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Abstract. This contribution deals with systems of linear generalized linear differential
equations of the form

x(t) =5+/ d[A(s)] z(s) + g(t) — g(a), t € [a,],

where —oo < a < b < oo, A isan n X n-complex matrix valued function, ¢ is an
n-complex vector valued function, A and g have bounded variation on [a,b]. The
integrals are understood in the Kurzweil-Stieltjes sense.

Our aim is to present some new results on continuous dependence of solutions to
linear generalized differential equations on parameters and initial data. In particular, we
generalize in several aspects the known result by Ashordia. Our main goal consists in
a more general notion of a solution to the given system. In particular, neither ¢ nor
x mneed not be of bounded variation on [a,b] and, in general, they can be regulated
functions.

The convergence effects studied in this contribution are, in some sense, very close to
those described by Kurzweil and called by him the emphatic convergence.

AMS Subject Classification. 34A37, 45A05, 34A30.

1. INTRODUCTION

Starting with Kurzweil [10], generalized differential equations have been
extensively studied by many authors, like e.g. Schwabik, Tvrdy and Ve-
jvoda [19]-[21], [23]-[26], Ashordia [2], [3], Frankova [5], [6]. Closely related
and fundamental are also the contributions by Hildebrandt [8] and Honig [9],
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In particular, see the monographs [21], [19], [25] and [9] and the references
therein. Moreover, during several recent decades, the interest in their special
cases like equations with impulses or discrete systems increased considerably,
cf. e.g. monographs [15], [28], [4], [18] or [1].

The importance of generalized linear differential equations with regulated
solutions consists in the fact that they enable us to treat in a unified way
both continuous and discrete systems and, in addition, also systems with fast
oscillating data.

In the paper we keep the following notation:

As usual, N is the set of natural numbers (N = {1,2,...}) and C
stands for the set of complex numbers. C™*™ is the space of complex
matrices of the type m x n, C* = C™*! and C! = C. For a matrix

A = (az,])l:1,2,,m E Cm x n7
j=1,2,..n

its norm |A| is defined by

m
|A|=jiﬁgfn§;|%JL
1=

In particular, we have || =>""  |z;| for z € C". The symbols I and 0
stand respectively for the identity and the zero matrix of the proper type.
For an n x n-matrix A, det[A] denotes its determinant.

If —co<a<b<oo, then [a,b] and (a,b) denote the corresponding
closed and open intervals, respectively. Furthermore, [a,b) and (a,b] are
the corresponding half-open intervals. When the intervals [a,a) and (b, b
occur, they are understood to be empty.

For an arbitrary function F': [a,b] — C™*" we set

[Flloc = sup{[F'(t)]: t € [a, b]}.
If Fy: [a,b] = C™*" keN, and F: [a,b] — C™*™ are such that

Jim |[Fy — Fll =0,

we say that Fj tends to F uniformly on [a,b] and write Fy = F on
la,b]. If TCR and F, = F on [a,b] for each [a,b] C I, we say that F
tends to F' locally uniformly on I and write F, = F locally on [a,].
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The set D={ap,a1,...,a,} C[a,b], m €N, is called a division of the
interval [a,b], if
a=og<o; < ... <a,=>.

The set of all divisions of the interval [a,b] is denoted by Dla,b]. For
D ={ap,0q,..., 0} €Dla,b], we denote

,,,,,,

If, for each t € [a,b) and s € (a,b], the function F : [a,b] — C™*"
possesses the limits
F(t+) := lir?+F(T), F(s—):= lim F(7),
we say that the function F is regulated on the interval [a,b]. The set of all

m X n-matrix valued functions regulated on the interval [a,b] is denoted by
G™*"[a,b]. Furthermore, we denote

ATF(t) = F(t4+) — F(t) for t€ [a,b), AYF(b) =0,
AT F(s)=F(s)— F(s—) for se(a,b], A F(a)=0
and

AF(t) = F(t+) — F(t—) for t € (a,b).

It is known that, for each F € G™*"[a,b], the set of all points of its discon-
tinuity on the interval [a,b] is at most countable. Moreover, for each >0
there are at most finitely many points ¢ € [a,b) such that |[ATF(t)]>¢e and
at most finitely many points s € (a,b] such that |A~F(s)| >¢e. Clearly, each
function regulated on [a,b] is bounded on [a,b], ie. [[Fl|le <oc for all
FeGm™*"a,b.

For a function F : [a,b] — C™*™ we denote by var’ F' its variation over
[a,b]. We say that F' has a bounded variation on [a,b] if var® F <oo. The
set of m X n-complex matrix valued functions of bounded variation on |a, b|
is denoted by BV™*"[a,b] and |F| gy = |F(a)|+var® F. By AC™*"[a, ]
we denote the set of functions F': [a,b] — C™*™ such that each component
fij, 1=1,...,m, j=1,...,n, of I is absolutely continuous on the interval
la,b]. Similarly, C™*"[a,b] stands for the set of functions F' : [a,b] —
C™>*™ that are continuous on [a,b]. If m =1, we write BV"[a,b] instead
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of BV™a,b]. Analogously, AC"[a,b]=AC"*[a,b], G"[a,b]=G"*[a,]
and C"[a,b]=C"*!a,b]. Obviously,

AC™*"[a,0] € BV™*"[a,b] € G™*"[a,b] and C™*"[a,b] € G™*"[a,b].

