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DUALITY THEORY FOR LINEAR »n-TH ORDER
INTEGRO-DIFFERENTIAL OPERATORS WITH DOMAIN
IN I, DETERMINED BY INTERFACE SIDE CONDITIONS

RicHARD C. BRowN, Tuscaloosa, MILAN TvRDY and OTTO VEIVODA, Praha

(Received March 2, 1979)

0. INTRODUCTION

In this paper we develop a duality theory for linear integro-differential operators
in the space L, of m-vector valued functions I’-integrable on [0, 1] associated with
the system

(0,1) () () =i=io(A,-(t) yO(r) + J: K(t,s) y(s)ds +

n—1 k

+ 'Zo ; Ci,_,-(t) y(")(t_,-_l +) + D;,_,-(t) y(i)(tj__) + f(t) ’

n—1 k n 1
(02) Hy=3 3 (Mi;yO(t-1+) + Noyy =) + 3 L 0, y"dt =0,
i=0j= i=

where 0 = t, < t; < ... t, = 1 is a fixed subdivision of [0, 1] and y is an m-vector
valued function which is together with its derivatives y(” of the orders i, i < n — 1
absolutely continuous on every subinterval (tj_ 1 tj), j=1,2,...,k and whose
n-th order derivative y™® is I’-integrable on [0, 1]. Such systems are usually called
interface boundary value problems. Parhimovi¢ [13], [14] showed (for p = 2)
that under certain natural assumptions on the coefficients such problems are normally
solvable, and found their index. We shall give an explicit formula for the adjoint
relation to the operator L: D(L) < I, — I}, corresponding to (0,1), (0,2) which is
in general unbounded and nondensely defined. Similarly as in.Brown, Krall [1] the
main tool is the Linear Dependence Principle. Boundary value problems for integro-
differential operators have been recently treated e.g. by Maksimov [10], Maksimov
and Rahmatullina [11], cf. also Schwabik, Tvrdy and Vejvoda [16] or [18], [19]
and [20]. Interface problems for differential operators were considered e.g. by Bryan
[3]. Conti [5], Gonelli [6], Krall [9], Stallard [17] and Zettl [21]. Schwabik [15]
disclosed the relationship between interface problems and linear gen=ralized dif-
ferential equations (in the sense of Kurzweil).
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Throughout the paper the following notation and conventions are kept. For
— o0 < a < b < o the closed interval a < t < b is denoted by [a, b], its interior

a<1<b by (a b) and the corresponding half-open intervals a <t < b and

a<t<b by (a,b] and [a, b), respectively. Given an m x k-matrix 4 =
k

=(a;;)i=1..m j=1...4.> A% denotes its transpose and IAI = max Y |a;;|. The
i=1,.., mj=1

.symbol I stands everywhere for the unit matrix of the proper type and any zero
matrix is denoted by 0. R,, is the space of real column m-vectors with the norm

.....

Banach space of functions y: [a, b] — R,, such that

bl = ([ b a)” <o,

Li;(a, b) is the Banach space of functions y : [a, b] - R,, measurable and essentially
bounded on [a, b], i.e.
[¥]L= = supess |y(t)| < .
tela b]

Instead of I2,(0,1) we write only L,

Let g =p/(p—1)if p>1, g =0 if p=1. Then L(a, b) is isometrically
isomorphic with the dual space of I?(a, b). Given z € LL(a, b), the corresponding
linear bounded functional (-, z);, on IL%(a, b) is given by

b
{y, 2D =J z*ydt for yelIf(a,b).

An m x k-matrix valued function is said to be I?-integrable on [a, b] if every its
column belongs to I%,(a, b). (This concerns also the case p = 0.)

Let X, Y be Banach spaces and let T be a linear operator acting from X into Y.
Then D(T) denotes the domain of definition of T in X, R(T)is the range of T'in Y and
N(T) is its null space. If the spaces X* and Y* are respectively dual spaces to X and Y
and {-, uyy, *, v)y denote the linear bounded functionals corresponding respectively
to ue X* and ve Y*, then T* <« X* x Y* stands for the adjoint of T defined by

(u,v)e T* iff (Tx,v)y = (x,upy forall xeD(T).

If D(T) is dense in X and Tis bounded, then T* is a linear bounded operator Y* — X*
defined on the whole Y*((u, 0)e T* iff u =0). In general, T* is a linear
relation with the domain of definition .D(T*) = {v e Y*: there exists u € X* such that
(u, v) € T*} and the range R(T*) = {u € X*: there exists v e Y* such that (u, v) € T*}.
Let us notice that if T has a closed range in Y, then the Fredholm alternatives

R(T) = N(T*)* = {ye Y:{p,v)y = 0 for all ve N(T*)}
and
N(T*) = *R(T) = {ve Y*:{y,v)y = 0 forall ye R(T)}
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hold (where N(T*) = {ve Y*: (0, v) e T* is the null space of T*}). For more details
concerning linear relations see Coddington, Dijksma [4] Section 2.

