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Abstract

This paper deals with integral equations in a Banach space X of the form

x(t):5+/td[A]x+f(t)—f(a), tela,bl,

where —co<a<b<oo,Z€X, f:[a,b] — X is regulated on [a,b], and A(¢) is for
each t € [a,b] a linear bounded operator on X, while the mapping A: [a,b]—L(X)
has a bounded variation on [a,b]. Such equations are called generalized linear
differential equations. Our aim is to present new results on the continuous depen-
dence of solutions of such equations on a parameter. Furthermore, an application
of these results to dynamic equations on time scales is given.
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1 Introduction

The theory of generalized differential equations enables the investigation of contin-
uous and discrete systems, including the equations on time scales, from the common

*Universidade de Sao Paulo, Instituto de Ciéncias Matematicas e Computagao, ICMC-USP, Sao
Carlos, SP, Brasil, federson@icmc.usp.br.

TUniversidade de Sao Paulo, Instituto de Ciéncias Mateméticas e Computacio, ICMC-USP, Sao
Carlos, SP, Brasil, gam@icmc.usp.br. Supported by CAPES BEX 5320/09-7

fMathematical Institute, Academy of Sciences of Czech Republic, Prague, Czech Republic (email:
tvrdy@math.cas.cz). Supported by the Institutional Research Plan No. AV0Z10190503



2 M. Federson, G. Monteiro, M. Tvrdy

standpoint. This fact can be observed in several papers related to special kinds of equa-
tions, such as e.g. those by Imaz and Vorel [13], Oliva and Vorel [24], Federson and
Schwabik [7], Schwabik [26] or Slavik [32]. This paper is devoted to generalized linear
differential equations of the form

x(t) = ff—l—/td[A]ijf(t) — f(a), te€la,b], (1.1)

in a Banach space X. A complete theory for the case when X =R™ can be found, for
instance, in the monographs by Schwabik [26] or Schwabik, Tvrdy and Vejvoda [31].
See also the pioneering paper by Hildebrandt [I1]. Concerning integral equations in
a general Banach space, it is worth to highlight the monograph by Honig [12] having
as a background the interior (Dushnik) integral. On the other hand, dealing with the
Kurzweil-Stieltjes integral, the contributions by Schwabik in [28] and [29] are essential
for this paper.

In the case X =R™ (i.e. for ordinary differential equations), fundamental results on
the continuous dependence of solutions on a parameter based on the averaging prin-
ciple have been delivered by Krasnoselskii and Krejn [15], Kurzweil and Vorel [17],
Kurzweil [18], Opial [25] and Kiguradze [14]. In particular, the problem of continuous
dependence gave an inspiration to Kurzweil to introduce the notion of generalized dif-
ferential equation in the papers [18] and [19]. For linear ordinary differential equations,
the most general result seems to be that given by Opial. An interesting observation is
contained in the fundamental paper by Artstein [2]. A different approach can be found
in the papers [20]-[22] by Meng Gang and Zhang Meirong dealing also with measure
differential analogues of Sturm-Liouville equations and, in particular, describing the
weak and weak*continuous dependence of related Dirichlet or Neumann eigenvalues on
a potential.

After Kurzweil, the problem of continuous dependence on a parameter for general-
ized differential equations has been treated by several authors, see e.g. Schwabik [20],
Ashordia [3], Frankova [8], Tvrdy [34], [35], Halas [9], Halas and Tvrdy [10]. Up to
now, to our knowledge, only Federson and Schwabik [7] (cf. also Appendix to ABFS)
dealt with the case of a general Banach space X. Our aim is to prove new results valid
also for infinite dimensional spaces. In particular, in Sections 3 and 4 we give suffi-
cient conditions ensuring that the sequence {x,} of solutions of the generalized linear
differential equations

xn(t):’fnJr/td[An]xn+fn(t)—fn(a), tefa,b], neN,

tends to the solution x of (I.1). The crucial assumptions of Section 3 are the uniform
boundedness of the variations Varg A, of A, and uniform convergence of A, to A.
In Section 4, we present the extension of the classical result by Opial to the case
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X #R™, where we do not require the uniform boundedness of var’ A, and the uniform
convergence is replaced by a properly stronger concept. Finally in Section 5, we apply
the obtained results to dynamic equations on time scales.

2 Preliminaries

Throughout these notes X is a Banach space and L(X) is the Banach space of bounded
linear operators on X. By || - ||x we denote the norm in X. Similarly, || - ||1(x) denotes
the usual operator norm in L(X).

Assume that —oo <a<b< oo and [a,b] denotes the corresponding closed interval.
A set D={ag,0q,...,a,p)} C [a,b] with v(D) € N is said to be a division of [a, b] if
a=0op<ay<...<ayp)=>b. The set of all divisions of [a,b] is denoted by Dla, b].

A function f:[a,b] — X is called a finite step function on [a,b] if there exists
a division D = {ag, a1, ..., ay(p)} of [a,b] such that f is constant on every open interval
(ajo1,04), 7=1,2,...,v(D).

For an arbitrary function f:[a,b] — X we set || f||oc = sup,c(qp) |f(f)]|x and

varh f = Suppepias) 2oy 1 (a) = flaz-1)lx
is the variation of f over [a,b]. If var’ f < oo we say that f is a function of bounded
variation on [a,b]. BV ([a,b], X) denotes the set of functions f:[a,b] — X of bounded
variation on [a, b]. equipped with the norm || f||zy = || f(a)||x + var® f.