Finally, a function f: [a,b] — C is called a finite step function on [a,b]
if there is a division {ag,aq,...,a,} €Dla,b] of [a,b] such that f is
constant on every open interval (a;_1,05), j=1,2,...,m. The set of all
finite step functions on [a,b] is denoted by S|a,b], S™*"[a,b] is the set of
all m x n-matrix valued functions whose arguments are finite step functions
and S™*![a,b] = S™[a,b]. Tt is known that the set S™*"[a,b] is dense in
G™*"[a,b] with respect to the supremum norm, i.e.

{ for each € >0 and each F € G™*"[a, ] (1)

there is an F € S™*"[q,b] such that ||F — Flle < &.

The integrals which occur in this paper are the Perron-Stieltjes ones.
For the original definition, see A.J. Ward [27] or S. Saks [17]. We use the
equivalent summation definition due to J. Kurzweil [10] (cf. also e.g. [12] or
[21]). We call this integral the Kurzweil-Stieltjes integral, in short the KS-

integral. For the reader’s convenience, let us recall the definition of the
KS-integral.

Let —oco<a<b<oo. Forgiven meN, D={ap,ai,...,a,}€Dla,b]
and &= (&1,&,...,&n) €[a,b]™, the couple P=(D,¢) is called a partition
of la,b] if

ij_lggjf(){j forj:1,2,...,m.

The set of all partitions of the interval [a,b] is denoted by PB[a, b].

An arbitrary positive valued function 0: [a,b] — (0,00) is called a gauge
on [a,b]. Given a gauge 6 on |[a,b], the partition

P = (D7£) = ({O-/Ovala-"aam}a (£1a§27"'7§m)> € "B[avb]
is said to be 0-fine, if
[aj-1,05] C (& —6(§),&§ +6(85)) for j=1,2,...,m.

The set of all d-fine partitions of [a,b] is denoted by 2 (0;[a,b]).
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For functions f, ¢g: [a,b] — C and a partition P € B[a, b,

P= ({ao,al, e T (I TR a§m>)=

we define
m

S(fAgi P) = [g(ei) = glai1)] F(&)-

i=1
We say that I € C is the KS-integral of f with respect to g from a to b
if

for each € > 0 there is a gauge 6 on [a,b] such that

Il —X(fAg; P)| <e forall PeA(d;]a,bl]).

In such a case we write

= [dalf oo 1= [ dlg) se)

It is well known that the KS-integral f; dlg] f exists provided f € Gla, b
and g € BV]a,b]. Taking into account [25, Theorem 2.3.8], we can formulate
the following fundamental assertion.

1.1. Theorem. If f, g € Gla,b] and at least one of the functions f, g has

a bounded variation on [a,b], then the integral f;fd[g] exists. Further-
more,

b
| [ ol s <2l (@] + vl 1) i F € BVia.t) and g€ Glab), (12)

and

b
‘/ dlg] f’ < (var® 9) | fllso if f€Gla,b] and g€ BV]a,b]. (1.3)
Furthermore, if f € BV]a,b] and g, gx € Gla,b] for k € N, then

/:d[gk—g]fHOOZO-

Further basic properties of the Perron-Stieltjes integral with respect to scalar
regulated functions were described in [22] (see also [25]).

klim llgr — glloc =0 implies klim
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Given an ¢ X n-matrix valued function F' and an m X ¢- matrix valued
function G defined on [a,b] and such that all the integrals

b
/ d[gz,k(t)]fk?,](t) (Z: 172a"'>m; k: 17277Qu]: 1,2,...,7’L)

exist (i.e. they have finite values), the symbol

/ d[GH] F(t) (or more simply / d[G) F)

stands for the m X n-matrix with the entries
q b
Z/ Algin] frj, i=1,2,....m,5=1,2... n.
k=1v%

The extension of the results obtained in [22] or [25] for scalar real valued
functions to complex vector valued or matrix valued functions is obvious
and hence for the basic facts concerning integrals with respect to regulated
functions we will refer to the corresponding assertions from [22] or [25].

Next assertion seems not to be available in the literature.

1.2 .Lemma. Let g, g € G"[a,b], A, Ay, € BV"*"a,b] for k € N.
Furthermore, let

9 =g on [0’7 b]v (14)

o = sup {var® A;: k € N} < oo, (1.5)
and

A, =2 A on [a,b]. (1.6)
Then

[anio= [faag o o

Proof. Let ¢ > 0 be given. By (L.1) and (1.4), we can find u € S"[a,b]
and kg € N such that

lg —ulloo <&, |lgr —ulloo <e and |Ar — Alloc <e for k> k.
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Furthermore, since S"[a,b] C BV"[a,b], using (1.2) we obtain

/at d[Ax] g — /atd[/ﬂg‘

[ adoe—+ [ aa- s [dau-g)

