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Abstract

We prove sharp embeddings of Besov spaces BS,T involving only

a slowly varying smoothness b into Lorentz-Karamata spaces. As con-
sequences of our results, we obtain the growth envelope of the Besov
space Bg:fi.
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1 Introduction

The aim of this paper is to find sharp embeddings of Besov spaces ngf =

Bg;? (R™) (involving the zero classical smoothness and a slowly varying
smoothness b) into Lorentz-Karamata spaces L;OS'B (here b might be an-
other slowly varying function) provided that 1 S’]; < 00,1 <r < ooand
0 < g < 0. As consequences of our results, we obtain the growth enve-
lope of the Besov space ngf . In distinction to the case when the classical
smoothness is positive, we show that we cannot describe all embeddings in
question in terms of growth envelopes.

The paper is a direct continuation of [3], where such a problem was solved
for the particular case when b(t) = £°(t) and b = £7(t) with £(t) :== 1+|Int|,
t > 0. In that paper we have made use of the fact that the smoothness is of
logarithmic form and a corresponding discretization of quasi-norms involved
in the problem to prove the sharp embeddings. However, in this paper, where



a more general setting is treated, we do not use a discretization, our method
to prove the embeddings is a more straightforward.

To solve the problem, we use Kolyada’s inequality (see [I7]) and its con-
verse form (see [3, Proposition 3.5] or Proposition [8.1] mentioned below) to
characterize the given embedding as a weighted inequality involving a cer-
tain integral operator (see Theorem below). We convert this inequality
to a reverse Hardy inequality and we solve it to prove the embedding in
question.

To prove its sharpness, we test the mentioned weighted inequality with
convenient test functions and we also use some known characterizations of
weighted inequalities involving quasi-concave operators.

Embeddings of Besov spaces into rearrangement invariant spaces were
considered by Goldman [I1], Goldman and Kerman [I2], and Netrusov [19].
These authors used different methods and considered a more general setting.
However, as mentioned in [11]], a characterization of embeddings in question
can be obtained from [19] only when ¢ = r. Furthermore, the methods used
in [I1] also do not allow to consider the full range of parameters. Indeed,
after a careful checking, one can see that the restriction 1 < p < r appears
in the relevant theorem (cf. Theorem 3 of [11]).

The paper is organized as follows. Section 2 contains notation, basic
definitions and preliminary assertions. In Section 3 we present main results
(Theorems and [3.5). Section 4 is devoted to the proof of The-
orem Sufficiency part of Theorem [3.1]is proved in Section 5, while the
proof of the necessity part of Theorem [3.1]is given in Section 6. Theorem
is proved in Section 7. Finally, the proof of Theorem [3.3]is given in Section 8.

2 Notation, basic definitions and preliminaries

For two non-negative expressions (i.e. functions or functionals) A and B,
the symbol A = B (or A 7 B) means that A < ¢B (or ¢ A > B), where ¢
is a positive constant independent of appropriate quantities involved in A
and B. If A 3 B and A = B, we write A ~ B and say that A and B are
equivalent. Throughout the paper we use the abbreviation LHS(x) (RHS(x))
for the left- (right-) hand side of the relation (x). Furthermore, we adopt
the convention that % =0 and 0.00 = 0.

Given a set A, its characteristic function is denoted by x4. Given two
sets A and B, we write AAB for their symmetric difference. For a € R"”
and r > 0, the notation B(a,r) stands for the closed ball in R™ centred at a
with the radius . The volume of B(0,1) in R" is denoted by V,, though, in
general, we use the notation | - |,, for Lebesgue measure in R".

Let €2 be a Borel subset of R". The symbol M(f2) is used to denote the
family of all complex-valued or extended real-valued (Lebesgue-)measurable
functions defined and finite a.e. on Q. By M{ () we mean the subset of



M(Q2) consisting of those functions which are non-negative a.e. on Q. If
Q = (a,b) C R, we write simply My(a, b) and M (a, b) instead of Mo((a, b))
and M ((a,b)), respectively. By M{ (a,b;]) or Mg (a,b;T) we mean the
collection of all f € M{ (a,b) which are non-increasing or non-decreasing
on (a,b), respectively. Finally, by AC(a,b) we denote the family of all
functions which are locally absolutely continuous on (a, b) (that is, absolutely
continuous on any closed subinterval of (a,b)).
For f € My(R"™), we define the non-increasing rearrangement f* by

ff@)=inf{A\>0: {z e R": |f(z)] > A}, <t}, t>0.

The corresponding mazimal function f** is given by

o= [ £ ds (2.1)
0
and is also non-increasing on the interval (0, co).

Given a Borel subset 2 of R” and 0 < r < oo, L, (€2) is the usual Lebesgue
space of measurable functions for which the quasi-norm

11l -:{ o lFOIF d)Y" i 0 <7 < o0
o ess supyeq|f(t)] if 7= o0

is finite. When Q = R", we simplify L,(2) to L, and || - ||,.o to || - ||

Definition 2.1 Let (o, 3) be one of the intervals (0,00), (0,1) or (1,00).
A function b € M (a,3), 0 # b # oo, is said to be slowly varying on
(a, B), notation b € SV («, 3), if, for each € > 0, there are functions g. €
M (e, ;1) and g—. € MG (a, B; ) such that

t°b(t) =~ g-(t) and t7°b(t) = g_.(t) forall t € (,f).

Here we follow the definition of SV(0,400) given in [8]; for other defini-
tions see, for example, [I}, 4} 5], 20]. The family of all slowly varying functions
includes not only powers of iterated logarithms and the broken logarithmic
functions of [7] but also such functions as t — exp (|logt|*), a € (0,1). (The
last mentioned function has the interesting property that it tends to infinity
more quickly than any positive power of the logarithmic function.)

We shall need some properties of slowly varying functions.

Lemma 2.2 Let b e SV(0,1).

1. Given a > 0 and 3 € R, then the functions t — b(t®) and t — (b(t))?
are also in SV (0,1); given a € SV (0,1), then ab € SV (0,1).



2. If e > 0, then t°b(t) — 0 as t — 0+.

3. The extension of b by 1 outside of (0,1) gives a function in SV (0, 00).
(Such an extension will be assumed throughout this lemma, whenever
b is considered in points outside of (0,1).)

4. The functions b and b~ are bounded in the interval (6,1] for any
0 €(0,1).

5. Given ¢ > 0, then b(ct) = b(t) for all t € (0,1).
6. Ife >0 and 0 <r < oo, then
1= 70Ol 0.0) =TT and ([t~ 7b(t) | (r,2) = T~°b(T)
for all T € (0,1].

7. If 0 < r < oo, then the function B(t) := HTﬁl/Tb(T)HT,(t’Z), te(0,1),
belongs to SV (0,1) and the estimate b(t) < B(t) holds for allt € (0,1).
1.-1
8. limsupM = 0.
t—0+ b(t)

Proof.  We only prove assertion |8 here, as some of the others are easy
consequences of Definition [2.1] and the proofs of the rest of them can be
found, e.g., in [8, Proposition 2.2] and [I3, Lemma 2.1].