Given f:[a,b] — X, the function f is called regulated on [a,b] if, for each t € [a, b)
thereis f(t+) € X such that limg ;¢ || f(s) — f(t+)||x =0 and for each ¢ € (a, b] there is
f(t—) € X such that lims_;— || f(s) — f(t—)||lx =0. By G([a,b], X) we denote the set of
all regulated functions f: [a,b] — X. Fort € [a,b), s € (a,b] we put AT f(t)=f(t+)—f(t)
and A~ f(s)=f(s)—f(s—). Recall that BV ([a,b],X)CG([a,b], X) cf. e.g. [28, 1.5].
Moreover, it is known that regulated function are uniform limits of finite step functions
(see [12, Theorem 1.3.1]) and that they can have at most a countable number of points
of discontinuity (see [12], Corollary 3.2.b]).

In what follows, by an integral we mean the Kurzweil-Stieltjes integral. Let us
recall its definition. As usual, a partition of [a,b] is a tagged system, i.e., a couple
P = (D,¢) where D={ap, ai,...,a,py} €Dla,b], & = (&, ..., &) €la,b]™ and
aj_1 <& <aj; for j=1,2,...,v(D). The set of all partitions of [a,b] is denoted by
Pla,b]. Furthermore, any function 0 : [a,b]—(0,00) is called a gauge on [a,b]. Given
a gauge 0, the partition P is called 0-fine if [a;_1, ;] C (& —6(;), &5+ 6(&;)) holds for
all j=1,2,...,v(D). We remark that for an arbitrary gauge § on [a,b] there always
exists a d-fine partition of [a, b]. It is stated by the Cousin lemma (see e.g. [20, Lemma

1.4]).
For given functions F:[a,b] — L(X) and ¢:[a,b] — X and a partition P = (D, ¢)
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of [a,b], where D = {ag, a1,..., 0y}, £ = (&1, - -, &upy), we define

v(D)

S(dF,g,P) = [F(aj) = Fla; 1) 9(&) -

j=1
We say that I € X is the Kurzweil-Stieltjes integral (or shortly KS-integral) of g with
b

respect to F' on [a,b] and denote [= / d[F] g if for every £ > 0 there exists a gauge

a

d on [a,b] such that

HS(dF,g, P) — IHX < e forall §— fine partitions P of [a,b].

b
Analogously, we define the integral / F dlg] using sums of the form

v(D)

S(F,dg, P ZF &) [9(eg) — g(aj-1)] -

For the reader’s convenience some of the further properties of the KS-integral needed
later are summarized in the following proposition.

2.1. Proposition. Let F':[a,b] — L(X) and g:[a,b] — X.
(i) If Fe BV([a,b], L(X)) and g € G([a,b], X), then [’ d[F]g exists and

Hl%”“ﬂfiluwﬁmexsmﬂFﬂmu. 2.1)

(i) If FeG(la,b], L(X)) and g€ BV ([a,b], X), then ffd[F]g exists and

|

(ii) If FeBV(a,b],L(X)) and g€ G([a,b],X) then both the integrals fade[g]

and fab d[F]g exist, the sum Za<T<b TE(T)ATg(T) =Y sy A F (1) A g(T)
converges in X and -

t[Fﬂm+L%wm

=F(b)g(b) — F(a)gla)— Y ATF(t)ATgt)+ Y A F(t) A g(t).

a<t<b a<t<b

/abd[F]gHX < 2[1F oo llgllmv-
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(iv) If Fe BV([a,b], L(X)) and g is bounded on |a,b] are such that the integral
b b t b
d[F] g exists, then both the mtegmls/ H(t) dt[/ d[F] g] and/ Hd[F]g

exist and the equality
b t b
[ o] [ aFg] = [ HaF

PrOOF. Let F e BV([a,b],L(X)) and g€ G([a,b], X). Then the integral f; d[F] g exists
by e.g. [27, Proposition 15]. The estimate (2.1) follows directly from the definition of the
KS-integral, as

=)

v(D)
IS(dF, g, P)lx < ) (vara)_, F) llg(&)llx < (varg F) [lglls

<
Il
—

for all P=(D,§)€Pla,b], D={ao,a1,...,a,p)}, § = (£1,&2,---,&,py). This proves the
assertion (i). The assertion (ii) holds by [23, Lemma 2.2], (iii) follows from [23, Corollary
3.6] and (iv) from [23, Theorem 3.8]. O

In addition, we need the following convergence result.
2.2. Theorem. Let g, g, € G([a,b], X), F, F,, € BV ([a,b], L(X)) for n€N. Assume that

lim [|gn — glleo =0, lim ||Fy — Flleo =0 and ¢* :=sup var’ F, < cc.
n—00 n—00 neN

/:d[Fn] Gn— /:d[F]gHX> ~0. (2.2)

PROOF. Let £>0 be given. By [12, Theorem 1.3.1], we can choose a finite step function
g:la,b] — X such that [|g—gl|lcc < &. Furthermore, let ny € N be such that

Then

lim sup ‘
n=00 \te[a,b]

lgn — glloc <€ and ||F, — Flloc <€ for n > ng.