<a*e+2(Jula)| +varl u) e + o e = 2 (o + |u(a)| + varbu) e

for ¢t € [a,b] and k > ko, wherefrom our assertion readily follows. O

2. GENERALIZED DIFFERENTIAL EQUATIONS

Let A € BV"*"[a,b], g € BV"[a,b] and = € C". Consider an integral
equation

z(t) =7+ / d[A(s)] z(s) + g(t) — g(a). (2.1)

We say that a function z: [a,b] — C" is a solution of (2.1)) on the interval

la,b] if
/ d[A(s)] 2(s) € C"

and equality (2.1) is satisfied for all ¢ € [a,b]. The equation (2.1)) is usually
called an initial value problem for the generalized linear differential equation
(with initial condition z(a) = Z ). Such problems with solutions having
values in the space R" of real n-vectors have been thoroughly investigated
e.g. in the monographs [19] or [21]. The extension of the results presented
therein to the complex case is mostly straightforward. In this section we will
describe the basics needed later. Special attention is paid to the features
whose extension to the complex case seems not to be so straightforward.

For our purposes the following property is crucial:
det [I — A‘A(t)] #0 forall te€ a,b. (2.2)

(Recall that we put A~A(a) = 0.) Its importance is well illustrated by the
next assertion which is a fundamental existence result for the equation (2.1).
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2.1. Theorem. Let A € BV"*"[a,b] satisfy (2.2). Then, for each T € C"
and each g € G"[a,b], equation (2.1) has a unique solution = on [a,b]
and x € G"[a,b]. Moreover, © — g€ BV"[a,b].

Proof follows from [23, Proposition 2.5].
Furthermore, analogously to [21, Theorem III.1.7] where g € BV"[a,b],

we have
2.2. Theorem. Let A € BV™"*"[a,b] satisfy (2.2). Then

ca = sup{|[l — ATA(t)]|: t € [a,b]} < o0 (2.3)
and

lz(t)] < ca (|Z] +2]|9]loo) exp(ca varl A) fort € [a,b] (2.4)
holds for each T € C", g € G"[a,b] and each solution x of (2.1) on
a, b].

Proof. First, notice that for ¢ € [a,b] such that |[A~A(¢)| < i we have

= 1
< - S — .
_kzlm A(t)] A AW <2

Therefore, (2.3) follows from the fact that the set {t € [a,b]: [ATA(t)] > 3}
has at most finitely many elements.

Now, let z be a solution of (2.1). Put B(a)=A(a) and B(t)=A(t—)
for t € (a,b]. Then, as in the proof of [21, Theorem III.1.7], we get

[ —A7AW] Y = [D_(A~A@)"

A—BeBV"™"[a,b], var®B< varb A

and

A(t) — B(t)=A"A(t), /t d[A—Blz=A"A(t)z(t) for te]a,b].
Consequently

x(t)=[ — A A@)]! (§+g(t) —g(a) + /at d[B] x)

and

¢
lz(t)] < K, —|—K2/ d[h] |x| for t € [a,b],
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where
Ki=ca(|Z|+2]|9llc), Ko=rca and h(t)=var, B for t€ [a,b].

The function h is nondecreasing and, since B is left-continuous on (a, b,
h is also left-continuous on (a,b]. Therefore we can use the generalized
Gronwall inequality (see e.g. [21, Lemma 1.4.30] or [19, Corollary 1.43]) to
get the estimate (2.4). O

2.3. Corollary. Let A€ BV"*"[a,b] satisfy (2.2). Then for each T €C",
g€ G"a,b] and each solution x of (2.1) on [a,b], the estimate

varg(z — g) < ca (varg A) (|1Z] + 2 gllo) exp(ca vary, A).
is true, where cy is defined by (2.3)).
Proof. By (2.4), we have
[2]loe < ca (2] +21|glloc) exp(ca varg A).
Therefore
var’ (z — g) < (Varz A) ||| so
< cy (Varg A) (12| + 2 \gll) exp(ca var® A). 0

2.4.Lemma. Let A€ BV"*"[a,b] satisfy (2.2) and let cs be defined by
(2.3). Then

ca= (inf {|[I - A"A®)] z|: t € [a,b], z € C", |z| = 1})_1. (2.5)
Proof. We have
ca=sup{|[[ — ATA@X)]"|: t € [a,b]}

s { L= AL A0
1—A-A@)]

it € la,b], x e C" |z :1}

2 : a,bl, x "z =
Zsup{HI_A_A(t)]ﬂ.tE[,b], e C", |x| 1}

1 n _
_SUP{|[I—A—A(7§)]$|' t € la,b], z € C", |x|—1}

— (inf {|[I — A~ A®)] z|: t € [a,b], z € C, || =1}) .
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Thus, it remains to prove that the inequality
ca < (inf {|[I = A"A®)] z|: t € [a,b], z € C", |:1:|—1}) (2.6)

is true, as well. To this aim, first let us notice that for each t € [a,b] there
isa z € C" such that |2 =1 and

[T —A"AW] | = [T - A A®)] ' 2|. (2.7)
Indeed, let t€[a,b] and let B=[I—A"A(t)]"!. Let ipc€{1,2,...,n} be
such that [B| = 3"7, |b ;| and let z € C" be such that z; = sgn(b;,;)
for j=1,2,...,n. Then |z| =1 and

i=1,2,....n 1,2,....n

|Bz| = max Z |bi; 2| = _max Z |b;.; sgn(bi, ;)|
‘ =

< max Zlbm = |B|.

