractional Brownian motion is still at a very early stage. Linear stochastic
equations in a Hilbert space with a cylindrical fractional Brownian motion are considered by Dun-
can, Maslowski and Pasik-Duncan in [4] and [6] where some results on the continuity and space
regularity of sample paths are given and large time behaviour of solutions is investigated. In [5],
similar analysis is carried out for bilinear equations. The same type of equations is investigated by
Tindel, Tudor and Viens in [27], where a fractional Feynman-Kac formula is obtained. Grecksch
and Anh [8] consider a semi-linear stochastic parabolic equation with additive noise term and prove
existence and uniqueness of the solution. Semilinear evolution equations with a covariance type
fractional Brownian motion with a non-additive noise term are studied by Maslowski and Nualart
in [14] and Nualart and Vuillermot in [16], where existence, uniqueness and pathwise regularity are
established. Hu, Oksendal and Zhang [11] treat the elliptic equation (the Poisson problem) and
the heat equation with multiparameter fractional Gaussian noise (cf. also [9], where the stochastic
heat equations with a multiplicative fractional noise is dealt with). Maslowski and Schmalfuss [15]
show the existence of pathwise exponentially stable random fixed point for semilinear dissipative
systems. The linear wave equation perturbed by fractional noise is studied by Caithamer [2].

The problem of parameter estimation for infinite dimensional stochastic equations has been
studied also only recently. There exist several methods mainly of statistical origin. One of them
is the maximum likelihood estimates method used by Huebner and Rozovskii in [12] to estimate
parameters from a continuous observation of a solution to stochastic parabolic equations driven
by Wiener process. Khasminskii and Milstein studied in [13] the estimation of the linearised drift
for nonlinear SDEs. Estimation for some stochastic equations based on discrete observations was
presented by Prakasa Rao in [22]. He also investigated the asymptotic properties of the maximum
likelihood estimator and the Bayes estimator of the drift parameter in stochastic equations driven
by fractional Brownian motion, see [23] and [24]. Goldys and Maslowski considered in [7] a
controlled stochastic semilinear equation with the drift depending on the unknown parameter
and with the Wiener process as the driving process. They showed that the maximum likelihood
estimator is consistent for a class of bounded predictable controls. A problem of identification of
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2 BOHDAN MASLOWSKI AND JAN POSPISIL

some unknown parameters for a stochastic parabolic equation with a scalar fractional Brownian
motion was also partially mentioned in [5].

In this paper we study linear stochastic evolution equations in Hilbert spaces. The driving
process is fractional Brownian motion with Hurst parameter H € (0,1). Given separable Hilbert
spaces U and V', we consider the equation

dX(t) = AX(t)dt + ®dBH (t),

M X(0) = z0.

where (B*(t),t > 0) is a standard cylindrical fractional Brownian motion on U, A : Dom(4) — V,
Dom(A) C V, A is the infinitesimal generator of a strongly continuous semigroup (S(¢),¢ > 0) on
V,® e L(U,V) and g € V is a random variable. The solution (X*°(¢),¢ > 0) to (1) is defined
by the mild form,

(2) X% )= S{t)xo+ Z(t), t>0,
where (Z(t),t > 0) is the convolution integral
t
(3) Z(t) :/ S(t —u)®dBH (u).
0

It is known ([4] and [5]) that the solution exists as a V-valued process under suitable conditions. If
the semigroup is exponentially stable there exists a centered Gaussian limiting measure pi, for the
solution. We show that if the semigroup is exponentially stable there exists a strictly stationary
solution (XZ(t),t > 0) with probability distribution jis, (see Theorem 3.1 for a precise statement
that extends an earlier result in [15]).

We then prove that this stationary solution is ergodic, that is,

.17 i _
lim —/0 o(X*(t))dt —/‘/Q(y)ﬂw(dy)v

almost surely as T' — oo for any measurable functional ¢ : V' — R such that E|o(Z)| < oo (cf.
Theorem 4.6).

As a corollary we obtain a similar result for arbitrary solution, under some restrictions on the
functional p. For instance, in Theorem 4.9 we assume that g is locally Lipschitz with the Lipschitz
constant growing at most polynomially and the noise is of covariance type.

These results are employed in Section 5 where parameter-dependent equations are considered
with a multiplicative parameter in the drift. Two families of estimators are defined and, based on
the above ergodic theorems, their strong consistency is proved (Theorems 5.1 and 5.2, respectively).

Technically, some of these results are probably new even in the particular case, when the
state space is finite-dimensional. However, in this case the problem is considerably simplified.
We consider two basic examples where our general results are applied and conditions of particular
theorems are verified: Linear stochastic heat (or parabolic) equation with Dirichlet-type boundary
conditions and distributed fractional noise (Example 4.1) and an analogous problem for stochastic
wave (or hyperbolic) equation (Example 4.2).

2. PRELIMINARIES

Let Ky (t,s) for 0 < s <t <T be the kernel function

|
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where

I'(2-2H) ’
where I'(+) is the gamma function and H € (0,1).

Following [1] and [3], we will define a stochastic integral of a deterministic V-valued function
with respect to a scalar fractional Brownian motion (37 (¢),t € R).

o — [2HF(H+%)F(S_H)F
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Let K% : € — L?([0,T],V) be the linear operator given by

Kinolt) = eOKu(T0) + [ (o(s) = o(0) 75

for ¢ € £ where £ is the linear space of V-valued step functions on [0,7] and

n—1
= Z zin[ti;ti+l) (t)
=1

where z; €V ie{l,...,.n—1}and 0=t; <--- < t, =T.
Setting

(s,t)ds

it follows directly that
2

T
[ oast = sz (tis1) — 8 (2.))
0
* 2
E = Kol (o,m,v) -

T
/ pds!
0 v

Let (H,| - |n, (-, -, )») be the Hilbert space obtained by the completion of the pre-Hilbert space &£
with respect to the inner product

(@, V) = (Ko, Ku¥) p2(0,11,v)

for ¢, € £. The stochastic integral (2) is extended to H by the isometry (2). Thus H is the
space of integrable functions and it is useful to obtain some more specific information, cf. [18] for
details on integration theory.