For a fixed t € [a,b], by Proposition 2.1 (i) and (ii), we obtain for n > ny

| [ awdon- [ o],

<] [ e -9, o a1

< (2¢* +2|gllpv +var) F)e=Ke,

[ama-a],

where K = (2¢* + 2|g||pv + var}, F) € (0, 00) does not depend on n. This proves (2.2). O

2.3. Remark. In the case that X is a Hilbert space, Theorem 2.2 has been already given by
Krejci and Laurencot [16, Proposition 3.1] or Brokate and Krejéi [0, Proposition 1.10].
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3 Continuous dependence on a parameter in the
case of uniformly bounded variations

Given A€ BV ([a,b], L(X)), f € G([a,b], X) and T € X, consider the integral equation
t
o) =7+ [ a2+ 10 - @), telab] (3.1)

A function z:[a,b] — X is called a solution of (3.1) on [a,b] if the integral f; d[A] z exists
and x satisfies the equality (3.1) for each t € [a,b].

For our purposes the following property is crucial
[[—A~A®)] ' e L(X) forall te (a,b]. (3.2)

In particular, taking into account the closing remark in [28] we can see that the following
result is a particular case of [28, Proposition 2.10].

3.1.Proposition. Let A€ BV ([a,b], L(X)) satisfy (3.2) Then, for every x € X and every
f€G([a,b], X), the equation (3.1) possesses a unique solution x on [a,b] and x € G([a,b], X).
Moreover, if A and f are left-continuous on (a,b], then x is also left-continuous on (a,b].

In addition, the following two important auxiliary assertions are true:

3.2.Lemma. Let A€ BV ([a,b], L(X)) satisfy (3.2), f € G([a,b],X) and T € X and let x be
the corresponding solution of (3.1) on [a,b]. Then

Varlz1 (x—f) < VaI‘Z A) ||z|loo < o0,

cai= sup ||[I— A_A(t)]_lHL(X) € (0,00)
t€ (a,b]

and
lz(®)llx < ca(Zllx + [1f(@)llx + [ flloc) exp (ca varg A)  for t € [a,b]. (3.5)
Proor. i) Let D={ap,a1,...,q,(p)} be a division of [a,b]. Then
v(D)
> etai = ey = atag-0) + flag-0)|
j=1
v(D) a; v(D) ‘
-y H/ a2 <3 [(vart, 4) olo] = (vartd) fle]oe < o0,
j=1 “%-1 j=1

ie. (3.3) is true.
i) For t € (a,b] such that [|ATA(t)1x) < 3 we have

1
_1 <
N7 ) < 1= [|A=A®)] Lx)

H[I—A_A(t <2
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(cf. e.g. [33, Lemma 4.1-C]). Therefore, 0 < ¢4 < 0o due to the fact that the set

{tela,bhIIATAW x> 5}

has at most finitely many elements. As c4 = 0 is impossible, this proves (3.4).

iii) Now, let = be a solution of (3.1). Put B(a) = A(a) and B(t) = A(t—) for t € (a,b]. Then, by
[28, Corollary 2.6] and [28, Prop081t10n 2.7], we get A— B € BV ([a,b], L(X)), var B <var? A,
A(t)— B(t)=A"A(t), and f d[A—B]lz=A"A(t) z(t) for t € (a,b]. Consequently

I —A~A@)] x( —w—l—/ d[B]z+ f(t) — f(a) forte(a,b]
and (cf. Proposition 2.1/ (1))
t
Hx(t)||X§K1+K2/ d[h]||z||x for t€]a,b],
where

Ki=ca(|Zllx + If(@lx + I fllc), K2=ca and h(t) = var, B.

The function h is nondecreasing and, since B is left-continuous on (a,b], h is also left-
continuous on (a, b]. Therefore we can use the generalized Gronwall inequality (see e.g. [31,
Lemma 1.4.30] or [20, Corollary 1.43]) to get the estimate (3.5). O

3.3.Lemma. Let A, A, € BV([a,b],L(X)),n€N, be such that (3.2) and
lim |4, — Aljc =0 (3.6)

are satisfied. Then

[I—ATA,(t)]  €L(X) (3.7)

for allt € (a,b] and all n €N sufficiently large. Moreover, there is p* € (0,00) such that

cai= sup ||[I—A7An( IHL <up* (3.8)
t€ (a,b]

for all n € N sufficiently large.

PROOF. Notice that, since A€ BV ([a,b], L(X)), the set D:={t € (a,b];[|[ATA®)| r(x) > 1}
has at most a finite number of elements. Let c4 be defined as in (3.4). Then, as by (3.6)
lim ||AT A, — A Al|o =0, there is ng € N such that

n—oo

AT Ap(t) = A7 A(t) | x) < § min{l, L} for t€fa,b] and n>mn. (3.9)

Thus, [|A™ A ()| Lx) SNAT AW L) HIAT An () =A7 A1) £(x) <3 for t € [a,b]\D and n > ny .
By [33, Lemma 4.1-C], this implies that

[I — A~ A, (t)] is invertible and [|[[I — AT A, (¢)]” 1||L <2fortefa,b]\ D and n>ny.
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Furthermore, due to (3.2), the relation
I-AT A, (t) = [I-A7A®)] [I-[I-A7A®)] ' (A A (t)—ATA(t))] (3.10)

holds for all ¢ € [a,b] and n € N. Denote T}, () := [[-A~A(t)] L (A=A, (t)—A~A(t)) forneN
and t € [a,b]. Then (3.10) means that, I—A~A,(t) is invertible if and only if I—T,(t) is
invertible.