On the other hand, we have

1Bl = il = | sen(biy ;) biy.s
P =1

Therefore, we can conclude that (2.7) is true.
Now, due to (2.2), there is w € C" such that z = [[ — A7 A(t)]w
Inserting this instead of z into (2.7), we get
L — A"A®)] [ = A”A(t)] wl
[T — A=A(t)] wl

|wl 1

= A7l - a-a) () |

|w]

<|Bz|.

[T —A7AW)] ™ =

1 .
<o { = ey 2 € C el = 1)

It follows that
1
cAgsup{ — :tela, b, xeC”, \xlzl}
L = A= A(t)] ]

1

= (inf{|[/ — A"A(t)]z|: t € [a,b], z € C", |z| =1) ",
i.e. (2.0) is true. This completes the proof. O




2. GLDE’s 11

The next result on the continuous dependence of solutions of generalized
linear differential equations on a parameter generalizes the result due to
M. Ashordia [2, Theorem 1]. Unlike [2] and [3], we do not utilize the variation-
of-constants formula and therefore we need not assume that, in addition to
(2.2), also the condition

det[I + ATA(t)] #0 for all ¢ € [a,b]

is satisfied. Furthermore, both the nonhomogeneous part of the equation and
the solutions may be only regulated functions (not necessarily of bounded
variation).

2.5. Theorem. Let A, Ay € BV"*"[a,b], g, gx € G"[a,b], T, T, €C™ for
keN. Assume (L.5), (L06), (2.2),

Jim flgi — gllc =0 (2.8)
and
lim 7, = 7. (2.9)

Then equation (2.1) has a unique solution = on |a,b]. Furthermore, for
each k€N sufficiently large there exists a unique solution x, on [a,b] to
the equation

£(t) = Ty + / A[Ax(5)] 2(s) + ge(t) — gu(a) (2.10)
and
kh—{go |z — z]|oo = 0. (2.11)

Proof.  Step 1. As in the first part of the proof of [2, Theorem 1], we can
show that there is a k; € N such that

det[] — ATA,(t)] #0 on (a,b]

holds for all k>ky. In particular, (2.10) has a unique solution zj for
k> k.

Step 2. For k > ki, put

ca, = sup{|[I — A" A(t)]"|: t € (a,0]}.
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Then, by Lemma 2.4, we have
(ca) ' =inf {|[I — A"A()] z|: t € [a,b], z € C", || =1}
>inf {|[I - A”A(t)] z|: t € [a,b], z € C", |z =1}

—sup {|[A™(Ak(t) — A®))] z|: t € [a,0], 2 € C", |z = 1}.

By (L.6), we have
ATA, =2 ATA on [a,b].

Therefore, we can conclude that there is a kg > k; such that
(cay) > (ca)™ = (2ca) = (2ca)™! for k> k.

To summarize,
ca, <2cy <oo for k> k. (2.12)

Step 3. Set wy, = (xx — gx) — (x — g). Then, for k > ko,

t
wk(t) = Q/Ek —|—/ d[Ak] wg + hk(t) — hk(a) for ¢t € [CL, b],
where

it = [ = a) g+ ([t [aag) o telay
and

wr, = (Tx — gr(a)) — (7 — g(a)).
By (2.8) and (2.9) we can see that

lim @, = 0. (2.13)

k—oo

Furthermore, since x — g € BV"[a,b], using (1.6) and Theorem 1.1/ we get

/ d[Ax] (z —g) = / d[A] (z —g) on [a,b].

Furthermore, due to (2.8) and Lemma [I.2, we have also

/atd[Ak]ngZ/atd[A]g on [a,b].
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To summarize,
klim |hk]|co = 0. (2.14)

On the other hand, applying Theorem 2.2 and taking into account the relation
(2.12), we get

lwi]loo < 2ca (|Wg] + 2| hklloo) exp(2ca o) for k > ko,
wherefrom, by virtue of (2.13) and (2.14), the relation
li =
Jim ffwy s = 0

follows. Finally, having in mind the assumptions (2.8) and (2.9), we conclude
that the relation
klim |2k — 2||o =0

is true, as well. This completes the proof. O]

2.6 . Remark. If (1.0) or (2.8) does not hold, the situation becomes much
more difficult, see [0], [7] and [24]. The following two assertions may be
deduced from the proof of [7, Theorem 2.2].

2.7 .Lemma. Let A, A€ BV"*"[a,b], g, gx € G"[a,b], T, T,€C" for
keN. Assume (1.5), (2.2), (2.9) and denote by x the solution of (2.1))
on la,bl.

