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THE ORNSTEIN UHLENBECK BRIDGE AND APPLICATIONS TO
MARKOV SEMIGROUPS

B. GOLDYS AND B. MASLOWSKI

ABSTRACT. For an arbitrary Hilbert space-valued Ornstein-Uhlenbeck process we con-
struct the Ornstein-Uhlenbeck Bridge connecting a given starting point z and an end-
point y provided y belongs to a certain linear subspace of full measure. We derive also a
stochastic evolution equation satisfied by the OU Bridge and study its basic properties.
The OU Bridge is then used to investigate the Markov transition semigroup defined by a
stochastic evolution equation with additive noise. We provide an explicit formula for the
transition density and study its regularity. These results are applied to show some basic
properties of the transition semigroup. Given the Strong Feller property and the existence
of invariant measure we show that all L? functions are transformed into continuous func-
tions thus generalising the Strong Feller property. We also show that transition operators
are g-summing for some ¢ > p > 1, in particular of Hilbert-Schmidt type.

1. INTRODUCTION

Let (Z7) be an Ornstein-Uhlenbeck process on a separable Hilbert space H. By this we
mean that (ZF) is a solution to a linear stochastic evolution equation

dZf = AZFdt + /QdW;,
g =w € H.

(1.1)

In the above equation (W;) is a standard cylindrical Wiener process defined on a certain
stochastic basis (2, #, (%) ,P) and Q = Q* > 0 is a bounded operator on H. We assume
that the operator (A,dom(A)) is a generator of a Cy-semigroup (S;) on H. Under the
assumptions given below the solution to (1.1) is defined by the formula

t
7P = Sy + / Si_ o7/ QdW,. (1.2)
0

The aim of this paper is to study the basic properties of the Ornstein-Uhlenbeck Bridge
(sometimes called a Pinned Ornstein-Uhlenbeck process) (Zf ’y> associated to the Ornstein-

Uhlenbeck process (Z7) and its applications. Let us recall informally, that this process is
defined via the formula

P(Z% € B|Z8 = ):P(va%B), t<T,

Key words and phrases. Ornstein-Uhlenbeck process, pinned process, measurable linear mapping, sto-
chastic semilinear equation, transition density.
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2 B. GOLDYS AND B. MASLOWSKI

where z,y € H and B C H is a Borel set, so it is the Ornstein-Uhlenbeck process ”con-
ditioned to go from z at time t = 0 to y at time ¢ = T” (a rigorous definition is given
in Section 2, cf. Def. 2.15). The importance of various types of bridge processes in the
theory of finite dimensional diffusions is well recognised, see for example [22]. In infinite
dimensional framework this concept was developed in [19] in order to study regularity of
transition semigroup of certain linear and nonlinear diffusions on Hilbert space. In [17]
and [18] an Ornstein-Uhlenbeck Bridge is introduced in order to obtain lower estimates on
the transition kernel of some semilinear stochastic evolution equations. Those estimates
provide a powerful tool to study exponential ergodicity and V-uniform ergodicity for such
equations and, in particular, the rate of convergence to invariant measure, providing ex-
plicit estimates on the constants in the definition of exponential ergodicity, as has been
shown in our previous paper [12].

In the present paper the OU Bridge is studied under much more general conditions
and in more detail. In particular, unlike in [12] we do not assume that the OU process
is strongly Feller, which is a rather strong requirement in infinite dimensions (the strong
Feller property is assumed only in in Section 4 devoted to applications to transition den-
sities of semilinear equations, where it is a natural condition). We provide also further
applications of the OU Bridge to the analysis of transition densities and the regularity
of associated Markov semigroups. Regularity of strongly Feller transition semigroups was
studied by different methods in [9] (see also references therein). We use methods com-
pletely different from [9] and obtain stronger results but for bounded drifts only while the
aforementioned paper allows linearly growing drifts. Closely related results for semigroups
that are not strongly Feller may be found in [4]. For the regularity of strongly Feller
semigroups associated to the OU process we refer to [6].

Let us describe the contents of this paper. In Section 2 we provide, for the reader’s
convenience, some relevant facts about linear measurable mappings and conditional distri-
butions of Hilbert space valued Gaussian random vectors. Then we give a definition of the
OU Bridge and some basic results on OU processes and OU Bridges. Some of the technical
results from [12] that are needed in the sequel are stated without proof and others (Lemma
2.8, Proposition 2.11 and Lemma 3.3) are reproved under more general conditions. In Sec-
tion 3, a stochastic equation for the OU Bridge is derived. A new Brownian Motion adapted
to the filtration of the Ornstein Uhlenbeck Bridge is obtained and then it is shown that the
Bridge process is a unique mild (and weak) solution of a linear nonhomogenous stochastic
evolution equation with singular coefficients. Section 4 is devoted to applications of the
previous results to semilinear stochastic equations; at first continuity of Markov transition
densities (with respect to the Gaussian invariant measure v that is an invariant measure
with respect to the OU process) is proved (Theorem 4.5 and Remark 4.10). Note that
(for a fixed initial value) the continuity of densities in infinite dimensional case is a rather
strong requirement (so is, in a sense, continuity of the mappings y — E[Z}|ZF = y], etc.)
The difficulties lie in the form of conditioned processes and transition densities (typically,
(2.27) and (4.13)) which involve inverses of injective Hilbert-Schmidt operators. These are
in infinite dimensions always unbounded and only densely defined (cf. Example 4.12 for an
illustration of this fact). Furthermore, in Section 4 the Markov semigroup is shown to map
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the space LP(H,v), p > 1, into the space of continuous functions on H (Theorem 4.6) and
is also shown to be Hilbert-Schmidt on L?(H,v) and g-summing (in particular, compact)
as a mapping LP(H,v) — Li(H,v) even if ¢ > p provided the gap between ¢ and p is not
too large (Theorem 4.7). At the end of the section the results are illustrated in the case
of one-dimensional semilinear stochastic parabolic equation (Example 4.11) in which case
the conditions imposed in the paper are verified or specified. In Example 4.12 it is shown
that even in simple (in fact, linear) infinite dimensional cases densities may be irregular
and conditions for regularity are specified.

ACKNOWLEDGEMENT. The authors are grateful to Jan Seidler for his valuable com-
ments and suggestions.

2. PRELIMINARIES ON OU PROCESSES AND BRIDGES

In this section we collect, for the reader convenience, some properties of infinite-dimensional
OU processes and Gaussian random variables which will be useful in the paper. We also
define the OU Bridge and recall some known results that will be useful in the sequel.

2.1. Measurable Linear Mappings. Let H be a real separable Hilbert space and let
i = N(0,C) be a centered Gaussian measure on H with the covariance operator C' such
that im(C) = H. The space He = im (C'/?) endowed with the norm |z|c = |C~?z] can
be identified as the Reproducing Kernel Hilbert Space of the measure p. In the sequel we
will denote by {e, : n > 1} the eigenbasis of C' and by {¢, : n > 1} the corresponding set
of eigenvalues:

Ce, = cpen, n=>1.
For any h € H we define

The following two lemmas are well known (see e.g. [12]):

Lemma 2.1. The sequence (¢,) converges in L*>(H, u) to a limit ¢ and

/H () u(de) = [BP.

Moreover, there exists a measurable linear space M), C H, such that p(#) = 1, ¢ is
linear on ), and

o(x) = lim ¢,(x), = € M. (2.1)
We will use the notation ¢(x) = (h,C~'/?x).