Assume that assertion [8] does not hold. Then there exist b € SV(0,1),
c1 >0 and ty € (0,1) such that ftl s7tb(s)ds < c1b(t) for all t € (0,tg).
Since [ s71b(s) ds ~ [ s~ b(s) ds for all t € (0,1),

dep >0:  f(t) == /t2 s7Ib(s)ds < cob(t) Vt € (0,tp). (2.2)

Consequently, given € € (0, ¢y 1), the function ¢ — t°f(t) (which belongs to
AC(0,t0)) is decreasing on (0,%). Indeed, by ([2.2), (t°f(t)) =t (ef(t) -
b(t)) < 0 for all ¢ € (0,ty). However, by assertion[7] f € SV(0,1) and, by
assertion 2| lim; 4 t*f(t) = 0. Thus, f =0 on (0,tp), which is a contra-
diction. Hence, assertion [8| holds. O

More properties and examples of slowly varying functions can be found
in [23, Chapt. V, p. 186], [1], [4], [5], [18], [20] and [8§].

Throughout the paper, we adopt the following.

Convention 2.3 If b € SV(0,1), then we assume that b is extended by 1
in the interval [1,00).



Let p,q € (0,40oc] and let b € SV (0,1). The Lorentz-Karamata space
Léog,b is defined to be the set of all measurable functions f € R™ such that

[E/P19 b(8) (1) lgs0.) < +o0. (2.3)

Note that Lorentz-Karamata spaces involve as particular cases the gen-
eralized Lorentz-Zygmund spaces, the Lorentz spaces, the Zygmund classes
and Lebesgue spaces (cf., e.g., [4]).

Given f € Ly, 1 < p < oo, the first difference operator Ay, of step h € R"
transforms f in Ay f defined by

(Anf)(x) = f(x + h) = f(z), =eR"

whereas the modulus of continuity of f is given by

wi(f,t)p == sup ||Anfllp, t>0.

heRn
|h|<t

Definition 2.4 Let 1 < p < oo, 1 <r < o0 and let b € SV(0,1) be such
that
£ b(8)]| 0,1y = 00- (2.4)

The Besov space Boj,lf = ng,lf(R”) consists of those functions f € L, for
which the norm

171l o = 11l + 16770 01 (£, Dpllr, 0,1 (2.5)
1s finite.

Remark 2.5 (i) Note that only the case when (2.4) holds is of interest.
Indeed, otherwise Bg;ff = L, since

wi(f,t)p <2|fllp forall t >0 and f € L,. (2.6)

(ii) An equivalent norm results on BS;S(R") if the modulus of continu-
ity wi(f,-)p in is replaced by the k-th order modulus of continuity
wi(f,")p, where k € {2,3,4,...}. Indeed, this is a corollary of the Mar-
chaud theorem (cf. [2, Thm. 4.4, Chapt. 5]) and the Hardy-type inequality
from Lemma (with P =Q, by = ba) below.

(iii) Let the function b € SV (0,00) satisfy

1E7B(E) 1, 1,00) < 00 (2.7)
Then the functional

£y + 16770t w1 (£, )l 0,00) (2.8)

5



is an equivalent norm on ngff(]R”). Indeed, this follows from and
20).

Note also that assumption is natural. Otherwise the space of all
functions on R™ for which norm is finite is trivial (that is, it consists
only of the zero element). This is a consequence of the estimate

1 Dpll ™0l 1.00) < 17701 (f, D)l (1.00)-

In the next definition (we refer to [14] for details — see also [22], Chapt. 1))
we need the notion of a Borel measure i associated with a non-decreasing
function ¢ : (a,b) — R, where —0o < a < b < co. We mean by this the
unique (non-negative) measure p on the Borel subsets of (a,b) such that
w([e,d]) = g(d+) — g(c—) for all [¢,d] C (a,b).

Definition 2.6 Let (A,| - [[a) C Mo(R"™) be a quasi-normed space such
that A ¥~ L. A positive, non-increasing, continuous function h defined on
some interval (0,¢], € € (0,1), is called the (local) growth envelope function
of the space A provided that

h(t) =~ sup f*(t) forall t € (0,¢].
[flla<1

Given a growth envelope function h of the space A (determined up to equiv-
alence near zero) and a number u € (0, 00|, we call the pair (h,u) the (local)
growth envelope of the space A when the inequality

(/(0 9 <J;:<Y>))qdﬂﬂ<t>)”q <N flla

(with the usual modification when g = 0o) holds for all f € A if and only
if the positive exponent q satisfies ¢ > u. Here pg is the Borel measure
associated with the non-decreasing function H(t) := —Inh(t), t € (0,¢).
The component u in the growth envelope pair is called the fine index.

3 Main Results

Theorem 3.1 Let 1 <p<oo, 1 <r<oo0,0<qg<o0andletbe SV(0,1)
satisfy (2.4). Put b(t) =1 if t € [1,2). Define, for all t € (0,1),

br(t) = [Is~"b(sM™) 1 (1.2 (3.1)
and
b

b, (t)1=r/atr/ max{p.aky(gl/nyr/a—r/max{p.a}  if p £ o0

boo(t) Zf =00



Then the inequality
[£1/P =1 9b(t) £ (t)

w0 S 11l s (33)
holds for all f € ngf if and only if ¢ > r.
The next result shows that the embedding given by (3.3 is sharp.

Theorem 3.2 Let 1 <p<oo, 1 <r<g<ooandlet be SV(0,1) satisfy

©4). Put b(t) =1 if t € [1,2), define b, and b by (B.1) and (3.2). Let
k€ M$(0,1;]). Then the inequality

I81/2= 490 () m(t) S (2)

a0 S [l 5o (3.4)
holds for all f € BO,’}: if and only if k 1s bounded.

As consequences of our results, we are able to determine the growth
envelope of the Besov space Bg:? .

Theorem 3.3 Let 1 < p < oo, 1 <r < oo andlet b € SV(0,1) satisfy
(2.4). Put b(t) =1 if t € [1,2) and define by by (3.1). Then the growth
envelope of ngff is the pair

t~YP b, (1)~ max{p, r}).

Remark 3.4 (i) Strictly speaking, 757%l)7n(75)_1 might not have all the prop-
erties associated to a growth envelope function mentioned in Definition [2.6
but, with the help of part 6 of Lemma it is possible to show that there
is always an equivalent function defined on (0, 1), namely,

2
h(t) := / sTYP1p, ()" ds,
t

which does.

(ii) Put H(t) := —Inh(t) for t € (0,e), where € € (0,1) is small
enough. Since H'(t) ~ L for a.e. t € (0,e) (cf. below), the mea-
sure pp associated with the function H satisfies dup(t) =~ %. Thus, by
Definition Theorem and part (1) of this remark,

18770 (01 (D00 S 1 lgpe Jorall fE By (35)
if and only if
q > max{p,r}. (3.6)

Hence, if holds, then inequality gives the same result as inequal-
ity of Theorem (since implies that b = b,). However, if
r < q < p, then inequality does not hold, while inequality does.
This means that the embeddings of Besov spaces ngff given by Theorem
cannot be described in terms of growth envelopes when 1 <r < g < p < 00.



Our approach to embeddings of Besov spaces ng,lf is based on the fol-
lowing theorem.

Theorem 3.5 Let 1 <p<oo, 1 <r<oo,0<q<oo andletbe SV(0,1)
satisfy (2.4). Assume that w is a measurable function on (0,1).
(i) Then
()5 o) S 171 50 (37)

forall f € Bg;f if and only if

()" Ollato S 11+ 70 ( () - o)

0

r,(0,1)
(3.8)
for all f € Mo(R™) such that |suppf|, < 1.
(ii) Moreover, when p =1, then inequality holds for all f € B?:ff if
and only if

t
OF Ollagon < [0 [ 1) da

3.9
7,(0,1) ( )

for all f € Mo(R™) such that |suppf|, < 1.