Furthermore, let
either

Ay, = A and g, =g locally on (a,b, (2.15)

Ve>039>0 such that V7 € (a,a+0) ko € N such that
|z (7) — T — ATA(a) T — Atg(a)| < e (2.16)
for all k> kg
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or

A, = A

hold.

and gr = g locally on [a,b),

(Ve >036 >0 such that V7 e (b—6,b) Ikg €N such that
|2 (b) — 2(7) — ATAD) [I — ATA(D)] 7 2(b—)

—[[ = ATA@) ATg(b)| <€

\for all k> kg

14

(2.17)

(2.18)

Then, for each k €N sufficiently large, there exists a unique solution xy

on [a,b] to

the equation (2.10)) ,

lim xx(t) = x(t) for t € a,b]

k—o0

and x = x locally on (a,b] or [a,b), respectively.

2.8.Notation. Let A€ BV"*"[a,b], g€ G"[a,b] and let

D ={ag,a1,...,an,} €Dla, b

be a division of [a,b]. Then we define

AD<t) —

and

gp(t) =

We have

"

A(t) if te D,

\

’

g(t) if te D,

g(ai) — g(ai 1) (

t— i)
oy — O

g(ai—q) +

if te (a—1,0;) for some i€ {1,2,...

if t€ (aj_1,0;) forsome i€ {1,2,...

(2.19)

(2.20)

(2.21)
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2.9. Lemma. Assume that A€ BV"*"[a,b], g€ G"[a,b]. Let D€ Dla,b],
D={ap,a1,...,an}, andlet Ap and gp be defined by (2.20) and (2.21),
respectively. Then Ap € AC™*"[a,b], gp € AC"[a,b] and

var? Ap <var® A and | gp|lse < ||9llce-
Proof. Obviously, Ap € AC™*"[a,b], gpe€ AC"[a,b].

Furthermore, for each ¢ =1,2,...,m and each t€ [ay_1,, we have
varg!  Ap = |A(ay) — A(ap-1)| < vargt A
and
glay) — glag
9 ()] = lg(as) + L9 )
Qp — Qp—1
Qy — t t— Qyp_1
= [g(ae-1)———— + g(a) | < gl
Oy — Qlp_1 Qp — Qp—1

Therefore,

m m
var? Ap = Zvargﬁ_l Ap < Zvargﬁ_l A=var® A and ||9p/lse < 19]lco-
=1 =1 [

2.10. Theorem. Assume that A€ BV"™*"[a,b|NC"*"[a,b] and geC"[a,b].
Let z,72, € C", k € N, be such that (2.9) holds. Furthermore, let the
sequence {Dy} C Dla,b] of divisions of the interval [a,b] be such that

Dy D Dy for ke N and klirn |Dy| = 0. (2.22)

Finally, let the sequences {Ap} C AC™"*"[a,b], {gx} C AC™[a,b] be given

by
Ap =Ap, and gy =gp, for keN, (2.23)

where Ap, and gp, are defined as in (2.20) and (2.21).

Then the equation (2.1) has a unique solution = on [a,b]. Furthermore,
for each k € N, the equation (2.10) has a solution x) on [a,b] and (2.11)
holds.

Proof. Step 1. Since A is uniformly continuous on [a,b], we have:
for each ¢ > 0 there is a § > 0 such that
|A(t) — A(s)| < § (2.24)

holds for all ¢, s € [a,b] such that |t —s| <.
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Let |Dy,| <0 andlet ¢ € [a,b] be given. Furthermore, let
ay_1,0p € Dy, ={ag, aq, . .. 7O‘pk0} and t € [ayp_1, ).

Then
|Oég — Ofg_1| <0

and, according to (2.20) and (2.22)—(2.24), we get for k > ko

44(0) = A < 1A(00) = Alac)] | =] 4 Lifac-i) - A)
< Siioe
2 2

As ko was chosen independently of ¢, we can conclude that (1.0) is true.
Step 2. Analogously we can show that (2.8) is true, as well.

Step 3. By Lemma 2.9, (1.5) holds. Moreover, as A and A, k € N, are
continuous, the equations (2.1) and (2.10) have unique solutions by Theorem
2.1land we can complete the proof using Theorem [2.5. O]

3. APPROXIMATED SOLUTIONS

In this section we will continue the consideration of the topics mentioned
at the close of the previous section. Our aim is to disclose the relationship
between solutions of generalized linear differential equation and limits of solu-
tions of corresponding approximating sequences of linear ordinary differential
equations.

We start by introducing the following notations.

3.1. Notation. For given g € G"[a,b] and k € N, we denote
+ 1 - 1 >
()=t € [a,0]: 1A79(0)] > 2 or |Ag()] > 1 b and 1(9)= [ (o)
k=1

Analogous symbols are used also for matrix valued function.
Of course, (g) is the set of points of discontinuity of the function g¢
in [a,bl.
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3.2. Definition. Let A€ BV"*"[a,b], g € G"[a,b] andlet P, € D[a,b] be
a sequence of divisions of [a,b] such that

1
| P = o for keN. (3.1)

We say that the sequence {Ag, gx} C AC™*"[a,b] x AC™[a,b] is a piecewise
linear approzimation (PL-approximation) of (A, g) if there exists a se-
quence {Dy} C D[a,b] of divisions of the interval [a,b] such that

D, D P, Uﬂk(A) Uﬂk(g) for ke N (32)
and Ay, g are for k€ N defined by (2.20), (2.21) and (2.23).