Let H; be another real separable Hilbert space and let 7' : H — H; be a bounded
operator. The Hilbert-Schmidt norm of 7" will be denoted by ||T'|| ;4. Let

n

~ 1
T,x = — (v, ex) Tep, x€ H.
2 v e T
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Lemma 2.2. Let T : H — H; be a Hilbert-Schmidt operator. Then the sequence <Tn>
converges in L? (H, ui; Hy) to a limit T and

[ 7@, utdo) =Tl

Moreover, there exists a measurable linear space My C H, such that p(My) = 1, T is
linear on M1 and

T(z) = lim Tz, x€ #r. (2.2)

n—oo

We will use the notation TC~/?x := T(x).

The above procedure is specified in the following Lemma (the proof of which may be
found in [12]) to operator-valued functions:

Lemma 2.3. Let K(t,s) : H — H be an operator-valued, strongly measurable function,
such that for each a € (0,T)

/0 /0 K (L, 5)||5¢ dsdt < oo. (2.3)

Then the following holds.

(a) There exists a Borel set B C [0,T]* of full Lebesque measure such that the measurable
linear mapping K (t, s)C~'/? is well defined for all (s,t) € B.

(b) There exists a measurable mapping f : [0,T)? x H — H and a measurable linear space
M C H of full measure such that f(t,s,y) = K(t,s)C~Y2y fory € .4 and for each a < T

/Oa|f(t,s,y)|ds < 00

for almost all t € [0, T]. We will use the notation K(t,s)C~'/%y = f(t,s,y).

2.2. Conditional Distributions. Let H; and Hy; be two real separable Hilbert spaces
and let (X,Y) € H; x Hy be a Gaussian vector with mean values

mx =EX, and my =EY.
The covariance operator of X is determined by the equation
E(X —mx,h) (X —mx,k)y = (Cxh,k), h, ke Hy, (2.4)

and a similar condition determines the covariance Cy of Y. The covariance operator
Cxy : Hy — Hj is defined by the condition

<Oxyh,k>:E<X—mX,h> <Y—my,]€>, he H ke H,,

and then C’}"LY = (yx. For a linear closable operator G on H the closure of G will be
denoted by G. The next theorem is well known, see for example [16]



Theorem 2.4. Assume that Cx is injective. Then the following holds.
(a) We have

im (Cyx) C im (C§{2> , (2.5)
the operator T' = C';(lmC’YX 1s of Hilbert-Schmadt type on H and T* = C’XyC')_(lﬂ.
(b) We have
E(Y|X)=my+TC"* (X —my), P¥—a.s.
(¢) The conditional distribution of Y given X is Gaussian N (E (Y|X),Cy|x), where
Cy‘X = Cy —T*T.

Moreover, the random variables T*C;(l/zX and <Y - T*C;1/2X> are independent.

2.3. Some Properties of the Ornstein-Uhlenbeck Process. The following hypothesis
is a standing assumption for the rest of the paper.

Hypothesis 2.5. For everyt > 0

t
/ 15.Q2|%,, ds < oo, (2.6)
0
and

im (Q;) = H, (2.7)

where, in view of (2.6)

t
Q= / 5.Q5"ds. 2.8)
0

1s a well defined trace class operator.

It is well known that if Hypothesis 2.5 holds then the process (1.2) is a well defined
H-valued, Gaussian and Markov process, see [8].

Let p denote the probability law of the process {Z? : ¢ € [0,1]} that is concentrated on
L*(0,T; H) and let £ : L*(0,T; H) — C(0,T; H) be defined by the formula

Zu(t) = /Ot Sy Q' ?u(s)ds. (2.9)

Note that, cf. [8], im(.Z) = RKHS(u) (the Reproducing Kernel Hilbert Space of the
measure p). We will use the notation pf for the Gaussian measure N (Six, @) and iy
for u?. By the properties of Gaussian distribution uf is the probability distribution of a
random variable ZF and we set Z; = Z?. In the rest of this subsection we give several
statements on properties of the family of covariance operators {Q; : ¢t < T'} that will be
useful later.

The definition of ); given in 2.8 yields immediately a simple identity that will be fre-
quently used:

Qr = Qr+ S Qr-S;, t<T. (2.10)
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Lemma 2.6. We have
im <Q§/2> Cim( ;/2)7 t<T,
hence the operator Uy = Q;UQ \? is bounded on H for every t < T and U <
Moreover, U} = 1/2QT1/2 the closure of the operator Q, /2Q 1/2 defined on the domain

im( 1T/2>.

Proof. From the definition of the covariance operators @ it follows that |Qsx|* < |Qrz|?
for each x € H and 0 <t < T and the conclusion easily follows.
U

Lemma 2.7. (a) The operator V, = Q;l/zST,tQim is well defined and bounded on H and

Vil <1, te(0,7). (2.11)
Moreover,
}L%Vx—lirr%Wx—z r e H. (2.12)
(b) For any t € [0,T]
Qr_e = QY (I = ViV QY. (2.13)

Proof. The inequality (2.11) has been proved in [20], the convergence (2.12) in [12]. Part
(b) follows immediately from (2.10). O

Under a slightly stronger condition we show that the inequality (2.11) is sharp, more
precisely, we have

Lemma 2.8. The following conditions are equivalent:
(a) For any t € (0,T]

im (@2/2> —im ( 1T/2) . (2.14)
(b) im (Uy) is dense in H for each t € (0,T).
(c) We have
Vil <1, t€(0,T). (2.15)

Proof. Obviously (a) implies (b).
To prove that (b) implies (c) note first that (2.10) yields

‘QlT/th ‘Ql/Z 1/2 ’
hence putting y = QIT/ ’2 we obtain
1/2 ~—1 2 12
‘QT/—t T / |?J| Viyl™.
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Assume that ||V;*|| = 1 for a certain ¢ € (0,7"). Since im (QlT/2) is dense in H, there exists
a sequence vy, € im (QIT/ 2), such that |y,| = 1 and |V;*y,| — 1. Therefore,

1/2 ~—1/2

2
Tim |QF2,Qr | = Tim (1= V) =0, (2.16)

Let y,, be a subsequence converging weakly to y € H. Since

im< %/_i)cim( ;/2>, t<T,

—1/2 ~1/2 \* 1/2 ~—1/2
( T / T/—t> = QT/—t T / )
Q12,7 Pyn, — Q2,Q7' %y, weakly,
and by (2.16) we obtain QlT/ft ;1/2;1/ = 0 and since |V;*y| = 1 we obtain y # 0. It follows

that the range of the operator Q;l/ QQilp/_zt is not dense in H, which shows that (b) implies

(c)-

Finally, assume that (c¢) holds. Then (2.13) and Proposition B1 in [8] yield
im (Q;/Et) — im ( Y2 - vtvt*)m) .
Since ||V;|| < 1, the operator I — V,V,* : H — H is an isomorphism, hence
im (QIT/Z) =1im ( lT/2> , t<T,
and (a) follows. O

and

we find that

Remark 2.9. Necessary and sufficient conditions for (2.14) to hold are not known but it
was proved to be satisfied in the following cases.
(a) If

im (S;) C im( :/2) , t>0,

then (2.14) holds. It is known that the above condition is equivalent to the strong Feller
property of the OU transition semigroup R;é(x) = E¢ (Z7), see [8] for details.

(b) Assume that the process (Z7) admits a nondegenerate invariant measure v and im(Q)
is dense in H. Let Hg = im (Q"/?) be endowed with the norm |z|q = |Q~'/2z|. Assume
that Hg is invariant for the semigroup (S;) and its restriction to Hg is a Cy-semigroup
in Hg. Then (2.14) holds, see [11]. These assumptions are satisfied for any process (Z})
with the transition semigroup analytic in L?*(H,v), in particular they are satisfied for any
reversible OU process.

We define the operator B : QY (H) — L2(0,T; H),
Bx(t) = Q285 Q" x, tel0,T), xeQf*(H).