Now, let t € D and n > ng be given. Then, due to (3.4) and (3.9), we have ||T5,(¢) || 1x) < :.
Consequently, by [33, Lemma 4.1-C], I —T,,(t) and therefore also [[—A~ A, (t)] are invertible.
Moreover, taking into account (3.4) and (3.10), we can see that [|[I — A~ A (¢)] " 1x) <2ca.

To summarize, there exists ng € N such that

[[—A~A,(t)] is invertible and H[I—A_An(t)]_1||L(X) <p"=2max{l,cq}

for all ¢t € (a,b] and n >ng. This completes the proof. O

The main result of this section is the following Theorem, which generalizes in a linear case
the recent results by Federson and Schwabik [7]) and covers the results known for generalized
linear differential equations in the case X =R™. Unlike [3], to prove it we do not utilize
the variation-of-constants formula. Therefore it is not necessary to assume the additional
condition [I — At A(t)]"! € L(X) for t € [a,b].

3.4. Theorem. Let A, A, € BV([a,b], L(X)), f, fn€G([a,b],X), T, Tp € X for ne€N. Fur-
thermore, let A satisfy (3.2), (3.6),

o := sup (varg An> <00, (3.11)
neN
lim || fr = fllee =0, (3.12)
n—oo
lim ||z, —Z||x =0. (3.13)
n—oo

Then equation (3.1) has a unique solution x on [a,b]. Furthermore, for each n € N large
enough there is a unique solution x, on [a,b] to the equation

t
Tn(t) = Zp + / d[Ap] xn + fu(t) — fu(a), t€a,b] (3.14)
and
klim |zn —Z|loc = 0. (3.15)

PRrROOF. Due to (3.2) equation (3.1) has a unique solution x on [a,b]. Furthermore, by
Lemma [3.2), there is ng € N such that (3.7) is true for n >ng. Hence, for each n > ng, equation
(3.14) possesses a unique solution x,, on [a,b]. Set

Wnp = (:L‘n - fn) - (:L' - f) (3'16)
Then .
wy(t) = wy, —i—/ d[Ap] wp + hp(t) — hp(a) for neN and t€a,b],
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where w, = (Z,, — fn(a)) — (z — f(a)) and

t t t
hatt) = [ alts =AY a = )+ ([ g [ atarg).
First, notice that according to (3.12) we have
lim ||wy|x = 0. (3.17)

Furthermore, in view of Theorem 2.2, we have

t t
lim H / d[An)] fu —/ d[4] fHX ~0.
Moreover, since (z — f) € BV ([a,b], X) by (3.3)), we get by Proposition 2.1/ (ii)

H/atd[A”_A] (x_f)HXSQHA"_AHOOHfE—fHBV for all t€(a,b].

Having in mind (3.6)), we can see that the relation

lim H/atd[An—A] (x—f)HX ~0

n—oo
holds. To summarize,
lim || hp|leo = 0. (3.18)
n—oo
By (3.11) and by Lemmas 3.2/ and 3.3 we have
lwn(®)llx < " ([@nllx + [hnlloc) exp (i varg An) for ¢ € la,b].

Consequently, using (3.17) and (3.18) we deduce that lim,_, ||wy||x =0. Finally, by (3.12))
and (3.16), we conclude that (3.15)) is true. O

We will close this section by a comparison of Theorem (3.4 with two similar results pre-
sented for dim X < oo by Schwabik in [26]. First, when restricted to the linear homogeneous
case, Theorem 8.2 from [20] (see also [I, proposition A.3] with a general Banach space X)
modifies to

3.5. Theorem. Let A, A, € BV([CL, b], L(X))7 f[iIn€ G([a, b], X), fn(t)_fn(a):f(t)_f(a)zo
and T,=T € X forneN and t € [a,b]. Further, let a nondecreasing function h:|a,b] —R be
given such that

nlLH;oAn(t) = A(t) on [a,b], (3.19)

{ [An (t2) = An ()l L(x) < [h(E2)=h(t1)], [|A(t2) = A1) |(x) < [h(t2)—h(t1)] (3.20)

for ti,ta€la,b] and neN.
Let x,,, n €N, be solutions of (3.14) and let
lim ||z,(t) —z(t)||x fortela,b].

Then x € BV ([a,b], X) is a solution of (3.1) on [a,b].
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3.6. Proposition. Under the assumptions of Theorem 3.5 the relations (3.6) and (3.11) are
satisfied.

PrROOF. i) The relation (3.11) follows immediately from (3.20)).
ii) Notice that (3.19) and (3.20) imply that

[An(t=)=An(s)llcx) < |h(E=)=h(s)], [A{t=)—A(s)]L(x) < [h(t=)—=h(s)] (3.21)
for te(a,b], s€la,b], neN, '
and
[An(t+)=An(s)llLcx) < [h(E+)=h(s)], [[AG+)=A(s)] L(x) < [h(t+)—h(s)] (3.22)
for tela,b), s€la,b], neN. .
iii) Let e >0 and ¢ € (a,b] be given and let us choose sy € (a,t) and ng €N so that
5 5
|h(t—) — h(so)| < 3 and || An(s0) — A(s0) [l L(x) < 3 for n > ny. (3.23)
Then, by (3.21) and (3.23),
[An(t=) = A(t=)llLx)
<|[[An(t=) = An(s0)llL(x) + | An(s0) — A(s0) | L(x) + [[A(s0) — A(t=)llL(x)
£
<|h(t—=) — h(so)| + 3 + |h(t—) — h(so)| <e.
This means that
lim A, (t—) = A(t—) holds for ¢ € (a,b]. (3.24)
Similarly, using (3.22) we get
lim A, (t+) = A(t+) holds for ¢ € [a,b). (3.25)

n—oo

iv) Now, suppose that (3.0) is not valid. Then there is € >0 such that for any ¢/ €N there
exist my > ¢ and ty € [a, b] such that