3.3.Remark. Let {Ag, gx} bea PL-approximation of (A, g), T =7 €
C" for k€ N andlet z;, k€N, be the corresponding solutions of (2.10).
By Lemma 2.9, we have

var? Ay <var’ A and  ||gkllso < |l9llse  for all k€ N.

Furthermore, as Ay are continuous, due to (2.3), we have also ¢4, =1 for
all k € N. Hence, Corollary 2.3 yields

var’ (2, — gr) < (var® A) (|Z] + 2 |g]|oe) exp(var® A) < oo for all k€ N

and, by Helly’s Theorem, there is a subsequence {k,} of N and y € G"[a,b]
and such that
lim (x, (t) — gk, (1)) = y(t) — g(t) for each t € [a,b].

n—oo

In particular,

lim xzy,, (t) = y(t) forall ¢ € [a,b] such that lim gy, (t) = g(t).
Notice that if the set 4l(g;[a,b]) has at most a finite number of elements,
then

klim gr(t) = g(t) forall t € [a,b].
3.4 . Definition. Let A€ BV"*"[a,b], g€ G"[a,b] and Te€C". We say
that z*: [a,b] — C™ is an approzimated solution to equation (2.1) on the
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interval [a,b] if there is a PL-approximation {Ay, gr} of (A, g) such
that
klim z(t) = 2*(t) for t € a,b (3.3)

holds for solutions =z, k € N, of the corresponding approximating initial
value problems

z, = ALtz + g, (), ax(a) =7, kel (3.4)

3.5. Remark. Notice that, using the language of Definitions 3.2 and 3.4, we
can translate Theorem 2.10] into the following form:

Assume that A€ BV™*"a,b] N C"*"[a,b] and g€ C"[a,b]. Then, the
equation (2.1) has a unique approzimated solution z* on |a,b] and x*
coincides on [a,b] with the solution of (2.1).

In the rest of this paper we consider the case when the set L (A) ULl (g)
of discontinuities of the coefficients A, g is non empty. We will start with
the simplest case $(A) UL (g) = {b}.

The next natural assertion will be useful for our purposes and, in our
opinion, it is not available in literature.

3.6. Lemma. Let A€ BV"*"[a,b]. Then

\

([l si2)s)
\ = /01 exp (ATA®) (1 —0)) do if te(a,b] |
and
(i (/tsexp ([A<s>—A<t>]ij) dr) y
= /01 exp (AYA(t) (1 —0)) do if te(a,b] -

Proof. (i) Let t € (a,b], s € [a,t) and let € >0 be given. Then there is
a 0 >0 such that

|A(t—) — A(s)| <& whenever t— s <.
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Now, taking into account that

|exp(C) —exp(D)| < |C — D] exp(|C| +|D|) holds for all C,D e C"*",

‘tis/: {exp ([A(t)—A( )]t_r) —exp (A A()iii)] dr

1
|/exp|AA |)

=
= IA(t—) — A(s)] exp (JATA()]) < e exp (JATA()])

we get

for t — s < 0. Therefore,

i ([ e (10 - 400 o)
:shl{l_tis (/:exp (A‘A(t)i:Z) dr) if te(a,b].

Now, it is easy to see that the substitution ¢ = 1 — i:; in the second
integral yields (3.5).

(ii) Similarly we would justify the relation (3.6)). O

3.7.Lemma. Assume that A€ BV"*"[a,b] and g€ G"|a,b] are contin-
uous on [a,b), =, T, €C" and (2.9) is true. Denote by x the solution
of (2.1) on [a,b). Furthermore, let {Ax, g} of (A, g) be an arbitrary
PL - approzimation of {A, g} and let zy be the corresponding solutions of
problems (3.4).
Put
x(t) if t€a,b),

v(l) if t=0b,
where v is a solution on [0,1] of the initial value problem
vV =[ATAD)| v+ [ATg(b)], ©v(0)=z(b—). (3.8)
Then

lim xp(t) = 2*(t) forall t €la,bl and xp =2 " locally on |a,b).

k—o0
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Proof. Step 1. Let {A, gx} be a PL-approximation of {A, g} and let
{Dy} be the corresponding sequence of divisions of [a,b] fulfilling (3.1) and
(3.2). Notice that, under our assumptions, Dy =P, for k€N. For k€ N,
put

Tk:maX{tE P.:t< b}

By (3.1) we have b— %2 <7, <b for k€N, and hence

lim 7, = b. (3.9)

k—oo

Now, for k€ N and ¢ € [a,b], let us define

~ () if t€fa, ],
Au(t) = ) + A b—b)_—T:l(Tk) (t—7) if te (0],

(ult) if tea,,
gr(t) = \g(Tk)JrW(t_Tk) if t e (b,

Furthermore, let

)= A(t) if te€]a,d), 30— g(t) if te€]a,b),

A(b—) if t=b, g(b—) if t=b.