The following simple Lemma has been proved in [12]:
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Lemma 2.10. (a) The operator B with the domain dom(B) = ;/2([-[) extends to a
bounded operator (still denoted by B) B : H — L*(0,T; H). Moreover,

|\Bx|r200,r;m) = |%|5, x € H.
(b) Setting
H>z— Xat)=Kax e L*0,T; H), (2.17)
where
K, = Q;*V;, (2.18)
we have X = £ B. In particular the operator & : H — C(0,T; H) is bounded.

2.4. Fundamentals on OU Bridge. In the present subsection we give the definition and
some basic properties of the OU Bridge.
Since V* = i/QS}ftQ;l/Q is bounded, the operator K; is of Hilbert-Schmidt type on H
for each ¢t € [0,T). Also, # : H — L*(0,T; H) is Hilbert-Schmidst.

Note that if K; is defined by (2.18) then, in view of Lemma 2.2, the measurable function
KtQ;l/ ? is well defined for each ¢ € [0,T]. We will start from the definition of the process

(Zt)7

Zy =2, — KQ;"*Zp, te0,1), and Z; =0.
Proposition 2.11. (a) An H-valued Gaussian process <Zt> 1s independent of Zr.
(b) The covariance operator Q: of Z, is given by
Q=Q (I -V)Q,”. (2.19)

(c¢) The process (Zt> is mean-square continuous on [0, T].

(d) If, moreover, one of the equivalent conditions (a)-(c) of Lemma 2.8 holds then
im (Q}/Q) - im< §/2> . te(0,7). (2.20)

Proof. Theorem 2.4 yields immediately (a) since Z; = Z; — E(Z| Zr). Invoking (c) of
Theorem 2.4 with Cx = Qr, Cy = Q; and T* = K; and (2.18) we obtain
Qi= Qi — KK; = Q2 (I -V V) Q% t<T.
Using (2.11) we find easily that

lim tx (QQ ~0. (2.21)
To prove that
lim tr <Qt> —0, (2.22)

we note first that

tr(Qu) =t (1= Vi) (Qu = Q) + b (1 = V'V Qn).



Next, it is easy to see that

0< tlilr%tr (I =V V) (Qr —Qy)) < }in%tr (Qr — Q1) =0. (2.23)
Finally,
tr (I = Vi'Vi) Qr) = tr (Qr) — tr (ViQrVy)
Q) - o[ vral
k=1
where {e; : k > 1} is a CONS in H. Therefore,
tlirr%tr (I=VV)Qr)=0 (2.24)

by Lemma 2.7 and the Dominated Convergence Theorem. Combining (2.23) and (2.24) we
obtain (2.22) and, consequently, (c¢). Part (d) follows immediately from Lemma 2.8 and
(2.19). O

Proposition 2.12. The conditional distribution of the process (ZF) in the space Hy =
L*(0,T; H) given Z% is N(\,Q), where

Mt) = Sz + K,Q7'* Zr, (2.25)
Q=Q-xx" (2.26)

where Q is the covariance operator of the process (Z7) in H,, Q:H— H,,

t
- / R(t, s)y(s)ds, y e Ho,
0

and .
R(t,s)z = / S +QS:_zdr, zeH, 0<s<t<T,
0

and X : H — Hy is defined in (2.17).

Proof. We use Theorem 2.4 with Hy = H, H, = L*(0,T;H), X =ZF Y = (Z}), Cx = Qr,
and C'y = (). By the definition of the covariance Cxy,

(Cxvk,h) 20,0,y = BAZ1 k) (2% W) oo pmy s K € Hu, b€ Hy,
it is easy to compute [Cxyk|(t) = Q¢S5_,k, t € [0,T]. Hence we have T* = CXYC’;/Q =
H and T : Hy — Hy, Ty ="y = fOT K/y(t)dt. By Theorem 2.4 we have that
Q=Cy-TT=Q—Xx"

and
E(Z7|23) = E(Sw + Z|Z3) = E(Six + Z, + KQ; ' Zr| Z3)

) = Six + KtQ;l/ 2ZT, because Z; and Z7. are stochastically independent,
d (2.26) hold true.

At

) =
which yields A(t
hence (2.25) an

U

Recall that pr denotes the probability law of Z; on H.
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Proposition 2.13. There ezists a Borel subspace # C H such that up(.#) =1 and for
allz € H and y € Srx + A the H-valued Gaussian process

Zpv =2y — Q" (25 —y), (2.27)
is well defined with paths in L*(0,T; H) and
70 = Sy — Q7 (Srx —y) + Z,, P —as. (2.28)

Proof. By Lemma 2.2 we can choose a measurable linear space .# such that ¢ Q_l/ 2
is linear on # and ur (.#) = 1. Therefore, & QTI/ (25 —y) is well defined for any

y € Srx + .# and (2.28) holds. d
Theorem 2.14. Let ® : L*(0,T; H) — R be a Borel mapping such that
E|®(Z7)] < oo.
Then
E(® (29| 25 —y) =E® (2°7) i —ac. (2.29)

where the left-hand side of (2.29) is defined as a function ge = ga(y) € L*(H, u%) such
that B(®(Z*%)|Z%) = go(Z%) P-a.s.

Proof. We have to show that
E(Q(Z%)|Z5) = E(®(Z*Y))| 75—y P —a.s.
By Proposition 2.12 we have

E(@(Zx)|Z§,€)—L@(z)N(A,@)(dz) P—a.s., (2.30)

where A\ and @ are defined by (2.25) and (2.26), respectively. On the other hand, the
covariance operator Q of the process Z Yin H, is by (2.28) the same as the one of Z,.
Since Z; = Zt + KtQTl/ 2ZT and the summands on the right-hand side are independent
random variables, we obtain Q = Q + X%, that is, Q = Q. Also, we have

EZ™Y = Sz — A Qp % (Srx — ),

and therefore
E(®(Z7))|z5_, = /H ()N (S — Q72 (Sr — ), Q) (d2) | 25y = /H ()N (. Q) (dz)

P — a.s., which together with (2.30) concludes the proof.
U

Definition 2.15. Given x, y € H and an H-valued OU process (Z7), a process (ny)
satisfying (2.29) is called an Ornstein-Uhlenbeck Bridge (connecting points x at time t = 0

and y at time t = T). The probability law of the process (Z7Y) in the space L2(0,T; H)
will be denoted by p™v.
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Thus we have shown that the OU Bridge may be written in the form (2.27) or (2.28) and
its probability law ¥ is N(v, Q) where v(t) = E[\(t)|Z% = y] = S;x — KtQ;1/2(STx —y)
Wr — a.e.

The following Theorem has been proved in [12] :

Theorem 2.16. Let & be a Banach space such that u(&) = 1. Then p%¥(&) = 1 for
ye.A.

3. SDE ASSOCIATED TO THE OU BRIDGE

The main purpose of this Section is to show that the OU Bridge (Zf ") solves an affine
non-autonomous stochastic forward equation with the intial datum z, where the drift
contains y as a parameter. As the formulae for the coefficients of this equation are rather
cumbersome, we at first outline the main idea. The OU Bridge will be shown to satisfy
the equation of the form

AdZPY = (A+ () Z5Y)dt + folt)ydt + QV3d¢, € (0,T), (3.1)

with the initial condition Z Y = 1z, where ((;) is again a cylindrical Wiener process,
A = —QYV2Fr QM2 S, falt ) Q1/2F*QT1/2 and F, is defined in (3.6). In particu-
lar, the equation (3 1) corresponds to the well-known equation for the finite-dimensional
Brownian Bridge (see Example 4.12), however in infinite-dimensional case we cannot ex-
pect it to possess a strong solution. We consider two concepts of solutions: mild and weak.
First we show that the OU Bridge solves (3.1) in the mild sense, i.e.

t t t
75 = S+ / Sy fr(r) Z5¥dr + / Sy fo(r)ydr + / S, QY?d¢., tel0,T), (3.2)
0 0 0

holds (Theorem 3.8). Then it is shown that (Z7Y) is also a weak solution to (3.1), that is,

<Zf’y,h>:<x,h>+/0 <Zw A*h> / <f1( )ngy,h> ds+/0t (fo()y, h) ds+(C, QD)

(3.3)
for h € dom(A*) (Corollary 3.9).
In the sequel we will need the following
Hypothesis 3.1. For anyt >0
m (Sth/Q) C im (Q%ﬂ) . (3.4)

Remark 3.2. Condition (3.4) is satisfied in some important cases.
(a) If the process (Z7) is strong Feller then im (S;) C im <Q1/ 2) and therefore (3.4) holds.