[ Am, (te) = At L(x) = € (3.26)
We may assume that myy; > my for any £ € N and

Klim te =to € [a,b]. (3.27)

Let to € (a,b] and assume that the set of those ¢ € N for which ¢, € (a,tp) has infinitely
many elements, i.e. there is a sequence {/;} C N such that ¢, € (a,to) for all k€N and
limy, o tg, = to. Denote s, = ty, and By, = Amek for k € N. Then, in view of (3.20)), we have
sk € (a,tg) for keN, klim s = to (3.28)

— 00

and
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| Br(sk) — A(sp)llp(x) =€ for keN. (3.29)
By (3.21), we have
[ A(to=)—=Alsk)l| Lix) <h(to—)—h(kn), [ Br(to—) =B (sk)llL(x) <h(to—) =h(kn) for k€ N.
Therefore, by (3.24) and since klirgo(h(to—) — h(sg)) = 0 due to (3.28), we can choose kg € N
so that
1By (to—) — Alto—)llnx) < 5, [[A(to—) = Alsko)llLx) < hlto—) — hlsk,) < 3

and
1 Bro (to—) = Bro (sk0) | (x) < § -

As a consequence, we get finally by (3.29)

e< HBko(Sko) - A(Sko)”L X)
<[ Bko (8ko) = Bro (to=) |l (x) + |1 Bro (Fo—) — Alto—)llLx) + [[A(to—) — A(sko) l(x) <&,
a contradiction.
If ty € [a,b) and the set of those ¢ € N for which t; € (a,tp) has only finitely many
elements, then there is a sequence {{;} C N such that t;,, € (fp,b) for all k€N and

limy,_,o0 tg, = to. As before, let s, = t,, and By, = Amék for k € N and notice that si € (tg,b)
for k€N, hm sp=to and (3.29) are true. Arguing similarly as before we get that there is

ko €N such that

€ < || Bry (8ko) — Aol L(x)
< || Bro (8ko) = Bio (to+)1 L(x) + | Bro (to+) —A(to+) | Lx) + | Ato+) —Alsko) [ (x) <&,

a contradiction. Thus, (3.0) is satisfied. O

Similarly, when restricted to the linear case, Theorem 8.8 from [26] modifies to

3.7. Theorem. Let A, A, € BV ([a,b], L(X)), f, fn € G([a,b], X), fu(t)—fn(a)=f(t)—f(a)=0
and T,=T € X forn €N andt € [a,b]. Furthermore, let (3.2) hold and let x be the correspond-
ing solution of (3.1). Finally, let scalar nondecreasing and left-continuous on (a,b] functions
hn, n €N, and h be given such that h is continuous on [a,b] and

lim A,(t) = A(t) on [a,b], (3.30)

| An(t2) = An(t1)lLx) < Thn(t2)—=ha(t1)], [|A(t2)—A(t) || Lx) < [R(t2)—h(t1)]
for all ty, to € [a,b] and n €N,

{ limsup [/ (t2) — hn(t1)] < h(t2) — h(t1)

(3.31)
Nn—00 (3.32)
whenever a < t1 <ty <.

Then, for any n € N sufficiently large, equation (3.14) has a unique solution xz, on [a,b] and
(3.15)) holds.
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3.8. Proposition. Under the assumptions of Theorem 3.7 the relations (3.6) and (3.11) are
satisfied.

Proof (taken from [34]). i) By (3.32)) there is ng € N such that hy,(b) — hy(a) <h(b) — h(a) +1
for all n>ng. Hence for any n € N we have

vard,, < ag = max ({V&I’An in< no} U {h(b) —h(a)+ 1}) < 00

This proves (3.11)).
ii) Suppose that (3.6) does not hold. Then there is € > 0 such that for any £ €N there
exist my >/ and t; € [a, b] such that

[ A, (te) — Aol L) 2 €. (3.33)
We may assume that myy1 >my for any £ € N and
zliliolo te=to€a,bl. (3.34)
Let tg € (a,b) and let an arbitrary € >0 be given. Since h is continuous, we may choose 1 >0
in such a way that to —n, to+n€a,b] and
h(to+n) — h(to—n) <e. (3.35)
Furthermore, by (3.30) there is ¢; € N such that
| Am, (to) — A(to)llnx) <e forall £>4 (3.36)
and by (3.31), (3.32) and (3.35) there is ¢o € N, o > {1, such that

[ Ay (T2) = Ay (T0) | Lx) < h(to+n) — h(to—n) +e <2¢ }

(3.37)
whenever 71,79 € (tg—n, to+n) and £> /4.
The relations (3.30) and (3.37) imply immediately that

[A(T2) = A(T)| £(x) = iMoo [| Am, (T2) = Am, (T1) [ (x) <2€ } (3.38)
whenever 71,79 € (tg—n, to+n) .
Finally, let £3 € N be such that /3 > {5 and
lte —to| <n forall £> £, (3.39)
then in virtue of the relations (3.34)—(3.39) we have

| Am, (te) — A(te) I Lcx)
<[ Am, (te) = Am, (o) | L(x) + | Am, (to) = Alto) | i) + [[Ato) — Alt)lLx) < 5e.
Hence, choosing € < 1 £, we obtain by (3.33) &> || A, (t) — A(te)llL(x) =€, a contradiction.