4 Proof of Theorem (3.5

We shall need the following Hardy-type inequality, which is a consequence
of [21, Thm. 6.2].

Lemma 4.1 Let 1 < P < Q < oo, v € R\ {0} and let by,by € SV(0,1).
Then the inequality

1
Ay t/ s) ds S Phy () g(t
0) [ gt)ds] S (09000

holds for all g € Mg (0,1) if and only if v > 0 and by < by on (0,1).
We refer to [15, Thm. 2.4] for the next auxiliary result.

Lemma 4.2 Let0 < Q < P <1,® € MJ(RyxRy) andv,w € M (0,00).
Then the inequality

[/ooo (/ooo Bkl dy) w)ds] 5 | /OOO h(w)%0(@)da] ¢ (a)

holds for every h € Md(0,00; 1) if and only, for all R > 0,

([ tma) wrs] s [ [omal .



We shall also need the next assertion.

Lemma 4.3 (see [3, Proposition 4.2]) Givenp > 0 and a non-increasing
function g : (0,00) — R, the function

t / )P ds (4.3)

is non-decreasing on (0,00). In particular, if f € My(R™), then the func-
tions

f s / (1)) ds (4.4)

and
t—t(f(t) = f7(¢) (4.5)

are non-decreasing on (0, 00).

To prove Theorem we shall also make use of the following lemma
concerning RHS(3.8]).

Lemma 4.4 Let 1 <p<oo, 1 <r <oo, and let b€ SV(0,1). Then

Htl V() /tn _p/n/ ))pdu%) /p

~ 5l + e / (F*(u) = £*(6))P )

0

r,(0,1)

(4.6)

r,(0,1)

for all f € My(R™) with |supp f|, < 1.

Proof. Put S ={f € Mo(R"): |supp f|, < 1}. If f € S, then function (4
is non-decreasing on (0, 00). Therefore, for all t € (0,1) and every f € S

/tn —p/n/ ))ﬂiu%) e
> ([ - >>pdu)”p(/:s—p/"f)”p
~( () - ey ) (4.7)

Together with the change of variables t" = 7, this implies that, for all f € S,

LS 2 [ ([ - rrerar)

0

(4.8)

r,(0,1)



If feS, then f*(s) =0 for all s € [1,00). Thus, for all t € (0,1) and

every f € S,
ds\1/p
—p/n P oy =2
(Lo [rw=rora R
/ —p/N/ 15( pdui
1/p ds\1/p
* (0P —p/n 22
/0 f(u) du (/1 s s)
~ | fllp-
Consequently,

LHSES) Z [If Iy 1t~/ 0(t)llr0.1) = | flp forall f € S.
This estimate and (4.8) show that
LHS(4.6) = RHS(4.6) for all f € S. (4.9)

Now, we are going to prove the reverse estimate. Given f € S, we put

h(s) = hy(s) = /Os(f*(u) — f*(s))?du, s €(0,2). (4.10)

Then
1/n—1/r 1/n —p/n ds\1/p
LHS.NH b(r ( P Fr(s)Pd ;) o)
H 1/n— 1/7”b 1/n </ —P/n/ ))pduCiS>1/P o
ds\1/p
ey ([ - rora)
H 1n=1/rp(p1/ny (/ sP/Mh(s Cis)l/” Lo
+H 1/n— 1/7‘b 1/n (/ —p/n/ f ( )pdu%) /p o
Nt N (4.11)
Moreover,
2 1/p d
wo< ([ rrpan) ([ ) g ) )
~|fl, forall feS. (4.12)

To estimate N, we distinguish two cases.
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(i) Assume that r/p € [1,400]. Then, using Lemma (with P=Q =
r/p, v =p/n, ba(t) = by (t) = b(t/™), g(s) = s~P/"1h(s)), we obtain, for all
fes,

1
P _ ||-p/n—p/Th(1/n\p
S / osas

S PRI g () 0
= 7P/ PR 0,1
of Ea O VICO R i

0,1)

=ty ([t - s )

0

Combining estimates (4.11))—(4.13)), we see that

LHS(.6) < RHS(4.6) forall f € S. (4.14)
(ii) Assume that r/p € (0,1). First we prove that, for all f € S,

: (4.13)

r,(0,1)

1
N{) _ HTp/np/rb(Tl/n)p/ S*p/nflh(s) ds

T

7/p,(0,1)
S P PR ey 0.2) = N3 (4.15)

The function % given by (4.10) is non-decreasing on (0,00). Thus, to
verify (4.15)), we apply Lemma On putting @ = P = r/p and

w(z) = x(0,1)(x)2"" bz /™),
(@) = X(02)(z)z b(a/")",
O(z,y) = Xy (y)y /"

for all z,y € (0,00), we see that inequality (@ can be rewritten as
(4.1). Consequently, by Lemma inequality @ holds for every h €
M (0,00; 1) provided that condition is satisfied.

Making use of Lemma 2.2 we obtain that, for all R > 0,

1 /7
LHS(E2) < [p(R'/") + ( / by de) o (B)

R

and
2 p/r
RUSED) ~ [ [ o b da] " v (R

Therefore, condition (4.2)) is satisfied, which means that inequality (4.15))
holds.
To finish the proof, it is sufficient to show that

NYP < RHS@6) forall f € S. 4.16
3

11



The definition of N3 and (4.10) imply that, for all f € S,

N3P = e R ()Y 0.2
~ e b MR P o) + 7Y TRE R P2

~ HT Urp(rl/ )</OT(f (u) — f*(r)) du> ’
v ([ = 1 )

r,(0,1)
1/p

. 4.17
r,(1,2) ( )
Comparing this estimate with RHS(4.6]), we see that it is enough to verify
that

7

[y ([t - repra) s @

r(1

for all f € S. However, such an estimate is an easy consequence of the facts
that function (4.4]) is non-decreasing on (0, c0), that |supp f|, < 1, and that
||7'_1/Tb(7'1/n)||r,(1,2) < 00. O

The next lemma provides another expression equivalent to RHS (3.8]).
(We shall need this assertion in Section [5} )

Lemma 4.5 Let 1 <p<oo, 1 <r <oo, and let b € SV(0,1). Then

181+ e ([ o - reor )|
~ Hfl/rb(tl/n)< /O t( Fru) — £ ()P du)l/ 8 . (4.19)

forall f € S :={f e Mo(R"): |supp f|, < 1}.

Proof. Since RHS(4.19)) = Ngl/p (cf. (4.15) and (4.10)), we see from |)
and (4.18) that

RHS@.19) < LHS(E19) forall f € S.

On the other hand, since

1/p

RISETD) > o) ([ (00 - 70 )

7,(1,2)
! 1/p

> ([ rrran) e
0

~11fll-

it is clear that

RHS(&10) > LHS(&19) forall f € S.