(b) Let Hg = Q'*(H) be endowed with the norm |z|g = |Q~"/2z|, where @Q is assumed
to be nondegenerate. Assume that S;Hg C Hg for all ¢ > 0 and (5;) restricted to Hy is a
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Co-semigroup. It was proved in [11] that in this case S;(H) C Q2/2(H) for all ¢ > 0 and
there exists ¢ > 0 such that

<5 iso

\/E7
Assume additionally that the process (Z7) admits a Gaussian invariant measure v. Then,
cf. [11], (S¢) is a Cyp-semigroup on Hg, if the transition semigroup of the process (Z7) is
analytic on L?(H,v), in particular this holds for a symmetric Ornstein-Uhlenbeck process.

Explicit conditions for the analyticity and symmetry of the transition semigroup of the
process (ZF) in L*(H,v) may be found in [11] and [7].

|er s

Lemma 3.3. Assume that Hypothesis 3.1 holds. Then the function
= ’Q;l/QSth/zh

Y

is nonincreasing on (0,00) for each h € H.
Proof. By Lemma 2.7 we have

|25y
By assumption the operator Q,, +15/ ?S,1sQY? is well defined and bounded and S,Q2h €
im( §/2>. Therefore, by (3.5)

<L (3.5)

Q8@ 2] = |Qi 2510120 25,0V

<|Q;125,Q"h|,
and (b) follows. O

Let

T
Y, = / Sr_sQY2dwW,, u<T.

u
Since the operator-valued function ¢ — @); is continuous in the weak operator topology and
all the operators @); are compact for ¢ > 0, there exists a measurable choice of eigenvectors
{ex(t) : k > 1} and eigenvalues {\x(t) : k > 1}. For each n > 1 we define a process

n

1
X! =Y ————— (Y, ex(T —u)) Flep(T — u),
=1 )\k<T — u)
where
Fy = Q! Sr Q2. (3.6)

Lemma 3.4. There exists a measurable stochastic process (X,) defined on [0,T) such that
for each a <T

lim IE/ X" — X, > du = 0. (3.7)
0

n—oo
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and for each h € H and a < T the series

(X, h) = Z \/ﬁ (Yo, en(T — ) {ex(T — u), F,h) (3.8)
W(T —
converges in L*(0,a) in mean square. Moreover, if 0 <u < v <T then for all h,k € H
E (X, ) (X, k) = (Fuh, Q2 Q12 k) (3.9)
where the operator QT1/2 1T/3v is bounded.
Proof. Foru <v T
E (Y, h) (Yy, k) = (Qr_h, k)Y, h ke H. (3.10)
Therefore
1
j=m+1 k
= Y (e(T —u), F,h)? — 0, (3.11)
i n,m— 00

hence the process

(X, h) = —w) (ex(T = ), Fuh) = (Qr"2Yo Fuh)

Z m (Yy,ex(T
is well defined for each h € H and u < T. For u,v such that 0 < u < v < T we have

im (Q12,) cim (Q12,). (3.12)
Let P, is an orthogonal projection on lin{ex(7 —v): k < n} and F = P,F,. Then
QTl/ F" is bounded on H. Let

X" = ( T”j’Fg) Y,.

u

By (3.10)
n np\ _ —1/2 1 1/2 o,
E (X3 h) (X0k) = (QroQy S Fin, Q2 Fik )
<F"h 0,2 ;/Evak>.
By (3.12) the operator 1/ 2 ;/_QU is bounded and therefore
E <Q;£/5Yu,Fuh> (Qrl2Y. Fuk) = lim E (X2, h) (X7 )

<F hQ72QN2 F, k>

It follows from (3.9) that
E(X,,h)* = |F,h,
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and by Lemma 3.3 we obtain for u < a

E (X, h)* <E Xy, h)” < B || Fr-al®.
Then (3.11) and the Dominated Convergence Theorem yield

lim sup B (X" — X™ h)? du = 0.

nm—oo Jo |p<1
As a consequence we find that (3.7) holds for any a € (0, 7). O

By Lemma 3.3 a cylindrical process
t
I, = / FrQpM Y, du
0
is well defined, that is for any h € H the real-valued process
t
(I ) = / (Qrll2Y,, Fuh ) du
0
is well defined for all ¢t < T
Lemma 3.5. The cylindrical process
t
G =W, —/ FrQ Y, du, t<T,
0
1s a standard cylindrical Wiener process on H.

The proof of this Lemma is omitted; it is a word by word repetition of the proof of
Lemma 4.7 in [12] if we use Lemmas 3.3 and 3.4 above.

Theorem 3.6. For allt < T
t

=

0

t t
7, =— / S sQV2Fr QY2 Sy Zyds + / S, sQY?d¢,, P—a.s. (3.14)
0 0

1/2 g y—1/2 5 |°
Si_sQ F;Qp S Sr_sZs| ds < o0, (3.13)

and

Proof. We will show first that the operator Q;i/SQST_SQSS}_S ;i/f is bounded. Let h, k €
H. Then by Proposition 2.11 and (2.10) we obtain

(Sr-sQuSi_hi k) = (SroQuSi_ k) = (St QUVIV.QY2S;_ b, k)
= {(Qr = Qr- ) h, k) = {Q7'Sr_.QuS5_ Q7 Sr_ Q.57 k)

—((Qr = Qr-) b k) = (@ (Qr = Qr- ) h.Q: " (Qr = Q) k)

= <(QT - QT*S) h? k) - <(QT - QTfS) Q;l (QT - QTfs) h7 k>
= ((Qr — Qr—s) h, k) — ((Qr — Qr—s) (I — Q7' Qr—s) h, k)
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= <(QT73 _ QTfsQ}lQTfs) h, k> _ < 1/2 < Q1/2 QT1Q1/2 ) lT/fsha k> .

1/2

Since the operator 1/ X QT is bounded for s < T" we find that the operator

T, = QTl/fST 0.5 QY =T — QM2 Q71 QY2 (3.15)
is bounded as well . Therefore, for s < 7T — € Lemma 3.3 and (3.15) yield

E |Si- QY2 F; (@1 Sr-.2.)