If H € (%7 1), then it is easily verified that H D H where H is the Banach space of Borel
measurable functions with the norm | - |z given by

|<P|H / / u)|v|e)|veo(u —v) dudv

where
(4) $(u) = H(2H — 1)[u*"72.
It may be verified that H > L' ([0,T],V) and consequently H > L?([0,T],V). If ¢ € H and

H > %, then
/ SOdBH / / v))y ¢(u —v) dudv.

If H € (0,3), then the space of 1ntegrab1e functions is smaller than L?([0,7],V). It is known
that H > CP([0,T],V) for each § > + — H (see e.g. [10] Lemma 5.20) and in particular H O
HY([0,7),V). If H € (O, %), then the linear operator Kj; may be described the composition

) Kiret) = enti D3~ (uy_y)

where
N 1 Pt Ty(s) —(t

is a fractional derivative and (ug_1/20)(s) = s¥1/2¢(s).

E

Definition 2.1. Let (£, F,P) be a complete probability space. Let (U, |- |v, (-, -, )u) be a separa-
ble Hilbert space. A cylindrical process <BH, > QxR xU — Ron (Q,F,P) is called a standard
cylindrical fractional Brownian motion with Hurst parameter H € (0,1) if
(1) For each x € U\ {0}, Ir\U (Bf(),z) is a standard scalar fractional Brownian motion with
Hurst parameter H.
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(2) For a, s € R and z,y € U,
<BH(t),aac + ﬁy> = <BH(t),a:> + ﬁ<BH(t),y> a.s. PP.

Note that (B¥(t),z) has the interpretation of the evaluation of the functional B¥(t) at =
although the process B (-) does not take values in U.
For H = %, this is the usual definition of a standard cylindrical Wiener process in U.

We will now define the stochastic integral fOT G dB for an operator-valued function G : [0,T] —
LU, V).

Definition 2.2. Let G : [0,T] — L(U,V), (en,n € N) be a complete orthonormal basis in U,
G(-)e, € H for n € N, and BY be a standard cylindrical fractional Brownian motion in U. Let
BE(t) := (BH(t),e,) for n € N. Define

T e T
/GdBH ::Z/ Ge, dB)!
0 ne1”0

provided the infinite series converges in L?(Q, V).

Note that by condition 2 in Definition 2.1, the scalar processes (8Z(t),t € R,n € N) are
independent.

Next we formulate an existence and regularity results for the solution of equation (1). In what
follows, it is assumed that (S(t),¢ > 0) is an analytic semigroup. In this case, there is a BeR
such that the operator 3I — A is uniformly positive on V. For each § > 0, let us define (Vs,] - 1s)

a Hilbert space, where V5 = Dom ((BI — A)‘S) with the graph norm topology such that
— | (a1 - 4)° ‘
jals = [(B1 = A)Pa]
The shift B is fixed. The space Vs does not depend on B because the norms are equivalent for
different values of 3 satisfying the positivity condition.

Proposition 2.1. Let H € (0,1). Let (S(t),t > 0) be a strong continuous analytic semigroup
such that

(Al) |S(t)q)|/$2(U,V) < Ct_wa te (OvT]v

for some T >0, ¢ >0 and v € [0, H). Then (Z(t),t € [0,T]) is a well-defined Vs-valued process
in CA([0,T],Vs), a.s.-P for B+8+~< H,3>0,5 >0.

Proof. See [4] for H > 1/2 and [6] for H < 1/2. O

Remark 2.1. In the case H > 1/2 and 6 = 0 (i.e. V5 = V) we may drop the assumption of
analyticity of the semigroup (S(t),t > 0), cf. [4]. It may be also dropped (for H > 1/2) in the
Theorem 3.1 and Section 4.1 below.

Proposition 2.2. If (A1) is satisfied and the semigroup (S(t),t > 0) is exponentially stable, i.e.
there exist constants M > 0 and p > 0 such that for allt >0

(A2) 1S#)] vy < Me™™,
then there is a Gaussian centered limiting measure poo = N (0, Qo) for (X (t),¢ > 0) such that
W' lim = i

for each initial condition o € V where py° = Law(X®0(t)) and Law(-) denotes the probability
distribution.

Proof. See [4] for H > 1/2 and [6] for H < 1/2. O
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Remark 2.2. It should be noted that for H # 1/2 the limiting measure is not ”invariant” in
the following sense: If the initial distribution is the limiting measure and the initial value is
stochastically independent of B¥ | the law for the solution does not remain the same.

The covariance Qo has for H > 1/2 the following form:

(@ f/ / u)QS* (v)p(u — v) du dv,

where ¢ is given by (4). The form for H < 1/2 can be specified in terms of Kj; and precise
statement can be found in [6].

3. STRICTLY STATIONARY SOLUTIONS

Recall that a measurable V-valued process (X (t),¢ > 0) is said to be strictly stationary, if for
all £k € N and for all arbitrary positive numbers t¢1,ts, ..., tx, the probability distribution of the
V*_valued random variable (X (t; +7), X (ta +7),..., X (tx + 7)) does not depend on r > 0, i.e.