We have Aj, € AC"*"[a,b], §i € AC"[a,b] for k€N, Ae BV"*"[a,b]N
C"*"a,b] and g€ C"[a,b.
Consider problems (2.1)), (3.4),
v = Ay + 3. yea) =T, KEN, (3.10)
and

vy =7+ [ iy + 30 - 50 (3.11)

Let {xx} and {yx} be the sequences of solutions on [a,b] of problems (3.4)
and (3.10), respectively. We can see that, for each k£ € N, 1y, coincides
with 2 on [a,7;]. Furthermore, by Theorem 2.1, equation (3.11]) possesses
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a unique solution y on [a,b], ¥y is continuous on [a,b] and y==xz on
[a,b). Tt’s easy to see that Ay = A and gy = ¢ on [a,b]. Moreover, by
Lemma 2.9,

var? Ay < varl A <var’ A < oo for all keN. (3.12)
Therefore, by Theorem 2.5, we get
y, =y on [a,bl. (3.13)

In particular, since xp = yx on [a,7x] and limg .. 7 = b (see (3.9)), we
have

lim x(t) = }}1_)1{)10 ye(t) = y(t) = x(t) = 2*(t) for t € [a,b). (3.14)

k—o0

Step 2. Next, we will prove that

lim zy (1) = y(b). (3.15)

k—o0

Indeed, let € > 0 be given and let § > 0 be such that
y(t) —y®)] <5 or te[b—b0)
Further, by (3.13), there is a ky € N such that
T €[b—0,b) and |lyx — ylleo < g whenever k > k.

Consequently,

2k () — y(0)| < Nan(me) — y(m)| + [y(7) — y(D)]

€ €
= |yr(mi) — ()| + |y(m) — y(b)] < sty=¢
holds for k > ko. This completes the proof of (3.15).

Step 3. On the intervals [7x,0], the equations from (3.4) reduce to the
equations with constant coefficients

where
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—A<b> —Alm) and e, =

B, —
F b—Tk b—Tk

Their solutions =z are on [7,b] given by

2(t) = exp (Br, (t — 7)) 2 (8) + ( / Cexp (By (t—1)) dr> es.

Tk

In particular,

7 (b) = exp (A(b) — A(7y.)) wx(71)

By Lemma 3.0, we have
lim

im _17k ( / b exp ([A(b) A bb__;) dr) 9(b) — g(m)]

= (/01 exp (ATA®D) (1 - s)) ds> A7 g(b).

To summarize, due to (3.15), we have

lim 24 (b) = exp (A~ A(b)) y(b)+ (/0 exp (ATA(b) (1—s)) ds) A~g(b),

k—o0

ie.

klim z(b) = v(1) = z*(b). (3.17)
where v is a solution to (3.8) on [0,1]. With respect to (3.7) and (3.14),
this completes the proof. Il

3.8. Remark. In particular, z* defined in the previous lemma is an approx-
imated solution of (2.1). Moreover, as it does not depend upon the choice
of the approximating sequence {Ay, gr}, we can see that it is the unique
approximated solution of (2.1)).

The following assertion concerns a situation only seemingly symmetric to
that treated by Lemma [3.7. Similarly, to the proof of Lemma 3.7, we will
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deal with the modified equation

v =7+ [ dly+ g - ) (3.19
where ye€C" and
~ Ala+) if t=a, at+)+x—y if t=a,
A= I S (319)
A(t) if t€(a,b], g(t) if te(a,b]

with y € C" to be determined later.

3.9.Lemma. Assume that A€ BV"*"[a,b] and g€ G"|a,b] are contin-
uwous on (a,b], T, T €C" and (2.9) holds. Furthermore, let {Ax, gr}
of (A, g) be an arbitrary PL - approximation of {A, g} and let xy be the
corresponding solutions of (3.4) Finally, let w be a solution of the initial
value problem

w' = [ATA(a)]w + [ATg(a)], w(0) =T (3.20)
and let y be a solution on |a,b] of the equation (3.18), where y = w(1).
Then

lim xi(t) =y(t) forallt € la,b] and z, =y locally on (a,b]. (3.21)

k—oo

Proof. Let {Dy} be the sequence of divisions of [a,b] fulfilling (2.20)
and (2.21). As in the previous proof, Dy = P, for k&€N. Furthermore, let
7 = min{t € P: t > a}. By (2.22), we have a+%2>7, >a for k€N,
and hence lim;_. . 7. = a. We have

Ay, = A and g, =7 locally on (a,b].

Furthermore, similarly as in Step 1 of the proof of Lemma 3.7, inequalities
(3.12) are true. Therefore, by Lemma 2.7, to prove (3.21)) it suffices to show
that

Ve > 030 > 0such that V7 € (a,a+ ) ko € N such that
lzk(7) — Y| < € (3.22)
for all k> k.
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holds. We shall do it in 3 steps.