2

St_sQl/ZFs*< 1/2ST sQ1/2>

< HSt—sQl/QHHS ||FT—E|| )
which completes the proof of (3.13). As a byproduct of the argument given above we

< S IEP 72

proved also that the process Q) 12 Sr_yZ, is well defined for all s < T. Now, we are ready
to prove (3.14). By Lemma 3.5 we have

Zt - Zt Kt _1/22T

t
_ / S,-.Q\2d¢, + / S, QY2 QT Y ds — KQ7 " 2

0 0
and since

Y, = Zp — Sr_sZs = Zp — Sr_oK.Qp"* Zr — Sp_y 7,
we find that

t
Zy = / S QY2d¢, — / Si_sQVPFIQ NS Zods

0 0

/ Si- QPR Q ! (77 = Sr K.Qp' ) ds - K 2.
0

It remains to show that
/ S Q2 FrQ M? (ZT S JK,Q7*Z ) ds — K,Q; > Zp = 0. (3.16)
To this end note first that
KiQ7'"?Zr = ( / t St_sQl/QF:ds) Q' zr, (3.17)
0
and t
Sr_ K, Q7 Zp = ( / ST_SQl/QF;ds) Q7?77
0

= (Qr — Qr—1) Q7' Zr = Zr — QrQ7' Zr,
and thereby
Zr — STfthQ;lﬂzT = Qr_+Q7' Zp. (3.18)
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Finally, (3.18) and the definition of F give

[ Se@ i (2 S0y 21 ) s

t t
_ / S, QP E QY200 Q7 Zrds — ( / St_sQl/QF:ds) Q7" 7y,
0 0
and (3.16) follows from (3.17). O

We will consider now the general case of the bridge (Zf ’y) connecting points x € H

and y. We will impose the stronger condition (2.14) which is now formulated as a separate
hypothesis:

Hypothesis 3.7. For anyt € (0,T]
im( 2/2> = im( 1T/2> .
For y € Hy := im( 1T/2) we define
Ny(t) = / Si—s Ql/QF*QTl/zyds t<T —e.
Theorem 3.8. Assume that Hypotheses 3.1 and 3.7 hold. Then the following holds.
(a) The operator N : Hy — L*(0,T — €; H) is Hilbert-Schmidt.
(b) For any v € H andy € A

Z5 = S — / S QYA FF Q728 2 ds + / S,_sQY2d¢,

/ Si- Q2 F: Q7Y yds. (3.19)
0
Proof. Recall that by Lemma 2.10 (b) we have % = Z B, hence for z € .#
t
K7 = [ 50505 s (3.20)
0
Next, for s <T — ¢
sw Q20| = [|@:2ei|| <
s<T—e

and invoking Lemma 3.3 we find that
2

2
HNQlT/z / OV Q20| ar
HS "
4 2 T 1/2 1/2]|?
< (/ ||SSQ1/2HHS ds) (/ ’ 7 ds)
0 0

<P e oi| (/ 5.0 g 5) < o0
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Therefore, the measurable function
y— / Si QY2 Fr QP yds,

is well defined. We are ready now for the proof of (3.19). Let z,y € im( 1T/2). Then
Hypothesis 3.7 yields Srz € im (Q%Fﬂ), hence y € .#. By (2.28) we have
ZAf’y = Zt + Stl’ — KtQj_wl/Z (STLL’ — y) y
and Theorem 3.6 yields
Y —1/2 -1/2
= Stl' — KtQT ST:L‘ + KtQT Yy

t
/ S QVPFIQ M S Zyds + / S Q'?d¢,

0 0
= S — K,Q7*Sra + K,.Q7%y

t
/ S QP F QS (229 = S+ K,Qp S — K,Qp Py ) ds + / Si—sQY2dC,

0

= —K,Q7'*Sra + / Si_sQVPFr Q25 (S — K,Q7'? ST) ds

0

+KtQT1/2y+/ St SQ1/2F* 1/2ST SK QT1/2yd8
t
Sy / S QU QF 25y Zovds + / S QY2

—: Hyx + Gy + Sy — / S, QVPFF Q728 Zds + / S,_.QY2d,. (3.21)
We will show first that
Gy / Si- QP FrQp yds. (3.22)

Foryeim( %,,/2>

t t
ST_thy:/ St_SQS;fs _I/deS—/ ST—SQS;—S _I/des
0

0

— (Qr — Qr_) Q1'% (3.23)
and therefore
x \—1/2 x \—1/2 ~1/2 x1/2 1/2
F; /STssy_F 2Py — FrQi .07 Py

Hence, taking Lemma 2.10 (b) mto account we find that

Gy = K,Q7Y%y + / S, QY2 Fr QY28 K.Q7 Pyds
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t
— K07 Pyt [ Se@PEQ yds - K07,
0
and (3.22) follows. Next, we claim that for z € im ( IT/Q)

Hyz =0, (3.24)
Indeed, using (3.23) we obtain

Hya = —K,Q7" S + / S QY2 F Q28 (s K QT1/25T> rds

= —K,.Q;* / S_sQVPFrQ M2 Spwds — / Si—sQVPFr QM2 50 K,Q " Spxds
0 0

t
= —KtQ;l/Qx + / StfsQl/QF: UQST.CL'dS
0

/ S QP E QM (Qr — Qr) Q7 Srads =,
which yields (3.24) for z € im (QT > and therefore for all x+ € H. Finally, combining
(3.21), (3.22) and (3.24) we obtain (3.19). O

Corollary 3.9. Assume Hypotheses 3.1 and 3.7. Then for eacht < T, and h € dom (A*)
and allz € H andy € A

<Zf’y,h> = (z, h)+/t <Z§’y,A*h> ds—/ <F SV2g zaw Q1/2h>
0 0
/ <F*Q_1/2y Q1/2h> ds+<§ Q1/2h>

Proof. On any interval [0, Ty] with Ty < T and for any y € .# the functions
5 — QI/QF* ;1/525 _SZ“’ and s — Ql/QF* _1/2y

are P-a.s. Bochner integrable by Theorem 3.8 and therefore standard results about the
equivalence of weak and strong solutions of deterministic and stochastic evolution equations
can be applied to prove the corollary, see for example [1] for deterministic and [3], [21] for
stochastic versions. U

4. APPLICATIONS TO SEMILINEAR EQUATIONS

In this Section, transition densities and Markov semigroups defined by semilinear sto-
chastic equations are studied using the OU Bridge. Throughout the Section we assume
(beside (2.5)) that the OU process (Z7) is strongly Feller, that is, the condition

im(S,) C im(Q)%), te(0,7), (4.1)

is satisfied. Note that (4.1) trivially implies the preceding Hypotheses 3.1 and 3.7 (or
(2.14)). Let (2, |.]|lvar) denote the space of probability measures on the Borel sets of H
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endowed with the metric of total variation. We start from a simple proposition where some
continuity properties of the OU Bridge are given.

Proposition 4.1. (a) For eacht € (0,T),y € .# , where # has been defined in Proposition
2.13, the mappings

r— ZMw), H— H, (4.2)
x— 2" (w), H— L*0,T;H), (4.3)

are continuous for P-almost all w € 2, and the mapping
=i, H— (2| lvar), (4.4)

18 conlinuous.

(b) If, moreover, for each t € (0,T) we have KtQ;l/z € .,S,”(I:[, H), where H is a separable
Banach space continuously embedded into H, then the mapping y — ny(w) is H— H P-
a.s. continuous. Similarly, if

H QY € L(H,LX0,T; H)) (4.5)
then .4 > H and the mapping y — Z*¥(w) is P-a.s. H — L*(0,T; H)) continuous.

Proof. (a) By (4.1) we have that Srx € im(Q1T/2) for each z € H and hence Srx € #

by construction of .#, hence y € .#. Furthermore, (4.1) implies that the mappings
%/Q_I/ZST and KtQ_l/QST, t € (0,T], are in L (H, L*(0,T; H)) and .Z(H), respectively,
and (4.2) and (4.3) follow by (2.28).

To show (4.4) we recall Proposition 2.11 and Lemma 2.8 , by which we have im(Q), V %) =

1m(Qi/ ). Hence the measures (fi7¥), z € H, are equivalent and

Gt 2, z) =

_ 2 1) - 2 _
<z)=exp< 5|0 sia| + 5 |@r 0| + (@1 1/25tx)
(4.