(6) Law(X(t1 + 1), X(t2 + 7). .. X(ty + 1)) = Law(X (t2), X(t2). .. X (t))
for all t1,t9,...,tg,r > 0.
Theorem 3.1. If (Al) and (A2) are satisfied, then there exists a strictly stationary solution to

(1), i.e. there exists &, a random variable on (2, F,P), such that (XZ%(t),t > 0) is a strictly
stationary process with Law(X?(t)) = pioo, t > 0. In particular Law(Z) = oo

Proof. For t > 0 let
0
Z, = / S(—u)® dB™ (u).
—t
It is clear that Z; is a V-valued random variable on (Q, F, P) with probability law p? = N (0, Q).
Let n € R. We will show that the limit

exists in L?(Q, V) and that
XE(t) = S(t)z + Z(1),
where Z(t) is given by (3), is a stationary solution of (1).
First we show that Z, is a Cauchy sequence in L?(Q, V).
For all n > m we have

0
E|Z, — Zm|? =E S(—u)®dBH (u /S <I>dBH()

‘—n

_E‘/n (DdBH()

14

Denoting by B (u) = B (—u) an inverse process that is also a standard cylindrical fractional
Brownian motion with stationary increments we have

2
E|Z, — Zp|? = E

/n n S(u)® dB (u)

First consider the case H > 1/2. We can use for example estimate (1.1.17) from [19] to show
that

‘/ S(u)® dBH (u

v

/ / OB, 0.1 ()] 2y 0y Sl — v) dudo

< / / 150~ Dl S0 — 1] [SMBL, (1101 — 0) dud
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and by the exponential stability (A2)

n n
S/ / MQe_p(“_l)e_”(”_l)|S(1)<I>|%2(U’V)¢(u—v)dudv

c Ple=PUd(u — v) dudv
[ [emerou-

0o
62/ 2H 1 e PV du.
m

The last integral on the right hand side tends to 0 as m — oo and thus (Zt,t > 1) is Cauchy in
L?(Q,V).
Next consider the case H < 1/2. Using (2) and (5) we have

’/ S(w)® dBY (u Z/ 1CL (S()Be:) ()2 dr

[S(r ‘I)ezlvr (H-1/2) ,2(1/2—H)

<X [

1-2H |S(5)‘1>615H71/2 — S(r)®e;rT =172y,
+r (/T (s —r)3/2—H ds| dr

| ( )®|[,2(V) 1—2H |S(T)©ei|V|SH_1/2—T'H_l/2| 2
SC1/m (n—r)t- T ~i—om 4" +CQZ/ {/ (s —r)3/2—H ds| dr

I

IA

IN

Iy

n n H-1/2 R . 2
1—2H s |S(s)Pe; — S(r)Pe;|v
+03Z/mr [/T (S—T‘)3/2_H ds| dr.

I3

From (A1) and exponential stability (A2) it follows that there exist constants ¢ > 0,p > 0,y > 1
such that

IS(r) @[z, vy < ce” P r

for r > 0. Hence

n —2pr
I, < c1/ —(n T dr.

m
By substituting A =r —m and T'=n — m we get

) T e—2pA
I < —epm dX
1S C11€ /O (T—)\)172H(m+>\)2'\/

Ly T—1 o T 1

< pm PN AN ——d\

= e / - /T (T —n)i2A
-2 > 20\ ! 1

< pm —2pX g s

= s (/o +/o ST ds)

<cue
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which goes to zero as m goes to infinity. Next

n , o [ [ T2 12 2
12§C21/ IS(r)@lz,0nr [/ (s —r)3/2-H ds| dr

" _ _ 2
SCQQ/ |S(7‘)<I>|%2(V)r1 20 [r 1+2H] dr

m
< /n e—2pr d
= Ca23 5719, AT
o ri-2H+2y
oo
< coy e 2" dr,
m
which also goes to zero as m goes to infinity. Finally, by setting k;(r,s) = 12 )(‘fe;)f/g’");?el‘v we

get

. 2 2
n min(n,r+1)
I; < 031/ Z </ ki(r, s) ds) dr—i—c;;l Z ( ( (r,s) ds) dr
m . r min(n r+1

n min(n,r+1) 2
— C31/ Z / ki(r,s)ds dr+041/ </ ki(r ds) dr,
mo s m r+1

J1 J2

i

which converges to zero as m goes to infinity, because

([T |G~ 3) - S(3)law
i S032/ </T (sir)3/2 H L ds le (5)@e;ydr

m

m (e 18— ) - SElew o)
“ /m /7" (s —r)3/2-H s | 15(3) |L2(V

which is for all 3 >0

. 2
n e_ng min(n,r+1) |S(s _ %) _ S(£)|£(V[j7v) . 9
< 033/ B (/7 (s — )T ds | [S(D®lzvvy)

n e—Pr min(n,r+1) ds 2
< [ -
< c34 /m NOSETT /T (5 —ry3/2-H 7 dr

in particular for 1/2 > 3> 1/2— H

moemer A\
< cs35 . m o )\3/2—71'1—5 dr

oo
§636/ e "dr —0 as m — oo.
m
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Also,

Jo <C42/
m l

>(L,
(s = 1)lcan|S(r)Peilv
_C3 ds r
< ( V) )d
Z

K2

(s)Pes|y S (r)®e;|y 2
5—7“3/2 7 s) dr—|—042/m Z</ 7(3—7")3/2—Hd5 dr
2

(s —r)3/2-H
n Cbel|v 2
(/ 5T3/2Hd8) dr
n—1 n 2
ds
2

<y /m |S(r) @z, v (/T+1 (5_74)3/2—H> dr
e [T Y
> C45 . 27 _— (S 77,)3/2711

n—1 o) 2
dA
—2pr
SC46 m e« (/1 )‘3/2_H) ar

oo
§C47/ e 2"dr -0 as m — oo.

7

We have shown that (Z;,t > 1) is Cauchy in L?*(,V) for H € (0,1). There is therefore a
V-valued random variable # such that Z; — & in L?(Q, V). Clearly the probability distribution
for Z is pioo = N (0, Qo) where

Qs = Jim Q.

Now we are ready to show for all £ € N and all arbitrary times ¢1,t2,...,tx > 0
Law (X7 (t; +7), X" (ta +1),..., X" (ty + 1)) = Law (X7 (t1), X" (t2),..., X" (tx))
for all r > 0.