This proves that (3. ) is satisfied.
The modification of the proof in the cases tg=a or ty =b is obvious. O
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4 Continuous dependence on a parameter in the
case of variations bounded with a weight

The main result of this section deals with the homogeneous generalized linear differential
equation

t
x(t):§+/ d[A]z, t€]a,b], (4.1)
a
where, as before, A€ BV ([a,b], L(X)) and 7 € X. As in the previous section we will assume
that the fundamental existence assumption (3.2) is satisfied.

The main result of this section extends that obtained by Z. Opial for the case X =R,
meNand A€ AC([a,b],R™) in [25]. To this aim, we need the following estimate well known
in the case dim X <oo.

4.1.Lemma. If g€ BV ([a,b], X), then Z 1A% g(t)]Ix + Z 1A= g(t)]|x <varlg.
tela,b) t€(a,b]

PRrROOF. Let {s;€ X;keN} be the set of points of discontinuity of g in (a,b), so we can
write
dlatg®lx+ D AT g®)x = lim Sy,
n—oo

t€la,b) te(a,b]

where

Sn=[A%g(a)lx +1A7g®)lx + D [IA7g(sw)llx + 1A% g(sp) ]| x] for nEN.
k=1

Let € > 0 and n €N be given and let {t1,t2,...,t,} C (a,b) be such that

{tl,tg,...,tn}:{81,82,...,Sn} and a <t <to<---<t, <b.

Then S, = ||ATg(a)|lx + |A"g(b)|lx + Z 1A g(tk)|lx + [[ATg(tk)| x| . Furthermore, for

k=1
each k =1,2,...,n, choose d; > 0 in such a way that
€ €
t Or) — gt — tr — 0r) — g(tp— —
1g(tk + 6k) — g(ti+)]| x < CESE lg(tk — 6k) —g(tk—)llx < i)

and [t — Ok, tx + O] N {t1,t2, ..., tn} = {tx}. Analogously, let 4y > 0 be such that

la(a+d0) —glat)lx <3, o) —g(b—dn)x<]

and a+dg < t1 and b—dg > t,, . It follows that
S < (Hg<a+>—g<a+ao>ux+ug<a+ao>—g(a)HX)

+ Z lg(tk+) — g(tx + 0kl x + Z llg(tk +0k) — g(te)ll x
k=1

+ Z lg(te—) — gtk — okl x + Z lg(tk — dk) — g(ti)ll x

k=1
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+ (Ilg®) = 9o o) 1x + lg(b— 60) — (=) 1 )
< 3 llalatdn) —gla)lx + g 3 lotutd) — )
Tk 3 lo(t) = o(ti=blx +lg(0) — g(b=0) |x +

holds for any n € N. To summarize, for any n € N we have
n
S < 2+ (llgla+60) = g(@)llx + D llglti+ ) — g(tu)]lx)

k=1

+ (2 llgtr) = gt = 0)llx + llg(v) — 96— do)1x ).
k=1

Therefore S, <e + (var’ g) for each n € Nand & > 0. Thus, S,, < varlg for all n € N, wherefrom
the desired estimate immediately follows. O

4.2. Theorem. Let A, A,, € BV ([a,b], L(X)) and T, T, € X for n € N. Assume (3.2), (3.13)
and

lim [|A, — Al (1 + var? A,) =0, (4.2)

Then (4.1) has a unique solution x on [a,b]. Moreover, for each n €N sufficiently large, the
equation

xn(t) = Tp + /t d[Ap]xn, t€a,b] (4.3)
has a unique solution x,, on [a,b] and (3.15) holds.
Proor. First, notice that, since
|47 — Alloo < [| 47 — Ao (L +varb A,)  for all neN,

(4.2) implies (3.6). Therefore, by Lemma 3.3, there is ng € N such that (3.7) holds for each
t € (a,b] and each n >ny.

Assume n >ng. Let x and z,, be the solutions on [a,b] of (4.1) and (4.3), respectively.
Then

xn(t) —x(t) = T — E—i—/ d[A] (zy, — ) + hp(t) — hp(a) for te€(a,b], (4.4)

where

t
hn(t) = / d[A, — Az for tefa,b]. (4.5)
By Lemma 3.2/ we have

lzn = 2o < ca (|Zn—2llx + [1hnloc) exp (ca vary, A). (4.6)
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Thus, in view of the assumption (3.13)), to prove the assertion of the theorem, we have to
show that lim;, . ||An]|cc = 0.