1. THE SPACE Dy;?

Let {0 =t <t <..<pf = 1} be an arbitrarily chosen fixed subdivision of
the interval [0,1] and let 1 < p < c0.

Let us denote by DJ;? the space of all functions y : [0,1] — R,, which together
with their derivatives y(? of the orders i, i < n — 1, are absolutely continuous on
every (t;-1, 1), j = 1,2, ..., k, and whose n-th order derivative y™ is I’-integrable
on [0,1].

1.1. Lemma. The mapping
(1,1) x:yeDp? - (Wto+), Yty 4), oo Y(tue i +), ¥ (to+) s
V(ts4)s oo Y (timr+), o0 YO t0+),
YOOt +), . y(""”(t,‘_1 +), y™) € Ry x L,
is a one-to-one mapping of D,;¥ onto R, x L.

Proof. Given ¢ = (051,0, Og 15 eees g ket oves Xye1,00 Fn—1,1> «- o> Xn—1 k=15 z) €
€ Ry X 12 =Y, let us put (&) = y, where y : [0,1] — R,, is defined by

¥ =z ae. on[01],
t

Yob(i) = o, ; +J. zde for te(tj-1,t), j=1,2,..,k,
tj-1

y(t) = aO,j +J yl dT f01‘ tE(tj_l, tl)’ j = 1, 2,...,k

(¥(;), i = 0,1, ..., k may be arbitrary).

Then evidently ¥(&) € D7, #(y(&)) = & for every &€ Y and y(x(y)) = y for every
ye DyF.

Let us put for y € D;;?

n—-1 k
(1,2) I¥lo =_ZO .ley"’(t,._l )|+ [yl -
i=0 j=

Then |||, is obviously a norm on DJ;*. Moreover, |[y[p = [[#(y)]y *) for every
y e DI'?. Consequently, we have

® I | x and | * Iy are norms in X and 7, respectively, then the norm on the product space
X X Yis defined by (x, ) e X X ¥

G 9 [xxy = x[x + 7]y
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1.2. Lemma. D)? equipped with the norm (1,2) becomes a Banach space iso-
metrically isomorphic with the Banach space Y = Ry % L},

1.3. Remark. Let us notice that

k
”y“D=_21”yj"W for yeD,?,
e

where y; (j = 1,2,..., k) denote respectively the restrictions of y on (f;_y, 1))
(=12.. k) and

bl =" 2600+ (|7 lymf"’

is the norm of y; in the Sobolev space Wy,?(t;—1, t ) (m-vector valued functions which
together with their derivatives of the orders i, i £ n — 1, are absolutely continuous
on (t;_y, t;) and their n-th order derivative is I/-integrable on (t;_, ;).

The zero element in the space DJ” is the class of functions z : [0,1] — R,, which
vanish on every subintetval (t;_,, 1), j = 1,2,..., k (the values z(z;) may be ar-
bitrary).

It follows from Lemma 1.2 that the dual space (D);?)* of D)7 is isometrically
isomorphic with the dual space Y* = R, X 4, (g =p/(p —1)if p>1,g= o0
if p=1)of Y=R,, x L,

1.4. Lemma. Given an arbitrary linear bounded operator H : D,;¥ — R,, there
exist h x m-matrices M, ; (i = 0,1,...,n — 1;j=0,1,...,k — 1) and an h x m-
matrix valued function Q - zntegrable on [0,1] (g = p/(p - 1)ifp>1,9g=o
if p = 1), such that

k 1
(1,3) Hy = z ZMi’jy(i)(tj_1+) +J Qy™dt forany yeDLP.
=0 j=1 0

Remark. In particular, any “side” operator H of the form (0,2) may be trans-
formed to the form (1,3).

1.5. Linear differential operator in D}*. Let A4; (i =0,1,..., n) be m x m-matrix
valued functions defined a.e. on [0,1] and L* — integrable on [0,1], while A4, is
essentially bounded on [0,1] and possesses an essentially bounded on [0,1] inverse
A7 ' Let us consider the linear differential expression

Ay =3 Apy®?
i=0
on the space D)”.