6)
Indeed, by the Cameron-Martin formula we have

2 A A
wy(taxu Z) = exp <__ m| + < ;1/22, 15_1/2m>> )

where m = @/ (I =V V) Q,"/*S,z. Then using (2.19) we get (4.6) and the assertion
easily follows.
The proof of part (b) is completely analogous. O

A—1/2
t

Remark 4.2. (a) The equivalent form of the density (4.6) is
1 _ 2 _ -
Y (t,x,z) = exp (—5 ‘(I — V{"Vt)l/2 Q, I/ZStI‘ + <Qt 1/22, Q, I/QStx>> )

(b) Note that the OU Bridge (Z"Y) satisfies the SDE (3.19) which defines an (inhomoge-
neous) Markov process on the interval (0,7"). By (4.4) this process is strongly Feller.
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Now consider a stochastic semilinear evolution equation of the form
dX, = AX,dt + F(X,)dt + /QdW,, Xo=z€H (4.7)

where A, W; and @ are as before and F' : H — H is a nonlinear continuous mapping.
Suppose that im(F) C im(Q'/?) and set G := Q'/2F.

Hypothesis 4.3. The mapping G : H — H is bounded and continuous.

Now we formulate technical assumptions on the linear part of the equation. For simplicity
of presentation, it is stated in the form that is verifiable in examples and includes all
assumptions made previously in the paper.

Hypothesis 4.4. Assume either
(i) dimH < oo or
(it) There exist o € (0,1) and B < 2 such that

To
/ t721S,QY?||%gdt < 00 and
0

_ C
|Q Sl < 5. € (0.T),

for some ¢ > 0 and Ty > 0.

Conditions from (ii) are often used in the theory of stochastic equations and have been
widely studied (cf.[8] or [12], see also the Example below). Note that Hypothesis 4.4 (ii)
implies all previous assumptions made in the paper on the linear part of the equation (4.7)
(i.e., all except for Hypothesis 4.3).

It is well known (see e.g. [21] ) that under Hypotheses 4.3 and 4.4 equation (4.7) defines
an H-valued Markov process as a solution to the integral equation

t
Xt = Stl"i‘/ St—r ( dr+/ St r\/_dWr, t> O, (48)
0

where W, is a standard cylindrical Wiener process on H defined on a suitable probability
space.

Finally, we assume that the OU process defined by the linear equation (1.1) has an invariant
measure v that will be used as a reference measure. This is equivalent to the condition

sup tr(Qy) < oo. (4.9)
>0

If (4.9) holds then v is a centered Gaussian measure with the covariance operator
Qoo = / S QS dt.
0

Moreover, it has been shown in [5] that S,Q¥’(H) C Qi*(H) and the family of operators
So(t) = QL*SQN?, ¢ >0,

defines a Cy-semigroup of contractions on H. Moreover, if part (ii) of Hypothesis 4.4 holds
then ||.So(t)|| < 1 for all ¢t > 0.
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Denote by (F;) the transition Markov semigroup defined by the equation (4.7) and set
P(t,z,T')= Plp(z),z € H, t >0

and I' Borel sets in H, and

P(t,z,dy)

v(dy)
It is standard to see that the density d exists, because Girsanov Theorem may be used to
show the equivalence of measures P(t,x,dy) ~ pf, and uf ~ v by (4.1) (see e.g. [12]).

Theorem 4.5. Let Hypotheses 4.3, 4.4 and (4.9) be satisfied and let T' > 0 be fized. Then
for v-almost all y € H the mapping v — d(T, z,y) is continuous on H.

Theorem 4.6. Let Hypotheses 4.3, 4.4 and (4.9) be satisfied. Then for p > 1, T > 0, we
have

d(t,z,y) =

Pr(LP(H,v)) C €(H),
that is, the semigroup (P;) maps the space LP(H,v) into the space of continuous functions
on H.

For p,q > 1 we introduce the notation
1/q

nmmz(é(éﬂﬁmwwmfmmwg |

where p’ = ~F5. Note that [|F[,, is a Hilbert-Schmidt norm of F,. Moreover, if [|F[, , <

oo then the operator P, : LP(H,v) — L9(H,v) is compact. Under assumptions more
general than ours necessary and sufficient conditions were given in [4] for boundedness of the
operator P, : LP(H,v) — L9(H,v). In the theorem below we use different arguments based
on the formula for transition densities to show that a stronger property holds: || F||, , < oo.

Theorem 4.7. Let Hypotheses 4.3, 4.4 and (4.9) be satisfied. Then for any fixed T > 0
and p,q > 1 satisfying

<14 p—1
q e —
150(T)1?

we have || Pr|, , < oo. In particular, the operator Pp: LP(H,v) — LY(H,v) is g-summing.
Corollary 4.8. If

1
¢<1t+—
1So(T)I

then Pr : L*(H,v) — L(H,v) is y-radonifying. In particular, Pr : L*(H,v) — L*(H,v)
1s Hilbert-Schmidt.

By the above mentioned equivalence of probabilities we may write

P(T,z,dy) pi(dy) pr(dy)
pip(dy) — pp(dy)  v(dy)

= WT,2,y) - g(T,x,y) - k(T y), (4.11)

d(T,z,y) =

(4.10)
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where k£ does not depend on z, g is given by the Cameron-Martin formula
o 1/2 1,
9(T,2,) = exp{ (i, 530, Q7 ) - 5107 Sraf?) (4.12)

for v-almost all y € H, and h may be expressed by means of the OU Bridge (Z),

WT,z,y) = Eexp{p(Z*) — /0 <G(Z§’y)7 Bi(5)Zs + Ba(s)z — Bs(S)y> s}y (4.13)

(cf.[12], Theorem 5.2), where

p(27) = / ' (azm),de) -5 / G2z s

and ((;) is a standard cylindrical Wiener process defined in Lemma 3.5,
Bi(s) = (Qr2Sr—,Q"?) QY2 Sr,,
Ba(s) = (Q7*Sr—.Q"2) Q7 2 Sr,

By(s)y = (Q7'"*Sr-.Q"2r Q7 yeim (Q1%).
From Lemma 2.10 it follows that

T
/ |By(s)z|?ds = |Q7*Spal?, € H, (4.14)
0
and by [12], Proposition 4.9, we have that
T
E/ |B1(s) Zi|ds < oo (4.15)
0
and
T
/ |Bs(s)y|ds < oo (4.16)
0

for v- almost all y € .# (with no loss of generality we may assume that (4.16) holds for all
y € M, v(M)=1). The proofs of Theorems 4.5, 4.6 and 4.7 are based on the following
technical lemma:

Lemma 4.9. Given T > 0 and q € [0,00), there exists a constant k, > 0 such that

h(T..y) s = Bexpla(p(27) = [ (G(ZE". Bi(5)Z,+ Bals)a ~ Ba(s)y) do))
0 (4.17)

< kg exp{k (o] + / |By(s)ylds)}

forallx € H and y € A, in particular,

Wt,,y) < ky explh (jo] + / |By(s)ylds)}.