To this aim, we integrate by parts (cf. Proposition 2.1/ (iii)) in the right-hand side of (4.5))
and use Substitution Formula (cf. Proposition 2.1/ (iv)). Then we get

hn(t) =[An(t)— A(t)] zn(t) — [An(a)—A(a)] T, —/ (Ap—A)d[A,] z — AL (A=A ) (4.7)

for t € [a,b], where

AL(Ap=Aza) =) [AT(An(s)=A(s)) Az (s)] =) [A7(An(s)—A(s)) A7zn(s)] . (4.8)

a<ls<t a<s<t

Inserting the relations (cf. [28, Proposition 2.3])
Atz (t) = ATA,(t) z,(t) forte€a,b) and A z,(t) = A”A,(t) x,(t) for t€(a,b]
into the right-hand side of (4.8) and using Lemma [1.1, we obtain the estimates
1AL (An—A,zn) | x < 2] An—Alloo (varg An) [zl for ¢ € [a,b].
Hence ||hn(t)||x <[|An — Al (243 (varl, Ay,)) [|2n]/co, that is,
1Pnlloo < (|20l (4.9)

where ay, = ||Ap—A|| <2+3 var® An). Note that, due to (4.2), we have

lim «, =0. (4.10)

n—oo

We can see that to show that lim, ., ||An]|ec = 0, it is sufficient to prove that the sequence
{||zn||so} is bounded. By (4.0) and (4.9) we have

1znlloo < llzn = 2o + 2]loc < ca (|70 — Zllx +aonnHoo> exp (cavarg A) + [zl -

Hence (1—ca oy, exp(cavarl A)) ||z,lloc < ca [|Zn — Z||x exp (cavarb A) + ||z]|o for n>ng.
By (3.13) and (4.10), there is ny >ng such that ||Z, — Z||x <1 and c4 oy, exp (ca varb A) < 3
for n > ny. In particular, ||z,]|c < 2 (cA exp (ca varl A) + H:):HOO) for n > ny, i.e. the sequence
{l|zn|loo} is bounded and this completes the proof. O

4.3. Remark. In comparison with Theorem 3.4, the uniform boundedness of variation (3.11)
was not needed in Theorem 4.2l On the other hand, if (3.11)) is assumed, Theorem 4.2 reduces
to Theorem 13.4.

If X =R™ for some meN and f, f, € BV([a,b],R™) for n €N, then Theorem [4.2] can be,
similarly as in the ODE’s case, extended to the nonhomogeneous equations (3.1) and (3.14).
Indeed, let us define the (m+1) x (m+1)—matrix valued function B:[a,b] — L(R™*!) by

B(t) = (A(()t) fé”) for t€fa,b] and §= (f)
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Similarly, let

Bn(t):<A’6(t) f"é”) and gn=<"71”) for t€[a,b] and meN.

It is easy to check that equations (3.1) and (3.14) are respectively equivalent to the equations

v =5+ [ aBly (411)

and

Yn(t) =z7n+/ d[Bn]yn, neN (4.12)

x(t)
1
(4.11). Conversely, if y is a solution to (4.11) and z is formed by its first m-components then
x is a solution to (3.1), where z € R is formed by the first m-components of y. An analogous
relationship holds also between equations (3.14) and (4.12), of course. Having this in mind,

we can see that the following assertion is true.

in the following sense: if z is a solution to (3.1) and y(t) = ) , then y is a solution to

4.4. Corollary. Let meN, A, A,, € BV ([a,b], L(R™)), f, fn € BV ([a,b],R™), and T, %, € R™
for neN. Assume (3.2), (4.2), (3.13) and

Tim (|1 = flloo (14 varl ) = 0. (4.13)
Then equation (3.1) has a unique solution x on [a,b] and, for each n €N large enough there
is a unique solution x, on [a,b] to the equation (3.14) and (3.15) is true.

5 Application to dynamic equations on time scales

The theory of time scales has recently been focus of attention since it can treat continuous
and discrete problems. In this section we apply the continuous dependence results obtained
in Sections 3 and 4 to dynamic equations on time scale. Let us recall some preliminary
definitions and notations (e.g. [4]).

A time scale T is a nonempty closed subset of R. Given a,b € T, by [a, b]T we denote the
compact interval in T, that is, [a, by = [a,b] N T. For each ¢ € T, consider

p(t):=sups<t, o(t):=inf s>t, and o(t):=inf s>1¢.
se€T seT seT
If o(t) = t we say that t is right-dense, while if p(t) = t then t is called left-dense. A function
f:la,b]lr —R™ is rd-continuous in [a,b]|r if f is continuous at every right-dense point of
[a,b]T and there exists lims_;— f(s) for every left-dense point ¢ € [a,b]r.
Consider the linear dynamic equation

y2 () =P y(t) +ht), yla)=7, telablr, (5.1)
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where 7 € R™, P:[a,b]r — L(R™) and h:[a,b]r — R™ are rd-continuous in [a,b]t and y*
stands for the A-derivative of y. The initial value problem (5.1) can be rewritten as a time
scale integral equation

y(t) =+ / [P(s)(s) + h(s)] As, 1€ [a, b,

where the integral is the Riemann A-integral defined e.g. in [5]. Slavik proved in [32] that
this A-integral corresponds to a special case of the Kurzweil-Stieltjes integral. In addition,
in [32] the relationship between dynamic equations on time scale and generalized differential
equations is described. For the reader’s convenience, we summarize the needed results from
[32] in the following proposition.

5.1. Proposition.

(i) [32, Theorem 5] Let f:|a,b]yr — R™ be a rd-continuous function. Define

Fl(t):/ f(s)As fortela,b]r and Fg(t):/ f(a(s))d[o(s)] fortela,b].

Then Fo = Fy 00 on [a,b].
(i1) [32, Theorem 12] If y:[a,b]r — R™ is a solution of (5.1) then x =y oo is a solution
of (3.1)), where

t t

A(t) = / P(3(s) d3(s)] and f(t)= / h@(s) dE(s) for tefab].  (5.2)

Symmetrically, if : [a,b] — R™ is a solution of (3.1), then the functiony:|a,b]y — R™
defined by y(t) =x(t) for t €[a,b]r is a solution of (5.1).