12



We shall need the following variant of Lemmas [£.4] and

Lemma 4.6 Let 1 <p < oo, 1 <7 < oo and let b€ SV(0,00). Then
17l + Ht_”’"b(ﬂ(/ot Frsyds) "
~ oo /O sy ds)”p
o Gl /O Py ds)”p

forall f € S:={f € Mo(R"): |supp f|, < 1}.

r,(0,1)

r,(0,1)

4.2
7,(0,2) ( 0)

Proof. Since, for all f € 5,

H t—l/rb(t)( /O ! £ ()P ds) 1/p

1/2
> ( 0

(

the first estimate in (4.20)) is clear. Furthermore, for all f € S,

Ht_l/rb(t)< /0 ' F(s)P ds)l/p

r,(1/2,1)

* l/p —1/r
)7 ds) I 2.

1/2

%

1/ 1 1 1/ 1
rras) s s ([ rera) = smis. @

2 1/p
< * p —1/r
n12) = ( /0 Fr(syds) I b0l

~ ([ reras)” =1, @)
(/

The second estimate in (4.20)) is a consequence of (4.22) and (4.21])). O
The last result which we need to prove Theorem reads as follows.

Proposition 4.7 Let 1 < p < oo, 1 <17 <00, 0< q <00 and let b €
SV(0,1) satisfy (2.4). Assume that w is a measurable function on (0,1).
Then

(@) (Ollg,0) S 1150 (4.23)
for all f € ngff if and only if

”W(t)f*(t)nq,((],l) < Htlfl/rb(t) (/2: s~ P/m /Os(f*(u)_f*(s))p du @) 1/p

S

r,(0,1)
(4.24)

for all f € My(R™) such that |suppf|, < 1.
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Proof is analogous to that of Proposition 3.6 in [3] (where the slowly varying
function b was of logarithmic type). O

Proof of Theorem 3.5, Part (i) of Theorem follows from Proposi-
tion [4.7] and Lemma .4l
Now, we put p = 1 and we prove part (ii) of Theorem [3.5

By Proposition it is enough to verify that RHS(4.24) ~ RHS(3.9).
Lemmas and imply that, for all f € M(R™) with |suppf|, <1,

Q

t
RESEZD ~ [+ 7o) [ (7°) = (0 du

r,(0,1)

IN

t
190+ e by [ )
0
RHS(B.9).

To prove the reverse estimate, we apply Fubini’s theorem to obtain, for
all ¢ > 0 and f € My(R"),

s [ - e

S

r,(0,1)

Q

: fr(w)du+(n—1) h FH(uw)yu™ Y™ du.
0 tn

Hence, for all t > 0 and f € My(R"),

S

" f*(u)dugt/OO

tn

o Um /0 () — () du (4.25)

0
Using a change of variables, (4.25) and Lemma we arrive at

RESED) < bt [ [ - ) an

n 0 s
=700 / 1 /O(f (u) - *(5)) du 2

S
—1/r ee _ dS
0l [ 5

s
RHS(#.24) + || f{lx
RHS(4.24) for all f e Mp(R"™) with [suppf|, < 1.

r,(0,1)

IA

7,(0,1)

Q

Q

5 Proof of the sufficiency part of Theorem 3.1

We shall need the following reverse Hardy inequality, which is a particular
case of [6, Thm. 5.1].
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Lemma 5.1 Let 0 < Q < P <1, w,u € M{(0,2) and let |Jul|g,¢2) < +o0
for allt € (0,2). Then the inequality

< d 5.1
ooz < [u@) [ awa, CBY
holds for all g € M (0,2) if and only if

Bim sup Jwllp allullgh, p < oo (52)

z€(0,2)
where P' = P/(1 —P) if P € (0,1) and P’ = 00 if P = 1.

We shall also use the next result on the boundedness of the identity
operator between the cones of non-negative and non-decreasing functions in
weighted Lebesgue spaces.

Lemma 5.2 (see [16, Proposition 2.1(i)]) Let 0 < P < Q < oo and let
w,v € M (0,00). Then there exists a constant C' such that the inequality

[/OOO g(x)%w(x) daz} e < C[/Ooo g(x)Pv(x)dx} e (5.3)

holds for all g € M{(0,00;1) if and only if

A :=sup (/OO w(t) dt) 1/Q(/OO v(t) dt>_1/P < 00. (5.4)

R>0 R R

Moreover, if C' is the least constant for which (5.3|) holds, then C = A.
We shall also need the following assertions.

Lemma 5.3 (see [3, Proposition 4.5]) If1 < p < oo, then

t t 2t
/0 (F*(s) — f*())Pds < /0 (F*(s) — Fr(D))Pds < /0 (F*(s) — J*(s))P ds

for allt >0 and f € Ly,.

Lemma 5.4 (see [15, Theorems 2.1 and 2.3]) Let 1 < Q < P < o0,
® e MJ (R x Ry) and let v,w € M (0,00).
(i) The inequality

[ r@ut ] < [T vt i) vl ] 69

15



holds for all g € Mg (0,005 |) if and only if, for all R > 0,

[/ORw(w) dw} v S {/000 (/OR@(x,y) dy)Q’U(x) dx} I/Q. (5.6)

(ii) Inequality (5.5)) holds for all g € M{(0,00;1) if and only if, for all
R >0,

[/:w(“f) ] < [/OOO (/: a(e.)dy) vi@yda] . (57)

Proof of the sufficiency part of Theorem Assume that ¢ > 7.
Put ~
w(t) == t'/P=Yapt),  te (0,1). (5.8)

By Theorem it is enough to verify that inequality (3.8]) holds for all
fe Sy, ={feL,:|supp fln <1}. Moreover, the inequality f* < f** and
the identity (see [3, (16)])

* *k _ ! f**(S) — f*(S)
o - = [
for all f € L, and ¢t € (0,1) imply that

LHSB.8) < [lw(®) ™ (t)llq,0,1)
< F) NPT .01y

1 pxx %
+ Htl/p—l/q b(t)/ [7(s) = f*(s) dSH _ (5.9)
t S q,(O,l)
Since [supp f|], < 1if f € S,, 1 <p < oo and be SV(0,1), we get
£ P b () g0y S Nl for all £ €S, (5.10)

Our assumptions ¢ > r and 1 < r < oo show that ¢ € [1,o0]. T}Eerefore,
using Lemma (with P = Q = q, v = 1/p, bi(t) = ba(t) = b(t) and
g(s) = [ (s) = [*(s)]/s), we arrive at

B L oprx( ) _ fr(g
Htl/pl/qb(t)/t f()f()dqu

S ,(0,1)

S PV [ () = 1 (O)]llg,00)  for all f € S, (5.11)
Combining estimates (5.9)—(5.11]), we obtain that

LHSB3) < [ fllp+1t"7= b)) = F* (0)]lg 01y for all f € Sp. (5.12)

16



Together with Lemma this implies that inequality (3.8) will be satisfied
if we prove that, for all f € 5,

IE/P=Hab@) [ () = (Ol 0,1)

S Htl/rb(tl/n)(/ot(f*(u) B f*(t))pdu)

1/
3 (5.13)

7,(0,2)

Moreover, if p € (1,00), then the first estimate in Lemma shows that
(5.13) is a consequence of the inequality

1E/P 9B [ (t) = f*()]llg, 0,0

< Ht*l/r b(tl/n)(/o (F**(w) _f*(u))pdu)

1/p

for all :
(02 orall feS,
(5.14)

(i) Assume that p € (1,00) and 7 < ¢ < p. Then ¢/p € (0,1] and (5.14)

can be rewritten as

B t
P 50RO o S 770 [ gtu)du (515)

0

r/p(02)’
where the function g € M (0,2) is given by
g(t) = g5 (t) == [f7@) = f* ()P, t€(0,2).
To verify , we apply Lemma On putting P = ¢/p, Q = r/p,
pr

w(zx) = xlfp/q(:n)px(ovl)(x), u(z) = z7P/7b(zV/™)P for all = € (0,2), we see

that inequality (.15) coincides with (5.1). Consequently, by Lemma
inequality (5.15) holds on M (0, 2) provided that condition (5.2) is satisfied,
that is, when

1EP9b(0 X o) (Do oy S POz oy (5.16)

[
for all x € (0,2). Since, for all z € (0,2),
LHS(5.16) < br(2)Px(0,1)(z) and RHS(5.16) = b.(x)?,

condition ([5.16]) holds. Consequently, inequality (5.15)) (and also (5.14]) and
(5.13) is satisfied for all f € S,. Therefore, inequality (i3.8)) holds on S,,.