Let ¢t > 0. Then
X7(t) = S(t)7 + Z(t)

= S(t) (hm/ S(—u)®dBH (u ) /St—u)<I>dBH()

n—oo

Since S(t) is a bounded operator on V and using the semigroup property

0

= lim S(t —u)®dBH (u) / S(t —u)®dBH (u)
tn
= lim S(t —u)®dBY (u).
For ¢, > 0 we have
- t+r
X*(t+r)= lim S(t+7r—u)®dB (u).
n—oo

—-n
Denoting by B (u) = BH (u —r) a process shifted in time by 7,

t
= lim S(t —u)®dBH (u)

n—oo [_._ .
t

= lim S(t —u)®dBH (u),
n—oo [ .

because n + r — oo for arbitrary r > 0.
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Since B (u) and B (u) have stationary increments, we have for all K € N and arbitrary times
t1,lo, .oyt 2 0

Law /Stl—u)q)dBH /Stg—u)fdeH /Stk—u)q)dBH( )

= Law /S t1 — u)® dB (u) /S (ty — u)® dB™ (u) /S (tx — u)® dB™ (u)

for all » > 0. Since

/Stl—u)<deH /Stg—u)d)dBH /S (ty — u)® dBH (u)

—— (Xt +7), Xt + 1), X (t + 1))

n—oo

in L2(Q,VF*) and

/Stl—u)<1>dBH /s ty — u)® dB (u) /S (ty — u)® dB (u)

_ (X (tl)va(t2)v s 7Xz(tk))

n—oo

in L2(Q,V*), we deduce that

Law (X7 (t1 +7), X" (ta + 1), ..., X" (ty, + 1)) = Law (X" (t1), X" (t2), ..., X" (t1)) -

4. ERGODIC THEOREMS

4.1. Ergodic theorem for a strictly stationary solution. At first we recall the famous
Birkhoff’s theorem for strictly stationary processes.

Theorem 4.1 (Birkhoff’s theorem). Let (X%(t),t > 0) be a V-valued strictly stationary process
n (, F,P). Then for all measurable functionals ¢ : V. — R such that E|o(Z)| < oo there exists
a measurable functional £ : Q@ — R such that

T
(7) lim l/ o XH)dt =¢, a.s.-P.
0

T—oo T

Proof. See e.g [25]. O

Recall that a V-valued strictly stationary process (X (t),t > 0) is said to be ergodic, if £ in (7)
does not depend on w € Q, i.e. £ is deterministic, and & = E[o(%)].

Lemma 4.2. Let (Y (t),t > 0) be a R-valued strictly stationary centered Gaussian process and
let R(t) := E[Y(0)Y (¢)] be the correlation function of the process Y (t). Then the process Y (t) is
ergodic zf hm R(t) = 0.

Proof. See e.g [25]. O
If the semigroup (S(t),t > 0) is analytic, it is well known (cf. [17]), that for all v > 0 there

exist constants é,,é, > 0 such that [S(t)z — 2| < é,t7|z|, and |S(¢)z|y < é,t77|z]y, where
|2ly = (BT = A)7z|v.
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Lemma 4.3. Let S(t) be analytic and let z € V and T > 0 be arbitrary. Then for all 0 < s <
r<T,
(8) |(§%(r) = §%(s))zlv < eylr = s[7[s[77|z]v,
for a constant ¢, < oo.
Proof.
(8™ (r) = S*(s))2)lv = [(S™(r = 5) = S*(5)) S*(5)z],
< é,lr—s|” |S*(%)Z|v
< eofr — sIs| Iy

O

The following two Lemmas 4.4 and 4.5 will be needed in the proof of the ergodic Theorem 4.6
below.

Lemma 4.4. Let (Al) and (A2) be satisfied. Let 0 < H < 1/2 and let z € V be arbitrary. Then

Jim B (7. 2) </01t S(t —r)@dBH(r),z>V —0

Proof. Let &, := fEn S(—r)®dBH. We have that &,, — 7 in L?(2, V) and by the Cauchy-Schwarz
inequality it follows that

1/2
Bz, — iy - / S(t — r)®dBH (r) . (B, — |V}1/2{ ‘/ S(t — r)®dBH (r) 2}
(9) < c{Elz, - #3}" sup(Tr Q)'?
which goes to zero as n — oo uniformly in t. It is therefore suﬁi;ient to show that for each n € N
(10) Jim B (7, 2 </ S(t—r)®dBH (r), >V =0.

Let n € N be fixed. Then

E (i, 2) </t S(t— 1)@ dBH(r),z>V
_E{Z/_n r)®e;, z) }{Z/ S(t —r)e;, 2)y, dﬁH}

Since (; are stochastically independent and have stationary increments, we get

E (Z,,2) </t S(t—r)® dBH(r),z>v

n—+t

(11) 7ZE/ gpln—r)dﬂH/ @it +n—r)dsH,

n

where ¢;(r) = (S(r)®e;, z),,. For a fixed i € N (that is suppressed in the notation) set

_Je(n—r) forrel0,n]
v {0 for r € [n,n +t],

o for r € [0, n]
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Then

n n+t
]E/O go(n—r)dﬂzH/n o(t+n—r)ds]

n—+t
- / (i) (3) () (s) ds,

where IC3; is the operator defined in Section 2 (with T' = n+t). Using the form (5) of the operator
Kiy we get

(12 = [ i) (st | - TH(;/Q_*”S?,Z?H_ ar) as

Note that

Ry =120t 4 — 1) ir < ot 4+ n—7) 0
. R e

t A
(13) < /O T _i(_)L)g o A

Let us now turn back to (11). By (12) and (13) we may estimate

Z (Lo =9y g [M I ) P P s) .
(n—s) 1/2 i (r — s)3/2—H
i)
/0 e Sy A ds

" lpi(n—s)| [ lpi (M)
7/0 {; (n—s)l/Q—H/O (t+n—s—\)3/2-H dA

T
\%n—s e+t =1
+Z $)/2H |, (1+n—s—r)p3r2-H dr
1
£y s /n [P =120, (n —r) — s 20i(n — 5)| dr /t1 lpi(N)] I\
- R (r —s)3/2-H o (t+n—s—N)3/2-H