23
Proof. By the Cauchy inequality we have
ho(T, ,y) < (Eexp{2qp(Z7})"/? (4.18)
T
x (E exp{2q(/ | <G(Z;"y), Bi(8)Zs + Bs(s)xr — Bg(s)y> |ds)})1/?
0

and since the process s — G (Z 2¥) is bounded the first expectation on the right-hand side
of (4.18) is bounded (uniformly w.r.t. z and y). By (4.14) and (4.16) we thus have

T
(T, .9) < CyEexp(C, [ (B2 +1Bals)al + |Balsash > (419)
0
~ ~ 1/2 g - [ 2
< Cyexp{C,(|Q; St +/ |Bs(8)y|d8)}(EeXP{Cq/ |Bi(5)Zs|ds})"/
0 0
for some C,, C,, and (4.17) follows by (4.15) and the Fernique inequality. O

Proof of Theorem 4.5. Without loss of generality (dropping, if necessary, a set of v-measure
zero) we may suppose that ¢(7T', z,y) and k(T,y) are defined for all y € .#. By (4.12) we
have that the mapping x — ¢(T,z,y)k(T,y) is continuous, so we only have to prove
continuity of the mapping = — h(T,x,y),y € #,T > 0. Let x, — x¢ in H. First we
show (possibly, for a subsequence) that

Tim exp{p(Z7) — /0 <G(Z§nvy), Bi(8)Z, + Ba(s)zn — Bg(s)y> ds} (4.20)

T
—exp{p(207) — [ (G2, B2 + Bals)o — Bu(s)y) ds)
0
P-a.s. We have

/0 ' <G(Z§my), Bi(5)Zs + Ba(s)an — Bg(s)y> _ /0 ' <G(Z§°’y), Bi(8)Z, + Bo(s)zo — Bg(s)y>

T
</ G(Z5mY) = G(Z3)[(|Ba(s) Zs| + | Ba(s)wol + | Bs(s)yl)ds
0

ds

. /OT )G(ZA:M)’ | By () (2, — xo)’ ds,

(4.21)
which tends to zero by continuity and boundedness of G, (4.14) and Dominated Conver-
gence Theorem. Also, we have
1/2

T
B|o(2%) — p(2)| < O ((E [ 16z - )
0

T
+E [ j6(Z) - 6z )
0

which again tends to zero by Dominated Convergence Theorem, so there is a subsequence
converging IP-a.s. Taking into account (4.21) we obtain (4.20). By (4.17) (used, for instance,
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with ¢ = 2) the random variables on the left-hand side of (4.20) are integrable uniformly
in n, hence the convergence in (4.20) holds also in the space L'(Q) and, consequently, we
obtain h(T,x,,y) — h(T,xo,y). Since we may choose a subsequence with this property
from an arbitrary sequence x, — x¢, the convergence takes place for the whole sequence.

Proof of Theorem 4.6. Let T >0, ¢ € LP(H,v) and x,, — xy in H. Then

Pro(n) — Pro(zo)| < /H (S |A(T, ) — (T, 20, )| (dy)

< ([ Jolrany o [ (T 0.) — AT a0, ) ).
H H
so by Theorem 4.5 it suffices to show that

/H (d(T, 20, 9))(dy) < 0y q € (1,00), (4.22)

where ¢, does not depend on n. The same property (uniform boundedness in arbitrary
L9(H,v)) has been shown for Gaussian densities g(T', x,,-) and k(7 -) in [6], so we only
have to show (4.22) where d(T', x,,y) is replaced by h(T,x,,y). However, by Lemma 4.9
and Holder inequality we have

[ T nytan) < [ h(Tn vty (423

H

< texplialonl} [ e [ |Ba(sldstin <,

where ¢, does not depend on n, since the sequence z,, is obviously bounded and

T
[ et [ 1Balopdstutn) < o
by (4.16), (4.1) and the Fernique ine::iuality.
Proof of Theorem 4.7. We can rewrite (4.10) in the form
d(T,z,Y)=h(T,xz,y)H(t,x,y),
where
H(T,z,y) =

Invoking the Holder inequality we obtain

1Prltacn, = [ ([ nitontan)) vian
</ (( / hp’Hp’uuy))l/p/ (/ 1¢|pu<dy>)l/p>qv<dx> (124)
~ 1ol [ ([ hp’Hp’uwy))q/p/u(dx»



It remains to show that

K= /(/ W HP dy))q/plu(dm)<oo

Indeed, using successively the Holder equality we obtain for any » > 1

v () ()
< (/H (/H hpry(dy))q/p y(dw)) " (/H (/H Hp’ry(dy)>q/pl y(dw))

It was shown in [6] that
b/a’
/ (/ H“ly(dy)> v(dx) < 0o
o \Ju

1/r

for any a,b > 1, such that

a—1
HSo( )|
Putting
/
= ,pr and b=qr,
pr—1

we find that there exists » > 1 such that (4.28) holds. Therefore, for such an r

/H (Hp’w(dy))w v(dz) = /H (H“’u(dy))b/“'y(dx)<oo

Next, we need to show that

/H ( /H hp/”/y(dy)>q/p/u(dx) < 0

To prove (4.30) we note that if 2 >1 then

/H ( /H hpwy(dy)y/p’ v(dz) < /H /H W (dy)o(de)

However, using Lemma 4.9 for § = r’q we have

/H/H(h(T’x’y))q’/(dx)”(dy)</H/th(T,x,y)V(dx)u(dy)

< [ [ reswthatel + [ 1Bl vtdavta)
<t [ epidelivtan) [ exoth [ 1Bs)slds)vtan)
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(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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~ T ~
= ksEef? . Rexp{k; / |Bs(s)Z|ds}
0

where Z is an arbitrary random variable with probability distribution v. By (4.16), (4.1)
and the Fernique inequality we conclude that (4.30) holds true. The proof of (4.30) for the
case when z% < 1 is even simpler and is omitted. The fact that for p = 2 the operator Pr
is y-radonifying, hence Hilbert-Schmidt for p = ¢ = 2 now follows from the representation
of y-radonifying operators, see [2].

Remark 4.10. There is a natural question whether the transition density is regular (con-
tinuous) ”in y”, that is, whether the mapping y — d(T, z,y) is continuous, at least on a

certain subspace H C H ) of full measure. In the Gaussian case the formulas for the density
may be used to conclude that if

SrQ7l e ZL(H, H) (4.31)

then y — (T, x,y) is continuous on H for all T > 0 and = € H (cf. the Cameron-Martin
formula (4.12)). A similar well-known formula for k(T,y) (see e.g. [6]) yields H — H
continuity of the mapping y — k(7T',y) provided

C(T) = Qx"*(I — So(T)SE(T)) 1 So(T)S:(T) Q" € L (H, H) (4.32)

where So(T) = ngl/ZSTQééz. Following the proof of Theorem 4.5 we can easily see that the
remaining factor, the function h(T,z,y) is continuous in y € H if the mapping y — 2,V

is H — H a.s. continuous (which by Proposition 4.1 (b) happens if KtQ;l/z € .,S”(I:I, H),
t <T) and

Bs € Z(H,LY0,T; H)). (4.33)

In fact, a more careful analysis of the situation shows that if (4.31)-(4.33) is satisfied, we
already have the joint continuity of the mapping (z,y) — p(T,z,y) on H X H.

We are able to verify these additional conditions in some important cases (supposing
that the standing assumptions of this Section (4.3), (4.4) and (4.9) are satisfied).
(a) All conditions (4.31)-(4.33) are satisfied if dimH < oco.
(b) In the commutative case the conditions (4.31) and (4.32) are satisfied with H = H by
the strong Feller property. However, condition (4.33) is not satisfied with H = H even in
simple infinite - dimensional situations (cf. Example 4.12 below).

(c) Assume also that the generator A has bounded imaginary powers and (for simplicity)
QQ = I. Under these assumptions the OU semigroup (R;) is analytic in L?(H,v) and
moreover its generator L is variational, see [11] for details and for more general results. In
particular these conditions are satisfied if A is a variational operator in a bounded domain
with Dirichlet boundary conditions (for instance). Then it follows from [10] that the

So(t) = i %3, 2 defines a Co-semigroup of contractions in the domain of the operator
/% endowed with the norm |z = ‘nglﬂx . Therefore, for h € im( ¥2> we obtain
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So(t)h € im ( ¥2> and

|So(t)hly = |Q% S1QweQ?h] < |QL?],

or equivalently [|Q:1S1Qw| < 1 and V; = Q'S;Q is a Cy-semigroup in H. Hence our
first condition is satisfied with H = H. Note that in this case results in [5] yield the
existence of a dual OU process Z* such that Rf¢(y) = E¢ (Z(t,y)*) and

{ dZ*(t,y) = BZ*(t,y)dt + dW,,
Z(0,y) =y,
where B = Qo A*Q5} is a generator of the Cy-semigroup V;. Note also that the existence

of the process Z* follows from the general theory of nonsymmetric Dirichlet forms, see [15].
In this case we could construct a dual bridge Z*%* from Z*Y by time reversal.