(ii) Assume that r < g and 1 < p < ¢ < co. Then b=b,.
First we prove that, for all f € S,

[0 (6) — £ Ol 0 _
< ‘)t—l/qb(tl/n)r/qbr(t)(q—r)/q (/ (F(s) = F*(5))" ds) I/PH

0

4,(0,2)
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Denoting g(t) := (¢ [f**(t) — f*(¢)])P, t > 0, we see that it is enough to show
that the inequality

[£17P=P/9b, (£)Pg(t) o /orc0.0)

¢
"t—p/qb(tl/n)m/qbr(t)(q—r)p/q/ sPg dSH (5.18)
0 q/p,(0,2)

holds for all g € M (0,00; 7).
To verify (5.18] -, we apply Lemma ( i). On putting Q@ = P = q/p,

w(z) = X(0,1 (w)l‘q/p b, (x)",
o) (@) 27 1b(2" /™) by ()T
O(z,y) —X(o,m)( Yy P

for all z,y € (0,00), inequality - coincides with (| . Consequently,
by Lemma ( i), mequahty (5.18) holds on Mg (0,00;7T) provided that
condition ({5.7) is satisfied. This is the case since, for all R > 0,

LHS([.7) < R'"7 b, (R) x(0,1)(R)
and, for all R € (0,1),

RHS(5)

T

2 a/p  \p/4
(/R m_lb(xl/")rbr(m)q_r</l% y_pdy) / dx) /

2 2R

(/ xflb(xl/n)rbr(x)qu dx (/2 y*p dy>q/p>p/q
3R R

~ R'Pb(3R)P

~ R'Pb(R).

Consequently, inequality (5.18) (and (5.17)) as well) is proved.
Recall that our aim is to show that inequality (5.14]) holds. As LHS(5.17])

= LHS(5.14), inequality (|5.14)) will be satisfied provided that we prove that

v

RHS(5.17) < RHS(5.14). (5.19)
On putting h(t fo F(s) — f*(s))Pds)Y/P, t > 0, we see that (5.19)

is a consequence of the 1nequahty

( / S Y by (1) TR dt) Y

0

~

2 1/r
< ( / (/YT Rt dt) " forall h € M (0,00 7). (5.20)
0

To prove ((5.20)), we apply Lemma with P =7, Q = ¢ and
w(t) = X2 (O BE ™) b0, u(t) = x2) () b(E™)

18



for all t € (0,00). In our case, for all R > 0,

([ w@a)" < niR) xoa(®),

R

o0 1/P
([ owrar)™ =) xoa )
R
which implies that condition (5.4) is satisfied. Consequently, inequality
(5.20) holds for all h € M (0,005 7).

(iii) The case p € (1,00), 1 < r < 00, ¢ = co. Again, it is enough to
show that (5.13]) holds for all f € S,,. In our case,

b(t) = b (t) = |s~*/"b(s"/")

rt2), t€(0,1).
By Holder’s inequality,
FEE) — fo(8) < t7VP (/Ot(f*(u) — )P du)l/p forall £>0. (5.21)
Thus, applying and the monotonicity of function , we obtain
P b(8) [F (1) = ()]
< b6 e[ 00 = 0 )

< Hs_l/rb(sl/”)</os(f*(u) —F(s)P du)l/p
for all t € (0,1). This implies that, for all f € S,
IEY25(8) [F7 (1) = £ ()] loo, (01
—1/ry/.1/n ’ * o P 1/p
< s v ([ - s du)

0
which is desired inequality ((5.13)).

(iv) The case 1 = p < r < ¢ < oo. In this case b = b,. By Theo-
rem |3.5| (ii), it is sufficient to show that inequality (3.9)) (with w given by
(5.8)), that is,

1/p

r,(t,2)

(5.22)

r,(0,2)]

£ =40, (1) £ (¢)

, (5.23)

r,(0,1

t
agon S ) [ pe)as

holds for all f € Sy := {f € Ly : |supp f|, < 1}. Putting Q@ =r, P = ¢,
9g=1,

w(x) = x(0,1)() 297, (2),
(@) = x(0.1) (@) 2 b(z/™)",
d(z,y) = X(0,2)(¥)
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for all z,y € (0, 00), we see that inequality ([5.23|) coincides with (5.5)). Thus,

by Lemma (i), inequality (5.23]) holds on S7 provided that condition (5.6)
is satisfied. This is the case since, for all R > 0,

LHS ~ Rbr(R) x(0,1)(R) + X[1,00) (R)
and
RHS(5.6) ~ [Rb(RY™) + Rbr(R)] x(0.1)(R) + X[1,00) (-
(v) The case p=1,1 < r < 00, ¢ = 00. As in part (iv), we see that it is
enough to verify that inequality with ¢ = oo holds on S7. By Lemma
(with p=1), this will be the case if

for all f € 5].

(5.24)
Using the formula for b,, the trivial estimate t f*(¢) < fot f*(r)dr, t > 0,

and the monotonicity of the function ¢ +— fg f*(r)dr, t > 0, we obtain

(Y,

t
I6:0) £ Ollcion S 77067 [ 1) as

070 < 157U oy [ P dr
< Hsl/rb(sl/”)(/os f*(T) dT>

r,(t,2)
for all ¢t € (0,1). This implies that inequality ([5.24]) holds on Sj. O

6 Proof of the necessity part of Theorem 3.1

We shall need the following function:
() :==1+|Int|, te(0,00).

Note that ¢ € SV (0, 00).
First we prove two technical lemmas.

Lemma 6.1 Let 1 < p < oo and let b € SV(0,1). Define b(t) = 1 for
t€[1,2) and put

boo(t) := esssup b(s'/™), te(0,1),

s€(t,2)
v(t) = bt x (0,1 (8) + (D)X [1,00) (1), ¢ € (0,00),
¢(t) := esssup (s esssup M), t € (0,00). (6.1)
s€(0,¢) TE(s,00) T

Then

(t) ~

{ tbeo(t)?  for all t € (0,1] (6.2)

0(t) for all t € (1,00)
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Proof. Assume first that ¢t € (0,1]. Then, using assertions and |§| of
Lemma [22]

o(t) = esssup (s max{ esssup b(Tl/n)p’ ess Sup @ )
SE(O,t) TE(S,].) TE[].,OO) T
A~ esssup (Sboo(s)?)
s€(0,t)
= [ %bo(5)P lloc. 0.
~ tboo(t)P  forall ¢ e (0,1].
Assume now that ¢ € (1,00). Then
¢(t) = max{ €ss sup (3 ess sup @)7 ess sup (S ess SUp ’U(T))}

T s€[L,t) re(s,00) T

s€(0,1) TE(8,00)

max {¢(1), £(t) }
L(t)  forall te (1,00).