111

n H— H— 1
ey | [ 2pi(n — 1) — s 1/2*”i<"5>dr/( [pi(x + ¢~ 1)) dk}d&
P s 0

(r —s)3/2-H 14+n—s—\)3/2-H

v

We will now prove the convergence to zero as t — oo for particular terms I - I'V.
We have

1 t—1 1
I'= i(n—8)| - lpi(N)|d
(n_ S)l/Q—H /O (t—l—n— s — )\)3/2_]1 XZ:W)(” 5)| |90 ( )| A

by Cauchy-Schwarz inequality

t—1 1/2 1/2
1 5 )
= (n—s 1/2*H/0 (t+n—s—\3/2-H {Z‘Pi(n_s)} {ZW’Z()‘)} dA

/T |D*S™(n — s)z| - [P*S*(N)z| dA

t—1 1
1/2—H/0 (t+n—s—2N)
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using the estimate |®*S*(-)z| < |®*| - [S*(-)z| < ¢|S*(-)z]

c11 “
= (n—s)l/2- w5

‘/ (t+tn—s— A)3/27H|S*(/\)Z|]1[A§t—11d>\7

which converges to zero as t — oo for each s € (0,n) by dominated convergence theorem (DCT in
what follows), because |S*()\)z| < ce™“*. We also have

C12 * 7w)\
e e LA \/ dx

C13
= (n— 3)1/2—H’

which is an integrable majorant, and therefore (again by DCT) fon I ds goes to zero. In a similar
manner we have

C21 * *
II < T —— 79 (n \/ An- 74)3/27H|S (r+t—1)z|dr

_ 22 5% (n— )2 / 7w<r+t 1) Y
- (TL )1/2 H 1+n757,r)3/27H

which converges pointwise to zero by Levi’s theorem (for ¢ = 1 the integrand is less than m)
We have

C23 “(
< (n— s)1/2- vy G ‘/ T
C24
= (n—s)V/2H (n — 3)1/2—
C24

(n _ 5)172H’

which is integrable, and therefore (by DCT) fon 11 ds goes to zero. Next we have (by adding and

H—1/2

subtracting r @i(n — s) in the numerator of the first term)

pH=1/2 _ gH=1/2| mpH=1/2| 0 (0 — 1) — pi(n — s)|
1/2—H v v
HI'< Zs / (|% |/ s)3/2—H +/S (r — s)3/2-H dr) '

t—1 )
/ |301(/\)| d\
o (t+n—s—X)3/2H

< 0312( V2H | — 5|5 1H2H +/0n |90i(n(;T)S;3;P;i(7;—S)| dr).

_/t_1 i (M) O\
o (t+n—s—N)3/2-H
t—1 n t—1
H-1/2 Zi|%(n*5)|'|%(>\)|d/\ / Zi|<ﬂi(/\)|'|%‘(”*7’)*<Pi(n*5)|d)\d
A (ansz)B/?fH s | Grn—s— N Hr—spH O
S*(N\)z|]1 _pdX
H=1/2) Gy _ | [A<t—1]
< €348 |S |/ +n—8—>\)3/2_H

b [ g Oeltucy 0 [ S-Sl

t+n—s—\)3/2-H (r —s)3/2-H

< c328
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The first two integrals on the right hand side are identical and converge to zero as t — oo as shown
in the above estimate of I, hence the whole right hand side tends to zero. Using the estimate (8)
we have

_ 1 c ey r— s |n—s|77

H-1/2| gx* _ 37 Y

IIT < cs6 |S*(n — s)2| (n—s)l/2-H + (n—s)l/2-H /g (r — s)3/2-H dr
c36]S™ (n — s)z| 38

sU/2=H(p — g)1/2=H " (p — g)1-2H
which is integrable and by DCT fon I1I1ds goes to zero. In a similar manner we have

1
— i lpiln — : i)\+t—1)|
TV < e sti-1/2 [ 2ilein = s)| - |oi i
< 418 ) (Ve
n 1
Zi"pi()""t_l)"|<Pz‘(n—7‘)—<pi(n—s)|
4-042/S ; (I1+n—s—\32H(y—g)3/2-H dX\dr

N S*(A+t—1)z
< ca3s™ 1219 (n - |/ 1‘+n )\)3)/2| i A

reu [ SO DA, SO S0l

1+n—s—\)3/2-H (r—s)3/2-H

<ec SH1/2€w(tl)/1 dA
= o (I4n—s—A)32H

et [ dX (5" (n —r) = 5*(n - s))z|
+ cq6€ /0( /8 dr

14+n—s—\)3/2-H (r —s)3/2-H

which converges pointwise to zero as t — co. Using the estimate (8) we have as in the previous
case
C47 €48 Cy

IV < sU2=H(p — g)1/2=H " (n — g)1/2=H (n — g)1/2-H

which is integrable, and therefore by DCT fon IV ds tends to zero.

To recapitulate, we have proven that integral
/ (I+1I+1IT+4+1V)ds
0

goes to zero, i.e. we have shown (10) which completes the proof. O

Lemma 4.5. Let (Al) and (A2) be satisfied. Let 1/2 < H <1 and let z € V be arbitrary. Then

Jim B (7, z),, </0t S(t— r)(deH(r),z>V =0

Proof. Set

R(t):E[( </ S(t—r)®dBH (r > }
[<nlin;0/ S(—r)®dBH (r > <OSt—r<I>dBH() >V}

:nlln;OE{< _nS( )@ dBH (r > <OSt—r<I>dBH() >V}

t
= lim E dB" (r >< dBH,>]=1' Quiz,2)
Jm e |(f v AL xdBz) = lim (Qnizz),
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where

) S(=r)® forre€[-n,0)
Vi) = {O for r € [0, 1],

St —r)® forre |0,
0 for r € [-n,0).

and Q,, ; is the covariance operator of fin ¥(r)dBH (r) and f x(r) dBH (r).