Example 4.11. Consider the semilinear stochastic heat equation

0*u

(t §) = oe S (L) + Flu(t,€) +n(t€), (€ € Ry x (0,1), (4.34)
with an initial condition and Dirichlet boundary conditions
u(0,8) = x(&), wu(t,0)=wu(t,1)=0, t>0,&ec(0,1) (4.35)

where f : R — R is bounded and continuous and 71 denoted formally a space-dependent
white noise. As well known (see e.g. [8] for fundamentals on the theory of stochastic
evolution equations) the system (4.34) - (4.35) may be understood as an equation of the
form (4.7) in the space H = L?*(0,1) where A = 8522, dom(A) = H}(0,1) N H*(0,1),
F:H— H, F(y)(&) = f(y(&),y € H, £ € (0,1), and /Q is a bounded operator on
H = L*(0,1). We assume that the operator @Q is boundedly invertible on H, (i.e., the noise
is nondegenerate). Then Hypothesis 4.3 is obviously satisfied and Hypothesis 4.4 (ii) is
satisfied with § = $ and arbitrary o € (0, 3) (cf.[12], Example 9.2 and references therein).

)
Thus the conclusions of Theorems 4.5, 4.7 and 4.6 hold true in the present example.

Example 4.12. Let (e,) denote an ONB of a Hilbert space H and assume that the operators
A and @ are given by sequences if their eigenvalues (—a,,), (A,),

Ae, = —ape,, 0<a, — 00,

and
Qe, = Aen, 0< A, <sup, < oo,
note at 1n € previous example € operator satlsiies 1S condition wi Ay ~ N7
te that in th i le th tor A satisfies thi diti ith 2

In this "diagonal case” all Hypotheses made in the paper may be expressed and verified in
terms of the sequences (—a,,), (A,). More specifically,

Z A < 00 (4.36)

Qn
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is equivalent to Hypothesis 2.5 ; in that case all results of Section 2 on the OU Bridge hold
true (obviously, (4.36) is also necessary and sufficient for the OU process to be well defined
in H).

Furthermore, it is easy to compute that

An
Qien = (1 — e ey, (4.37)
Qp
and so Hypotheses 3.1 and 3.7 are always satisfied. Therefore (under condition (4.36))
the differential equations for the OU Bridge has the mild and weak solutions described in
Theorem 3.8 and Corollary 3.9, respectively.

This equation splits into a sequence of independent one-dimensional equations for par-

ticular coordinates Zr¥(t) := <Zf’y, en>. We obtain

A5 (1) = [~ 229 (1) — 204,00 T8 (1 — e 20n(T=0) =1 (gman(T=0) 229 (1) gy N dt 4/ N\pdCn (t)

n

for t € (0,T) with the initial condition

2572” (O> = Tn,

where x,, = (x,¢e,), y, = (y,e,) and (,(t) = (¢, e,). The mild and weak formulas from
Theorem 3.8 and Corollary 3.9 may be easily expressed as well.

Note that if dimH < oo, the condition (4.36) is automatically satisfied. In this case the
above equation has obviously a strong solution. Here we need not have to assume that
the eigenvalues «, are all negative, only «,, # 0. If o, = 0 for some n the corresponding
equation takes the form

— ATY(t
dz29(t) = %T—’Z()dt F A dCa(t), te(0,T),

which is a well-known equation for a one-dimensional Brownian Bridge.
In Section 4, where the semilinear equations are considered, our standing assumption was
(4.1) (the strong Feller property for the OU process), which in the present example is
equivalent to

sup I p—2amt Cy, t>0, (4.38)

n An

where C; < oo (intuitively, the noise term is ”sufficiently nondegenerate”). The condition
(4.9) (existence of the invariant measure for the OU process) is automatically satisfied and
the conditions of Hypothesis 4.4 have been often studied in the past and may be easily
formulated in terms of sequences («,) and (\,) (cf. Section 3 in [13]). For instance, if
>™(1/a,)' ¢ holds for some € > 0, A, > ¢ > 0 and the nonlinear term F is bounded and
continuous, the conclusions of Theorems 4.5- 4.7 hold true (in particular, the transition
densities are ”continuous in x”).
The continuity of transition density ”in the variable y” may be veriified by means of Remark
4.10 . It is easy to compute eigenvalue expansions of all operators that appear there. We
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have
1 — 6—2ant
KtQ;en = ﬁe_o‘"@_t)en, (439)
—e (679

Q'Ske, = 9T (1 _ pmanT “le,, 4.40

T ~T )\
C(T)e, = Ze_QO‘"T%(l — e 2Ty "le (4.41)
Bi(s)en = 2eon(T=9) S0 (] _ g=onT)~1¢ (4.42)

VA
As an illustrative example consider the case when the "nonlinear term” F' is, in fact, a
constant element of H, F' = Y F,, < F,e, >. The solution to the equation (4.7) has the
form

Xy =Sw+a(t)+ 2, t=>0,

where a(t) := [} S, Fds. In order to satisfy Hypothesis 4.3 we assume that F € im(Q'/?)
for a given T' > 0, which is equivalent to

2
Z%«m. (4.43)

The regularity ”in 2”7 of the density may be then obtained as a particular case of the
preceding part of the Example. However, since the solution is Gaussian, we may conclude
directly by the Cameron-Martin formula that the mapping * — d(7,z,y) is continuous
(in fact, smooth), for fixed y from a set of measure one, if and only if the strong Feller
property (the condition (4.38)) is satisfied and a(T") € im(QlT/ ?) holds. The latter condition
is equivalent to (—A)™/2F € im(Q'?) or equivalently,

F2
ZAZ<W (4.44)

(this is obviously a weaker condition that (4.43), which in this case is not needed). Now,
let us check the regularity in the variable y for a fixed x € H. Assume that the OU process
is strongly Feller ((i.e., 4.38) is satisfied). It is easy see that the mapping y — k(7T,y) ) is
continuous. The continuity y — ¢(7T, x,y) is equivalent to the inclusion Q;'Si € Z(H),
which in terms of the eigenvalues is expressed as

sup %e’a”T < Cr. (4.45)
This would be, for a fixed T > 0, a stronger demand than the strong Feller property (4.38)
but if we require (4.38) and (4.45) for each 7' > 0, they are equivalent. By Gaussianity,
the remaining factor h may be again expressed by the Cameron-Martin formula

N(Srz +a(T),Qr)(dy) ~1/2 ~1/2 L 12 9
N(S.Qriidy) NS @t Qrty = —5lQr “Tﬁ‘ﬁ@

h(T,z,y) =
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Now it is easy to see that the mapping y — h(T, z,y) is continuous (and in fact, smooth)
for each x € H if and only if a(7T") € im(Qr), which turns out to be the same as F' € im(Q),
or equivalently,

F2
> 5 <o (4.47)

Obviously, (4.47) is stronger than (4.43), which shows that for the continuity "in z” the
Hypothesis 4.3, which makes the Girsanov theorem applicable, is in general unnecessary.
For continuity ”in y” in our example, even stronger condition (4.47) is necessary. However,
our formulation of the problem is not "symmetric in x and y”: While z is the initial
value that is supposed to be arbitrary, y is just a variable in the densities and we obtain
continuity z — d(T, z,y) only for y from a set of measure one.
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