Q

]

In the next lemma we consider the maximal function 0%} given by (cf.
2.1) bz(t) = t! fg boo(T)dT, t € (0,1], where by is the function from
Lemma By part [6] of Lemma byt ~ bs on (0,1]. Moreover,
bir e AC(0,1).

Lemma 6.2 Let p, b, boo, v and ¢ be the same as in Lemma[6.1 Assume
that (2.4]) with r = 0o holds. Let 0 < ¢ < oo and v be the measure on [0, c0)
which satisfies

—bEE) TN () dt if 0<t<1

dv(t) = { tq/p—lg—lJ/p—l(t) dt if t>1 (6:3)

Then

dv(s) 1
/[O’OO) s1/p + ta/p ~ qb(t)q/P for all t € (0,00).

Proof. Since (b2)(t) = t71(boo(t) — b52(t)) < 0 a.e. on (0, 1), the measure
v is non-negative.

(i) Let t € (1,00). In view of (6.2), we need to show that

_ — dv(s)  _ ,on—afp
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Split the integral in the following three terms:

e () TR ()
' 0,1) s4/p 1 ta/p ’
I = / s4/P=1g=a/p=1(g) s
' (1,6) s1/p 4 ta/p ’
L = / s9/P=1p=a/p=1(s) s
' (t.00) s9/p + ta/p

Since (bZ(s)79) = —qb(s)"97 () (s) for a.e. s € (0,1) and b3 79 is
non-decreasing on [0, 1],

1
L o< / b ()L (B2 (s) ds
0

< lt—q/pbg(l)—q
q

~ YT < g)TYP forall te (1,00).
Furthermore, for all t € (1, 00),

t
I, < t—q/p/ Sq/p—lg—q/p—l(s)ds
1

t
< t—q/p/ Sq/p—lg—q/p—l(s)ds
0

~ U()TYPTL < ()P

and ~
I3 < / sTHmP (s ds ~ 0(t) P,
t
So, we have got the estimate of I by £(t)~%/? from above. To prove the
reverse estimate, note that

1

I3 > 2/ sTHP (s ds ~ ()P for all ¢ e (1,00).
t

(ii) Consider now ¢ € (0,1]. By (6.2)), we need to show that

d
J = J(t) = /[0 ) SCI/pV_i(_St)Q/p ~ t_q/pboo(t)_q for all t € (O, 1]

Again, we split the integral in three terms:

Bk —q—1(px*\/
e [ LI,
(0,6) s4/P + ta/p
_pkk —q—1(pxx\/
oo [ DO,
it.1] s1/p 4 ta/p
q/p—1p—q/p—1
J3 = / i ¢ (5) ds
(1,00) s1/P + ta/p
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As before,

J1

IN

t
fap / B ()" (1) () ds
0
< TUPRE) T x 7Y Pho(t)77 for all ¢ e (0,1].

~

Using the fact that b5 € AC(0,1), the integration by parts, assertions@and
of Lemma together with the definition of slowly varying functions, we
obtain , for all ¢ € (0, 1],

1
5 < / sl () () (s) dis
t

2
< ()T + / sTUPLp ()70 s
t
A L4 YPRE ()T A T Phy (8) 7Y,
J3 < / sTHTUP (s ds = 1 < tTYPh (1) 7Y
1

So, we have got the estimate of J by t~9/Pb.,(t)~7 from above. To prove the
converse estimate, we apply the fact b3> € AC(0, 1) and hypothesis (2.4)), to
arrive at

1 t

noe b oo
0

A~ TR ()T &~ 7Y Pho ()77 for all t e (0,1].

O

Remark 6.3 It will be useful to note that, for 1 < p < oo, 1 <1 < o0,
be SV(0,1) and f € Mo(R"™) such that |suppfl|, < 1, RHS(3.8) may be
estimated from above by

Htl/rb(tl/")(/ot f*(u)pdu>1/p

Indeed, this is an immediate consequence of Lemma [4.6]

r,(0,1)

We shall also make use of the next two assertions which are consequences
of more general results of Gogatishvili and Pick [9 Thm. 4.2 (ii),(iii)],
[10, Thm. 1.8 (i)]:

Proposition 6.4 Let P,Q € (0,00), let v,w be non-negative measurable
functions on [0,00) such that V (t) := fgv(s) ds and W(t) := fgw(s) ds are
finite for all t > 0. Assume that, for all t € (0,00),

/ L;)ds = / v(s)ds = o
01 $ [1,00)
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and

(i) Let 1< Q< P <oo and R=PQ/(P— Q). Then the inequality

([ woreea)™ < ([Tvorora)”

holds for all measurable f on R™ if and only if

/O" R supy ey 00) Y~ EW () 719
0

(V(t) +tP [ s=Pu(s) ds) R/ P+2 V(t)/t s "u(s) dst"Hdt < o0, (6.5)

(ii) Let 0 < P <@ < 1. Then the inequality (6.4) holds for all measur-
able f on R™ if and only if

W(t)VQ +¢ (ftoo W (5)@/(1=Q)yy(5)s~Q/(1-Q) 5)(1-Q)/Q
(€00 (VD) + 17 [ s Pu(s) ds) /P

< o00. (6.6)

Proposition 6.5 Let 1 < @ < oo, let v,w be non-negative, locally in-
tegrable functions on (0,00) and W (t) := fg w(s)ds, t > 0. Define the
quasi-concave function

¢(t) := esssup s esssup @, t € (0,00) ! (6.7)
s€(0,¢) TE(8,00) T
Assume that ¢ is non-degenerate, that is,
| R I
tl—l>%l+¢(t) N tllglo% N tlggoT N tﬁ%% =0 (6:8)

Let v be a non-negative Borel measure on [0,00) such that

1 dv(s)
W ~ /[0700) m fOT all t € (0, OO) (69)
Then the inequality
ee 1/Q
( / w) fO%d) " < esssup o(t) (1) (6.10)
0 te(0,00)
holds for all measurable f on R™ if and only if
/ sup Wés) dv(t) < oo. (6.11)
[0,00) s€(t,00) S

'Recall that ¢ is quasi-concave if ¢ is equivalent to a function in Mg (0,005 1) while
#(t)/t is equivalent to a function in Mg (0, 0o; |).
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Proof of the necessity part of Theorem Assume that (3.3])
holds for all f € BYY. Then, by Theorem [3.5| with w(t) = t/P=1/4h(t),

[P 9b(8) £ (1)l 0.0

< el e ([ o - oy du)l/p 6.12)

r,(0,1)

for all f € My(R™) such that [suppf|, < 1. Our aim is to prove that r < q.

(i) Assume that 0 < ¢ <p < oo and 1 <7 < co. Consider the function
g(t) = =Y/, ()71 /Pp(t /M) /Pt € (0,1), with b(t) from (3:I). By
assertions and of Lemma the function t — b,.(t)~1="/Pb(t /") /Pt €
(0,1), belongs to SV (0,1). Thus, by Deﬁnition thereis o € Md(0,1;])
such that g ~ ¢ on (0,1).