Since H > 1/2, we know the form of the covariance operator

(14) th = /_ 3 Y(r)x*(s)p(r — s) drds,

where ¢ is given by (4). Therefore

R(t) < hm// |D*S*(t — s)z|v |@*S™(—r)z|vd(r — s) drds

n—oo

and by the exponential stability (A2)
t 0
R(t) < M?|z[} lim / / e PP (1 — ) dr ds

< M?|z2|% / / e PH(t + 1 — ) drds,

where

0 for u <0

() = {¢(u) foru >0

and using the fact that ¢(—u) = ¢(u) for all u € R. Since the function ¢(t 4+ r — s) is decreasing
as t — oo for all s,7 € R, we deduce that R(t) goes to 0 as t — oo completing the proof by the
Lebesgue monotone convergence theorem. O

Theorem 4.6 (Ergodic theorem for a strictly stationary solution). Let (XZ%(t),t > 0) be a V-
valued strictly stationary solution to (1). Let o : V. — R be a measurable functional such that
E|o(Z)| < co. Then

N N S
tim 7 [ OOt = [ o pncldy). asP.
0 v
Proof. Let z € V be arbitrary and let (Y (¢),¢ > 0) be a R-valued process defined by
Y (t) = (X*(t), z>V.
Then Y (0) = (7, z> We prove that the process Y (¢) is ergodic. By Lemma 4.2 we have to show
that tlim R(t) =
R(t) = E[Y (0)Y(2)]
= E[(Z, 2)y (X7 (t), 2),]

(
_E [<a~:, . <S(t><is> + /O §(t —r)2dB"(r), ZM

= B[(#,2)y (SH)(&), 2)y] +E {@,@V </0t S(t —r)® dBH(r),z>v} .

I

11
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We will estimate both terms separately.
The first term
E|I| = E[(Z, 2)y (S()(2), 2)y |
< E|S®)ilv |2[ |2]v
and using the exponential stability bound (A2)
< Me™'|z[3 Elz],
which goes to 0 as t — oo, because E|#|?, < oco. The second term is for H = 1/2 equal to zero,

because Z and the convolution integral fg S(t — r)®dBH (r) are stochastically independent and
therefore

E[IT] = E [@«, 2y </0 St =B () ZM

~eiean B( [ s0-reantin.z)
0.

For H # 1/2 we obtain that E[/I] goes to zero as t — oo by Lemma 4.4 and 4.5 respectively.
Thus the process Y (t) = (X*(t), z>V is ergodic for each z € V.
Take (hy,,n € N) any orthonormal basis in V. Then

1,
E (%, h,)y, = lim —/O (X2(t), hn),, dt =0

on Q, C Q, P(2,,) =1. On the other hand, by Theorem 4.1
T

on Qg C 2, P(Qp) = 1. Taking Q' = Q,,, we have P(2') = 1 and
=0

n=

S
O:Tlggof/o (X (t),hn>v dt

= <§7 6”>V

on . Hence (§,hy,),, = 0 for each n on ', i.e. & = 0,a.s-P, and it follows that X*(¢) is
ergodic. 0

4.2. Ergodic theorems for an arbitrary solution. In this section we will apply the previous
results to the solution of (1) with arbitrary initial condition.

Theorem 4.7. Let (Al) and (A2) be satisfied and let (X*°(t),t > 0) be a solution to (1). Let
0:V — R be a functional satisfying the global Lipschitz condition, i.e. there exists a constant
L > 0 such that

(15) lo(z) — o(y)| < Llz — ylv
forall x,y € V. Then

R Y

i T/ o(X*0(t)) dt Z/‘/Q(y) fioo(dy), a.s.-P.
0

forall zg € V.
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Proof. The desired convergence can be rewritten as

1 T

f/ o(X™(t)) dt — / o(y) too(dy)
0 1%

for all g € V. Let (X%(¢),t > 0) be a strictly stationary solution to (1). Then obviously

‘,} OTQ(X“(t)) dt — /T@(Xg"”(t)) dt’

=0, as.-P,

T Jo
<3 [ [etx=0) - o(x )]

We will show that the right hand side goes to zero as 7" — oo. Using the Lipschitz assumption
(15) and the exponential stability bound (A2) we get

T

< %/O | X7 (t) — X*(t)],, dt
T

_ %/0 15(t)(wo — &)y dt

L T
S *ll‘o —i‘|v / Me_pt dt,
T 0
which goes to zero as T' — oo completing the proof. O

The global Lipschitz continuity of o is a rather restrictive condition. We may relax it (cf.
Theorem 4.9 below) for ® € Lo(U, V') which corresponds to the important case when the driving
process is, in fact, a genuine V-valued fractional Brownian motion.

Definition 4.1. Let @ be a nonnegative, self-adjoint, trace class operator on V. A V-valued
Gaussian process (Bg (t),t € R) on (2, F,P) is called a fractional Brownian motion of covariance
type with Hurst parameter H € (0,1) and covariance @ (or simply a fractional @-Brownian motion
with Hurst parameter H) if

(1) EBg(t) =0forallteR,
1
2) Cov(BEH(t), BH (s)) = = (|t|*" + |s|?" — |t — s]?7)Q, for all 5, € R,
Q Q 2
(3) (Bg(t),t € R) has V-valued, continuous sample paths a.s.-IP.

Let (BH(t),t € R) be a standard cylindrical fractional Brownian motion in U. Let ® € £o(U, V)
and set Q = ®P*. Then there exists (see e.g. [19], Proposition 1.1.1) a @Q-covariance fractional
Brownian motion (B (t),t € R) such that for all z € V

<Bg(t),z>v = <BH(t),<I>*z>, a.s.-IP.
Moreover, the solution (X®(t),t > 0) of (1) is a.s.-P identical with the solution to
dX(t) = AX(t)dt + dBj (t),
X (0) = xo.