5.2 . Remark. Note that o : [a,b] — [a,b]r C [a,b] is monotone and left continuous on
(a,b]. In particular, var’ 5 <b = —a. In view of this, it is easy to check that the functions
A:la,b]— L(R™) and f:[a,b] — R™ given by (5.2) are well-defined, left-continuous and have
bounded variations on [a,b].

The following theorem is the first main result of this section.

5.3. Theorem. Let m €N and let P, Py:[a,b]lr — L(R™), h, hy:]a,b]r — R™ for neN be
rd-continuous functions in [a,b]r and let y, y, € R™, n €N, be given. Assume that

Tim_ [~ Fllen = 0 (5.3)
and that there is M € (0,00) such that
sup |[|Pu(t)l|pmmy < M for neN, (5.4)

t€la,b]|T
and
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t
lim sup / P,(s)— P(s ASH =0,
=X yelablr ' Ja (Fale) (#) L(R™)
" (5.5)
lim  sup / (ha(s) ~h()) As|_ =0,
=00 ¢e(ab]T a Rm
Then initial value problem (5.1) has a solution y, initial value problems
Y (1) = Pu(t) yn(t) + hn(t),  yn(a) =Fn, t€[a,b]r (5.6)
have solutions y, for all n €N, and
lim  sup [lya(t) - y(8) lam = 0. (5.7)

=00 teab]r
Proor. Let A€ BV([a,b], L(R™)) and f € BV ([a,b],R™) be given by (5.2)). Furthermore,
define
t t
A () = / Po(3(s)) d[5(s)] and f(t) = / h(5(s)) d[5(s)] for t€ [a,b] and nEN. (5.8)

Since A and all A,,, n € N, are left-continuous, equation (3.1) has a solution z € BV ([a, b], R™)
and equations (3.14) have solutions x, € BV ([a,b],R™) for each n € N. Furthermore, by
Proposition 5.1/ (i), we have

|40 = Alloo = sup | /f”(Pn(s)—P(s»AsH < sup

P, (s)—P(s)) As
tela,b] LR™)  refab]r /a( (s) (=) HL(Rm)

for each n € N, that is,

[An — Alloc < sup
t€la,b]r

[ pinas,

(R™)’
Analogously,

/at(hn(s) ~h(s) s

This, with respect to (5.5), means that the assumptions (3.12)) of Theorem [3.4 are satisfied.
Furthermore, if a <c<d<b, then

[fn = fllo < sup
tela,b|r

<||Pp 0 7l|oo (Varg 5) ,
L(R™)

d
14 (d) = A0 (e) 1 m) :\ [ Pulats)) aizis)

holds for each n € N, wherefrom, wherefrom, by (5.4) and Remark 5.2, the estimate
var? A, <M (b—a) forallneN (5.9)

follows. Hence, the assumption (3.11) of Theorem 3.4/ is satisfied, as well. Consequently, we
can use Theorem 3.4 to prove that (3.15) holds.

By Proposition 5.1/ (ii), the functions y, y, : [a, b]r — R™, n € N, obtained as the restriction
of x and x,, to [a, b|r, respectively, are solutions to (5.1) and (5.6). Therefore, thanks to (3.15),
(5.7)) is also true, which completes the proof. O
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5.4. Remark. Two results on the continuous dependence of solutions to nonlinear dynamic
equations have been recently delivered by A. Slavik, cf. [32, Theorems 14 and 16]. To prove
them, it was sufficient to apply Proposition 5.1 and Theorems 8.2 and 8.7 from [26]. So, with
respect to our Propositions 3.6 and [3.8, we can see that the above Theorem 5.3| provides for
the linear case more general result than both Theorem 14 and Theorem 16 in [32].

Making use of Corollary 4.4 we obtain the following assertion.

5.5 . Theorem. Let meN and let P, P,:[a,b]r — L(R™), h, hy:[a,b]r — R™ for neN
be rd-continuous functions in [a,b]t and let y, y, €ER™, n €N, be given. Assume that (5.3)
holds and

[1+ sup [|Pu(t)llLwm)] =0,

lim sup
R™) t€fablr

n=00 telablr

[ - Penas|,

(5.10)

lim sup
n—00 tela bl

t
hn(s) —h(s)) As 1+ su hy(t my| = 0.
JACCRCIZY R (OIS

Then equation (5.1) has a solution y, equations (5.6) have solutions y, for alln €N and (5.7)
holds.

PROOF. Let A,, A, fy, f be defined by (5.2) and (5.8). Recall that as A€ BV ([a,b], L(R™)),
Ap € BV([a,b], L(R™)) for neN and A, A,, n€N, are left-continuous on (a,b] (cf. Re-
mark5.2), equation (3.1) has a solution z € BV ([a, b], R™) and equations (3.14)) have solutions
xn € BV (Ja,b],R™) for each n € N. Similarly as in the proof of Theorem 5.3 we have

[An — Alloc < sup
te[aab]']l‘

[ o) pnas,

(R™)

In addition, note that var’ A, < M (b— a). These estimates, together with (5.10), imply that
lim ||A, — Alloo [1 4 var? A,] =0. Similarly we get lim ||fn, — flloo [1 4+ var? f,] =0. Apply-
n—oo n—oo

ing Theorem 4.4/ we arrive again at (3.15) and thus we may complete the proof of the theorem
using the same argument as in the close of the proof of Theorem 5.3l O
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