By and (3.1), there is yo € (0,1) such that Inb,(y)” > 0 for all
y € (0,90). Put, for any y € (0,yo),

fy(@) == o(W)x 10,9 (Val]") + o(Valz[") x(y,1) (Val2l*), 2z eR™  (6.13)

Hence,
fy @) = o(W)x[0,4) (1) + o(t)x(,1(t), t>0. (6.14)

Since f, € Mo(R™) and |suppfy|n = 1, inequality (6.12) holds for all
functions fy, y € (0,y0). Inserting f, into (6.12]), we obtain, for all y €
(07y0)7

LHS[12) = [[¢"/77195(t) £ (D)4, 01)
1 1/
> (/ t’lbr(t)’Tb(tl/")rdt) !
y
~ (Inby(y)")". (6.15)
On the other hand, since ¢ is non-increasing on (0,1),

Ifolle = W fylls

([ oty a)”

1 1/
(/ t_lbr(t)_p_rb(tl/”)rdt) .
0
~ b))t ~ 1 forall ye(0,y). (6.16)

IN

%
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Moreover, since also (fy(u) — f;(t))? =0 when 0 <u <t <y,

. (/ G| /f u)P du) /pdt) Z
nyr - —Prh(yl/n ")
(/y oy ([ oy o) )
(

1 1/r
/ t—lb tl/n r ( )—r dt) /
)
~ (Inb.(y))Y". (6.17)

<

~

%

Thus, inserting f, into (6.12)), we obtain, for all y € (0,yo),

RHS(6.12) < (Inb,.(y)")"/".

Together with (6.15]), this yields
(nb, ()9 S (b (y))/" for all y e (0,40).

Since limy_o4 Inb,(y)" = oo (cf. (2.4)) and (3.1])), the last estimate can hold
only if g > r.

(ii) Now we prove the necessity of the condition ¢ > r when 1 < p <
g <ooand 1 <7 < oco. On the contrary, suppose that ¢ < r. Hence,
1<p<g<r<oo.

JFrom (6.12) and Remark we arrive at

(6.18)

1/p—1/45 % —1/rp41/n ! * (0 \P e
8950 £ O o < e ()™

for all f € Mp(R") with |suppf|, < 1. One can see that (6.18) remains
true if we omit the assumption |suppf|, < 1. (Indeed, if f € My(R"™), take

J1=F(Val - 1")xp,1)(Val - ). Consequently, fi(t) = f(t) for all t € (0,1),
and |suppfi|, < 1. Thus, applying (6.18]) to fi, we obtain the result.) Let
g € Mo(R"™) and f := |g|*/P. Then (6.18) yields

[E7/b(0)7g" Ol 01) S £ HHE PG Ollpony  (619)

for all g € My(R™) (or even for any measurable function g on R"). Equation
(6.19) implies that the inequality

([ wgemra)y s ([

26
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holds for all measurable g on R"™, where, for all ¢ € (0, c0),
w(t) = 1770 (8) x0,1)(F)  and  w(t) = 7P ™) X 0,1y (8)+X11,00) (B):

By Proposition (i), with @ = ¢/p and P = r/p, inequality (/6.20) holds
only if

T

rq __rgq q_ —
1 t(rfq)p SuPye[t,l) Y (r—q)p (f(;’,/ SZ lbr(s)q dS) !
.
" (

8 ds 5 (s sR) ds 4 5 ds))

q
g t2

t 1
X / sp_lb(si)Tds/ 5—1()(5%)7"0[5 trtdt =: I
0 t

However, choosing ¢y € (0, 1) in such a way that
2 1
/ s7hb(sY™) ds g/ s b(sY™) ds
1 to
(which is possible, due to (2.4))), using assertion (7| of Lemma (2.4) and
(3.1)), we obtain
rq

to poo 1/ny\r r4—1
x| b7 0y by
0 (b + by () + o)

to
> / (™) b (1) T dE = oo,
0

which is a contradiction. Consequently, g > r.

(iii) Assume that 1 < p < ¢ < oo and r = co. Thus, we want to prove
that ¢ = 0o. On the contrary, suppose that ¢ < oco. Hence, 1 < p < g < .
Proceeding as in part (ii), instead of (/6.20]), the inequality

o0 /
(/ w(t)g*(t)4/P dt)p ! < esssup v(t)g™(t) (6.21)
0 t€(0,00)

holds for all measurable g on R"™, where, for all ¢ € (0, c0),
w(t) = 197 oo ()X (0,1) (1) and  w(t) = £b(E™)Px(0,1) (1) +(t)X[1,00) (1):

In order to apply Proposition consider the function given by (6.1)).

By Lemma assertion |2 of Lemma (2.4) and (3.1)), holds. Let
v be the measure given by (6.3)). By Lemma assumption (with
Q@ = q/p) is satisfied. Consequently, inequality (6.21]) holds only if

g1

0 S+ boo q d
Y P U L
0 P

s€(t,00) S

dv(t) =: I.
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However, using that (—Inb®(£)) = —b=(t)"1(b%)/(t) for ae. t € (0,1),
(2.4) and (3.1)), we arrive at

! —q—1 /
I > /0 (51 b)) (B2 0 @)

Q

[ et enroa = o,
0

which is a contradiction. Consequently, g = co = r.

(iv) Finally, we want to show that it is not possible to have 0 < g < p <
oo and r = oo.

By the necessity part of Theorem proved in part (iii) (and applied
with ¢ = p), given ¢ € (0,00), there exists f € nggo such that

[1/2 =P () 1% (2)

p,(0,1) > CHfHnggo-

As

Lé‘fg;bw - Lif,’;;boo when 0 <g <p <oo (6.22)

(which can be proved analogously as in the case of Lorentz spaces), we see
that, for any ¢ € (0,00), there exists f € nggo satisfying

[P~ Do (£) £* (1)l g, 0.1) > € 110,

However, this contradicts our assumption that (3.3]) is valid for all f € Bg,’ff .
O

7 Proof of Theorem 3.2

In view of Theorem the sufficiency of the condition that x is bounded is
obvious. We are going to prove that this condition is also necessary. To this
end, suppose that holds for all f € Bg;ff . Together with Theorem (1)
(where we take w(t) = t'/7~1/9b(t)k(t)) and Remark this implies that

(7.1)

— 7 * —1/r n ' * 1/p
[£1/P Uqb(t)n(t)fy(t)llq,(o,n S Ht Yrp(tt )(/O fy(u)pdu> 7,(0,1)

for all f € Mo(R"™) such that [suppf|, < 1.

(i) The case p < ¢ (that is, 1 < p < o0, 1 < r < g < oo and
p < q). For any y € (0,1), define f,(z) := Xxjo,)(Valz|"), z € R". Hence,
fa@) = Xjoy(t), t > 0. Since f, € Mo(R") and [suppfyl, < 1 for all

y € (0,1), inequality (7.1)) holds for all functions f,, y € (0,1). Inserting
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fy into (7.1)) and using assertions and |§| of Lemma we obtain, for
all y € (0,1),

LHS(T1) > w(y) [[£777 %, () llg.04) ~ () v/ br(y)

and

wisED) < e ( [1aw)]
0 T

+ Htl/rb(tl/")(/oy 1 du)l/p o)

S YR £y b (y) Y P (),

which implies that x is bounded.