Step 1. We will show that

k—oo

Indeed, on the intervals [a, ;] the equations from (3.4) reduce to equations
(3.16) with the coefficients

p - AmIA@) , _gm)gle)

Their solutions zj; are on [a, 7| given by

wi(t) = exp(By (t — ) 7 + (/t exp (B, (t —1)) dr) e

In particular,

() = exp (A(m) — A(a) F (3.24)
([ e (1400 - A@I EZE) ar) o) - gt
(3.25)

By Lemma 3.0, we have

im ([ (1460 - 4@ 20 ) ar) b))

k—oo T — @ Ty —a

([ exp(a* AGa) (1 — ) ds ) A% g(a)
( )

wherefrom (3.23) follows easily.
Step 2. We will show that
for all € >0 there exist § > 0 such that
|z (t) — zi(s)] < € (3.26)
forall k€N and t,s € (a,a+9).



3. APPROXIMATED SOLUTIONS 25

holds. It what follows we denote by Xj the fundamental matrix solution of
(3.4) on [a,b] and ®y(t,s) = Xx(t) X, '(s) for t,s € [a,b]. Then

Dy (t,s) =1+ /t d[Ag(r)] Pg(r, s)

and
n(t) = Bt 5)u(s) + [ @) dlgn(r)]

for t,s € [a,b].

Let t¢,s € [a,b] be given such that a<s<t<b. With respect to The-
orem 2.2 Corollary 2.3 and Lemma 2.9 (with [s,?] on the place of |[a,b]),
we have

| (t, s)| < exp(var! Ay) < exp(var’ A) = exp(var’ }[)

< exp <Var7; A)

varl @ (., s) < (var’ Ay,) exp(var A;) < (var® A) exp(var’, A)
and
()] < (1Tk] + 2 lglloo) exp(varg A).

Consequently,

[24(t) = 2i(s)] < [ult, 5) = Puls, 5)| lu(s)]| + 2 (var, @il 5)) [19lleo
< (vary @k (., 5)) (|lz(s)] + 2 [lglloc) < (varg A) 2,

where, due to (2.9),

s = exp(var A) (sup || + 2 ||g/lo) exp(var’ A) < .
keN

Having in mind that A s right-continuous at @ and hence

lim var!, A =0,
t—a+

we can conclude that (3.26)) is true.

Step 3. Now,we will complete the proof of (3.22). Indeed, let ¢ > 0 be
given. Then, by Stepl 1, we can choose k; € N so that

|z () — Y] < g whenever k > k. (3.27)
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Furthermore, by Step 2, thereis 6 > 0 such that

(1) = wr(s)| < 5
2 (3.28)
holds for all £k € N and t,s € (a,a+ 9).

Then, if 7€ (a,a+0) and ko > ky is such that 7, <7. Then, by virtue of
(3.27) and (3.28), we get

2 (7) — Ul < |op(7) — 2(7)| + [2a(72) — 9l < e
and this completes the proof. Il

3.10. Remark. Let us notice that if a < ¢ < b and the functions z] and
x5 are respectively approximated solutions to

w®=%+/dMM+W%w@JEMd

and
t
o(t) =T+ [ dA]a+g(t) - g(o).t € 1],

where Ty = 273(c), then the function

xi(t) if t € la,(d,

IR COR S

xy(t) if t € (e, b]
is a PL-approximated solution to (2.1).
3.11. Theorem. Assume that Ae BV"*"[a,b], g€ G"[a,b] and

Ll(A) Uﬂ(g) :{817 82541 Sm} - [a>b]‘

Then, for each x € C", there is exactly one approximated solution x* of
equation (2.1) on [a,b].

Moreover,

o (t) = we(1) + /t A[Ad 2" + Ge(t) — Gulse) for t€ [se,se41), LENN0,m)],

S¢

x*(t) = ve(1) for t=s, LeNN[1,m+ 1],
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where Sg = a, Smy1 = b, wo(l) =2 and, for £€NNI]0,m],

~ A(se+) if t=sy, _ g(se+) if t= sy,
A - =
0 {A(t) if t€ (se,5041], 90 {g(t) if t€ (se,5041]

and v, and w, respectively denote the solutions on [0,1] of initial value
problems

vp = [ATA(se)]ve + [A7g(se)],  ve(0) = 27 (s50—)
and

wy = [ATA(sg)]we + [ATg(s0)],  we(0) = 27 (s0).

Proof. Having in mind Remark [3.10, we deduce the assertion of Theorem 3.11
by a successive use of Lemmas 3.7 and 3.9. To this aim it is sufficient to

choose a division D = {ag,aq,...,a.} of [a,b] such that for each subin-
terval [ag_1, k], K = 1,2,...,7, either the assumptions of Lemma 3.7 or
the assumptions of Lemma 3.9 are satisfied with «j_; in place of a and
ay in place of b. O]

3.12. Remark. The convergence effects appearing in Theorem [3.11! are re-
lated to the notion of R-emphatic convergence introduced by Kurzweil in
[11]. Further references to this notion are e.g. Frankova [5], [6], Halas [7],
Schwabik [19], Tvrdy [25] and the unpublished thesis by Pelant [16]. A dif-
ferent point of view can be found in the papers [13] and [14] by Meng Gang
and Zhang Meirong dealing with measure differential analogues of Sturm-
Liouville equations and, in particular, describing the weak™ continuous de-
pendence of related Dirichlet or Neumann eigenvalues on a potential.
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