We recall some a.s.-P growth estimates and a representation of the solution to equation (16)
that have been proved in [15].

Lemma 4.8. Let ® € Lo(U,V). Then

t t
(17) / S(t—r)dBg (r) = A/ S(t—r)B5(r)dr+ BS(t), a.s.-P,

0 0
fort > 0. Let moreover § € (0, H). Then for any w € Q, € > 0 there exists a constant k(w,e, )
such that
(18) [BE(t+) = BE Wlesqoyvy + 1BG M)y < et® + k(w,e)
fort e R.

(16)
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Proof. Both statements are proved in [15] (cf. Lemmas 2.4 and 2.6 for (18) and Proposition 3.1
for (17)). In [15], only the case H > 1/2 is considered; however, for H < 1/2 the proof of (18)
remains unchanged and the proof of (17) works after a small modificaton taking into account the
different form of covariance of the solution. g

Theorem 4.9. Let (Al) and (A2) be satisfied and let (X®0(t),t > 0) be a solution to (1) with
D e Ly(U, V). Let o: V — R be a functional satisfying the following local Lipschitz condition: let
there exist real constants K > 0 and m > 0 such that

(19) lo(z) — o(y)| < Klz —ylv (1 + |2 + [y[7")
forallx,y € V. Then

T
(20) lim / o(X70 (1)) dt = /V 0(y) pioe (dy),  @.5.P.

Proof. Let (X%(t),t > 0) be a strictly stationary solution to (1). Then obviously

[ o [
< T/o ’g(XZO(t)) — g(Xi’(t))‘dt.

We will show that the right hand side goes to zero as T' — oco. Using the local Lipschitz assumption
(19) we get

I/T‘Q(Xxo(t)) — g(Xi(t))‘dt

K . .
<T " xm )= X2, (11X O + X7l dt

K T

<7 [ IS® =)l (1+150m0+ ZWF +IS®F + Z(0)f) dt
0
K T
<7 ; IS@)|cov)lwo — Z|v|z]v (1 + a1l S| Z vy (zolv +12IV) + 02|Z(t)\7\7) dt

and in virtue of the exponential stability bound (A2)

KM T —pt —pmt m ~|m m
< Slwo = alv v [ e (L eadde ™ (ol + [81) + 2l Z()f ) de
0
T
(21) < %3 e Pt (1 + cqe P CQ\Z(t)K?) dt.
0

We need the last term on the right hand side to go to zero as T'— oco. By Lemma 4.8 we have

|[Z(t)|v < ‘A/ S(th)BQ (r)dr

+[BG (t)lv
14

(22) ‘A St—rBQ()dr

1
+’A/ S(1—s)BH(s+t—1)ds| +|BE®)v
0

\%4

The condition (A2) and analyticity of the semigroup (S(t),t > 0) yield

t—1 p(t—r)
e
’A/ S(t —r)BE (r) dr §c5/ ———|BG (r)lv dr
0 v 0 (t—r)
t—1
SCs/ e P BE (r)|y dr
0
(23) + k1,
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for each € > 0 and random constant k1 = ki (w,¢),w € €, by Lemma 4.8. Also, for each § € (0, H)
there is a constant ks = ko2(0) such that

‘A/lS(l—s)Bg(s—&-t—l)dS A/ls(l—s)(Bg(s—i—t—1)—Bg(t—1))ds
0 0

<
v

\%4

+‘A/015(1—S)Bg(t—l)ds

1%
(24) <k (IBG (-4t =1) = BG(t = Dlesovy + 1BG (t = 1)lv)
by [26], p. 44. By (22), (23), (24) and Lemma 4.8 it follows that
|Ze| < ks(1+1t%), t>0,
for a constant k3 = k3(w),w € Q, which by (21) yields

e ; ke [T
7 [l - i lae < 5 [ et 2y
0 0

for a random constant ky = ks4(w),w € Q, which tends to zero as T — oco. Now (20) follows by
Theorem 4.6. g

Example 4.1. Consider the initial boundary value problem for stochastic parabolic equation

ou

ot
u(0,2) = uo(z), =z € D,
u(t,z) =0, te€ R4, z€ID,

(t,.’L‘) = [Lu}(t,w) —|—§(t,$), (t,l‘) € R+ X Da
(25)

where D C R%is a bounded domain with a smooth boundary, L is a second order uniformly elliptic
operator on D and 7 is a noise process that is the formal time derivative of a space dependent
fractional Brownian motion.

To provide a rigorous meaning to (25), we rewrite the parabolic system as an infinite dimensional
stochastic differential equation
(26) dX(t) = AX(t)dt + ®dB" (t)
for t > 0 where the space V is L?(D), A = L|pom(a) generates an exponentially stable strong
continuous analytic semigroup (S(¢),¢ > 0) on V with Dom(A) = H?(D) N H}(D), U = V and
the noise ¢ is modelled as the formal derivative ®(dBH /dt), (B¥(t),t > 0) is a standard cylindrical
fractional Brownian motion in U and ® € L(V).

If ® € L£5(V), which corresponds to the case where the fractional Brownian motion in (26) is
of @Q-covariance type, then it follows from Proposition 2.1 that there is a Vs continuous solution

0 (26) for § < H.

An interesting case occurs if it is only assumed that ® € £(V) so that (B (¢),t > 0) is only
a standard cylindrical fractional Brownian motion. By standard estimates on the Green function
for dz/dt = Az it follows that

1S(t)] o(v) < ct™ 4
for t € (0,T], ¢ > 0 and d is the dimension of the underlying space. It follows from Proposition
2.1 with v = d/4 that if
d/4 < H

then the condition (Al) is satisfied and hence there is a B-Holder continuous solution in Vj if
B+ €[0,H—d/4). Tt is well known that the semigroup (S(t),t > 0) is exponentially stable
on V, so (A2) is satisfied and there is a limiting measure. If the standard cylindrical fractional
Brownian motion in (26) is replaced by a standard cylindrical Wiener process, that is H = 1/2,
then a V-valued solution exists only if d = 1.