(ii) The case ¢ < p (that is, 1 <r < ¢ < p < c0). In particular, ¢ and
7 are finite. Consider the function g(t) := t=1/Pb,.(t)=2—"/Pp(t/7)/P| ¢ €
(0,1). By partsandlﬂof Lemma the function t — b, (t) 2"~ "/Ph(t1/m)"/P,
t € (0,1), belongs to SV(0,1). Thus, by Definition there is ¢ €
MG (0,1;]) such that g ~ ¢ on (0,1). Put, for any y € (0,1),

fy(@) == e(Valz|")x 04 (Valz]"), = €R™
Hence,
fy ) = @()x[0,4)(t), t>0.
Since f, € My(R™) and |[suppfy|n < 1, inequality (7.1]) holds for all func-

tions fy, y € (0,1). Inserting f, into (7.1) and using the facts that
i 2" ¢ AC(0,1), (b.(t)17%r) = (2¢q — g)t_lb(tl/”)rbr(t)q_%q_r for a.e.
t € (0,1), (2.4) and (3.1), we obtain, for all y € (0, 1),

1
/q>

Yy
Lis@D) ~ ([ ety netan) 2 )

and, similarly,

RHS(7.1) 1677 )by ()7 0y + 17 ™br () g1

<
< by

These estimates and ((7.1)) imply that x is bounded. O

8 Proof of Theorem 3.3l

We shall need the following assertion, which we call the “inverse Kolyada
inequality”.
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Proposition 8.1 (see [3, Prop. 3.5]) (i) Let f € L; and let F(x) :=
*(Valz|™), 2 € R™. Then, for allt >0 and f € Ly,
tn

w(Ptn S 0 [ FEds -1t [ s
0 i

- t(/toos1/"/Os(f*(u)—f*(3))duis>. (8.1)

n

(ii) Let 1 <p < oo, f € Ly and let F(z) = f*(V,|z|"), z € R™. Then,
forallt >0 and f € Ly,

B, Se( [ s [ - rerat)”

S

Proof of Theorem Put A := ngff. By Theorem with ¢ = oo,
t/7b,(t) f*(t) <1for all t € (0,1) and f € A with ||f||4 < 1. Therefore,

sup f*(t) < f%br(t)*l for all t € (0,1). (8.2)
lflla<1

On the other hand, consider, for y € (0,1/2), f, € L,(R") with f; =
X[0,y)- 1t is easy to see that, for all £ > 0 and y € (0,1/2),

o( [ [ - ey de )"~ mingy g (53)

n S

Defining

e (Valz™) if1<p < oo

using Proposition (8.3)), assertions |§| and|7|of Lemma and hypothesis
(2.4), we obtain

£y 14

, reR",

_1
[ Eyllp + 11t 7 b(t) wi(Fy, t)pllr,0,1)
1 _1 . 1 11
y? + [t b(t) min{y?,ty» "} 01
1 1_1 _1 1 _1
yr +yr o [T 0| 01y + y7 18T BB iy
1 1 _1
y? (L+b(y=) + I+ b(O) [, (yr/m 1))

I |
yth " b(t)Hr,(yl/”,Q)

& IN A

AN

for all small enough y. Consequently, for all such y,
_1 _1 -1 <
H y e ”t r b(t)HT,(yl/nyg) Fy HA S L
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Together with the inequality Fy* > fJ = Xjo,), this implies that

. S | _
sup fH(t) 2y 7 s b, m ) X ()
lflla<1 ' ’

for all t > 0 and y € (0,yp), say (for some yy appropriately chosen in
(0,1/2)). Thus, taking y = 2t for every t € (0,yp/2) and using changes of

variables, (2.4)), (3.1) and assertion 5| of Lemma we obtain

_1 _1
sup f*(t) 2t r (s b(s)|

-1
/n
llflla<i ((2t)1/m,2)

A f%br(t)*l for all ¢ small enough.

Together with (8.2]), this results in

sup f*(t) =~ t_%br(t)_l for all small ¢ > 0. (8.4)
Iflla<1

Since lim; o4 f%br (t)~! = oo (cf. assertion [2| of Lemma , the first
consequence of (8.4) is that A & L. Further, as

2
h(t) ::/ sTYPp (s) "V ds, te(0,1),
¢

is a positive, non-increasing and continuous function equivalent to £ b ()1
on (0,1) (cf. Remark [3.4), (8.4) also shows that h(t) is a growth envelope
. 0,b
function of the space A = Byr.
To calculate the fine index (cf. Definition [2.6)), consider the function
H(t) := —Inh(t), t € (0,1). Since
B (t) () 1
H'(t) = — = —— " ~ - for ae.te(0,1),
h(t) ft s=1/p=1p,(s)"1ds t

(8.5)
we obtain dug(t) = H'(t)dt ~ }dt on (0,1). Thus, applying the “if” part
of Theorem with ¢ € [max{p,r}, o], we get

() G o)™

(/1 tr b (1)1 F7 (1)1 dt)l/q
0
< Ifla forall fea (.6)

Q

(with the usual modification when ¢ = 00).
It remains to show that cannot hold for ¢ € (0, max{p,r}).
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(i) The case p < g < r. The result follows from Theorem

(ii) The case ¢ < p < r. By part (i) applied to p = g < r, we get that
the inequality

! dt
( / (/7 b, (8) F(1))P t) < |Ifla cannot hold for all f ¢ A.
0

Since also, by the monotonicity of Lorentz-Karamata spaces (cf. (6.22])),

(/l(tl/pbr(t) " < </1(t1/7’ b (1) 1 (0 2

0 0

for all f € MJ(R") if ¢ < p, estimate cannot hold in the considered
case.

(iii) The case ¢ < r < p. By Theorem the inequality

1 r r 1/
R e Tl OO R
0
cannot hold for all f € A. Since, by assertion [7] of Lemma
b () TR b(tn) TP < 1 forallt € (0,1),

estimate also cannot hold.

(iv) The case 7 < ¢ < p. If would hold, then, by Theorem (1)
and Remark

||t1/p_1/qbr(t)f*(t)||q7(071) S Ht—l/rb(tl/n)(/ot f*(u)p du) 1/p

for all f € MO(IR{") with [suppf]|, < 1 Following the idea to arrive from

- to , we see that estimate would also hold for all measur-

able functlons g on R™ where now

w(t) = tYP7 0, () x (0.1 (t)

r,(0,1)

and
v(t) = P X 0,1y (1) + X (1,00 (1)

for all t € (0,00). By Proposition ii) (with Q@ = ¢q/p and P = r/p),
inequality (6.20) would be satisfied only if

(fOSP by ( qu) —i—t(f 5P P- Qb()qup b s)4s™ 7 ds

oo > sup

t€(0,1) ( gsﬁ_lb(si)rd5+ti<j;l s—Lb(sn )" yrds+ [0 s v 1ds))

=: sup [.
te(0,1)
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Using assertions [1] [f| and [7] of Lemma (2.4) and (3.1)), we obtain, for all

€ (0,1), that
. b0+t (s b ds)%
Tty <>7 +1)¥
N CESUCION

b, ()7

ftl s7lb(s)pads)
= Pq
by (t) =4

However, by part [§] of Lemma the last fraction is unbounded on some
interval (0,%), to > 0. Hence, (6.20)), and consequently (8.6, cannot hold.

0
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