The above analysis shows that the conditions (A1) and (A2) are satisfied and hence by Theorems
3.1 and 4.6 there exists a strictly stationary solution to (26) that is ergodic. If ® € £5(V'), Theorem
4.9 may be applied as well, which shows the ergodic behaviour of solutions with arbitrary initial
condition.
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Example 4.2. Consider the initial boundary value problem for stochastic hyperbolic equation

0%u Ou
ﬁ(t,x) + aa(t,x) = Lu(t,z) + &(t,x), (t,z) € Ry x D,
0
(27) 8—1;(0,96) =uy(z), x€D,

u(0,2) = ua(z), =z € D,
u(t,z) =0, (t,z) € Ry x09D,

where D, L and ¢ satisfy the conditions in Example 4.1 and a > 0 is a real constant parameter.
We rewrite the hyperbolic system (27) as an infinite dimensional stochastic differential equation

dX(t) = AX(t)dt + ®dB" (1)

(28) X(O) = Xy = (’LL17’U,2>.

Let A = L|pom(a), Dom(A) = H (D) N H*(D), Dom(A) = Dom(A) x Dom(—A)'/2 and

0 I
A= (A —aI)

It is well known that A generates a strongly continuous semigroup in the space V = Dom(—A)l/ 2x
L?*(D). Let (B¥(t),t > 0) be a standard cylindrical fractional Brownian motion with Hurst

parameter H € (1/2,1) and
0 0
(D =
(0 Q' ) ’

where Qé/ % is a Hilbert-Schmidt operator on L?(D). It follows from Proposition 2.1 that the
solution of (28) exists and has V-continuous sample paths.

If @ > 0 then the semigroup (S(t),t > 0) is exponentially stable and by Theorems 3.1 and 4.6
there exists a strictly stationary solution to (28) that is ergodic (cf. also Remark 2.1).

5. PARAMETER ESTIMATES BASED ON ERGODICITY

In this section we present the results on parameter estimation in infinite dimensional equations
that are based on the ergodic theorems proved in the previous section.
Consider the linear equation

dX(t) = a AX(t)dt + ®dBH (1),

#9) X(0) = zo.

where @ > 0 is a real constant parameter, (B¥(¢),t > 0) is a standard cylindrical fractional
Brownian motion in U and U is a separable Hilbert space, A : Dom(A) — V, Dom(A) C V, A
is the infinitesimal generator of an exponentially stable (strongly continuous) analytic semigroup
(S(t),t > 0) on the separable Hilbert space V, ® € Lo(U, V) and zg € V.

The operator aA is the infinitesimal generator of the semigroup (S, (t),t > 0). Obviously
Sa(t) = S(at) for all t > 0. The semigroup (S4(t),t > 0) is also exponentially stable and there is
a limiting measure p = N(0,Q%.).

For H > 1/2 we have

Q% /000 /000 So(u)QS%(v)p(u — v) dudv

% /OOO /OOO S@QS ()¢ (£~ L) dudv
1

ﬁ@my

where Qoo corresponds to the case @ =1 (cf. Remark 2.2).
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For H < 1/2 and z,y € V we have
<Q§o$7y>v = Tlgn <Q%x,y>v

:TIEEOZE</ So(r)®hy, dBH (r), > </ Sa(r)®hy dBy (7), >

i [ S USO8 2y (K (SulJoha) () 2}y

v

T—o0

Using the representation (5) and a simple substitution theorem we also arrive at

1
<ngx7y>v = 0427H <Q00x7y>v

for all z,y € V and therefore
1
a
Q% = ﬁ@oo-
For H = 1/2 this equality is obvious.
Based on the above results, some strongly consistent families of estimators of the parameter «
may be proposed.

Theorem 5.1. Let (Al) and (A2) be satisfied and let (X*(t),t > 0) be a V-valued solution
0 (29) with ® € Lo(U,V). Let z € V be arbitrary and let the limiting measure pioo exists with
covariance Qoo such that

(Qeoz,2)y, > 0.

. ( <Qooz z> )H
Py X (0), 2 2

lim &r =a, a.s.-P.

— 00

Define

Then

Proof. Let z € V be arbitrary. Let 0: V — R, o(y) = (v, z)%,, y € V. Then all the conditions of
Theorem 4.9 are satisfied with m =1 and

T T
lim %/O o(X% (1)) dt = lim l/ (X7 (1), 2}, 2 dt

/| v, 2y 2 oo (dy)
= Q%2 2)y
:M%<QWZ’Z>V’ a.s.-P,

which completes the proof. O

Theorem 5.2. Let (Al) and (A2) be satisfied and let (X*(t),t > 0) be a V-valued solution to
(29) with ® € Lo(U,V), ® #0. Define

1
. < Tr Qs ) 2H
(0% T .
7 Jo X dt

lim &1 = «.
T—o0

Then
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Proof. Let 0: V — R, o(y) = |y|}, y € V. Then all the conditions of Theorem 4.9 are satisfied
with m =1 and

lim 1/T (X (t))dt = lim 1/T | X0 (t)|3 dt
T/ ° T2 T v

=L/\Avwan%dum
;

—Tr Qs

1

It remains to check that Tr Q. # 0. If we admit that Tr Q. = 0 then obviously the strictly
stationary solution X% = 0,a.s.-IP, i.e. & = 0,a.s.-IP, and fg S(t—r)®dBH(r) = 0,a.s.-P, for each
t > 0. It is easy to see that it contradicts the condition ® # 0. O

Remark 5.1. Theorems 5.1 and 5.2 may be applied to the equation from Example 4.1 where the
operator L depends on a parameter o > 0, L(a) = oL.

One observation path is sufficient to get a consistent almost sure estimate for T — oco. If we
have more observations, we can propose similar estimates using mean values (see e.g. [19]). Some
examples in parameter estimation including numerical simulations can be found in [20] and [21].
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