Obviously Ay € I, for any y e D,;*. Furthermore, it is well known that: for any
j = ]’ 2: LR k9 gje LI:n(tj‘l’ tj) and df = (Coji clj’ sy cn—-laj) € an, there ,eXiStS
a unique function y; € Wy'?(t;—4, t;) such that

Ay, =g, aeon (1), ¥P(ti-i+)=c; (i=0,1,...,n—1).
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By the variation-of-constants formula these y; may be expressed in the form
. yi=Ujd; + Vig;, .
where U;:R,, = Wpo(t;-1,t;) and V;:Lh(tj—y,t;) > Wo'P(t;—4, t;) are linear
bounded operators. Hence, for a given g € I, and d = (¢ ;)i=0.1,...n~1 j=1.2...x €
€ R, there exists a unique function y e D;? left-continuous on every (t;_,, ],
right-continuous at 0 and such that '
iy =g ae. on [0,1]
and
Yty 4+)=c; (i=0,1,..,n—1;j=12..k).
The function y may be expressed in the form
(1,4) y=Ud+ Vg,

where U : R, — Dy;¥ and V: I, - D)7 are linear bounded operators. In fact,
we put y(t) = y;(t) on (t;_y, 1)), y(t;) = ¥(t;=), i =1,2,....,k y(0) = y(0+),
(Ud) (1) = (Ud) (1) for te(ti-i.1;), o
; (Ud) (t;) = (Ud) (1;—), (Ud)(0) = (Ud)(0+), j=1,2,....k
(Va) (1) = (V) () for te(tj-11;),
(V9) (1)) = (Va) (t,-), (vg) (0) = (V) (0+), j=1.2,....k,

where d; = (o j» C1js s Cya1,;) € Ry d = (d1, ds, ..., di) € Rypy, and g is the
restriction of g on (t;_4,¢;) (j = 1,2,..., k). Thus

[Uals = % Ul and [Vl = X [Fiailn -

2. LINEAR INTEGRO-DIFFERENTIAL OPERATORS ON DJP

Throughout the rest of the paper we assume

2.1. Assumptions. 0 = ¢, < t; < ... < f; = 1is a fixed subdivision of the interval
[0,1] and Dj};? is the corresponding function space defined as in Section 1. A(f),
Cijt)i=0,1,...,n;j=1,2,...,k) are m x m-matrix valued functions defined
a.e. on [0,1] and I’-integrable on [0,1], 1 < p < o0, 4, is essentially bounded on
[01], g =p/(p—1)if p>1,g =0 if p=1, K(t,5) is an m x m-matrix valued
function measurable in (z,s) on [0,1] x [0,1] and such that K(-, s) is measurable
on [0,1] for a.e. se [0,1], K(¢, +) is #-integrable on [0,1] for a.e. t€[0,1] and the
function ¢ e [0,1] — ||K(t, *)| e is P-integrable on [0,1], i.e.

) I = (], ([ e ) < o
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Under the assumptions 2.1 the integro-differential expression
22) (D0 = £ A0 + 35 Cld 371 ) + [ KG.9) ¥ o
i =1i=
is for every y € D};” defined a.e. on [0,1]. Moreover, as
(2,3) K:uelf, — J‘; K(t, s) u(s) ds

defines a Hille-Tamarkin operator on L, K is linear and bounded (cf. [7], Theorems
11.5 and 11.1). Thus we have

2.2. Lemma. /y € L%, for any ye D, and the linear operator ¢ :ye Dy? —
— ye L, is bounded.

Proof. It remains to show the boundedness of /. In fact, using the Holder ine-
quality we have for any y € D;?
p 1/p
dt) <

ester = (][] 0+ 3T ) + [ K)o

j=1i=0

IIA

[4ull e [y*]eo +i§0IIAs||u 1yPlee +

k n—-1
+ Zl Z(,”Ci.juu' [y +)| + [Kllpg [7]lee -
j=1i=

Since for any i = 0,1,...,n — land re(t;_y, t;),j = 0,1,..., k
1
1

OOl =| 5 ) = b 4

t T1 Tn-i-1
+ J‘ (J- ( . (J‘ y® dr,,_,-) d‘t,,_i_l). . ) dr,
ti-1 tj-1 tj-1

n—i—1

S T o) + [yl S

=

(=]

n—i—1

<" ) + e < [l

r=0
it follows that

n—1 k
[¥1es £ {14ule + Z ([4illee + X [Cosler) + [K]lp.a} 1710
i=0 j=1
for all y e D7,

Remark. Under reasonable assumptions the integro-differential expression on the
left-hand side of (0,1) can be reduced by repeated integration by parts to the form

2,2).
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3. LINEAR INTEGRO-DIFFERENTIAL OPERATORS UNDER LINEAR
CONSTRAINTS ON DpP

Under the assumptions 2.1 the integro-differential expression (2,2) defines a func-
tion from L%, for every y € Dj? (cf. 2.2).

Let H:D;» - R, be an arbitrary linear bounded h-vector valued functional
on D;7, ie.

m

n—1

1

(3,1) Hy = Z ZM, YOt~ +) +J. Qy™dt for yeD}?,

i=0j=1 0

where

32y M;; (i=0,1,..,n—1; j=0,1,...,k — 1) are h x m-matrices and Q is
an h x m-matrix valued function I#-integrable on [0,1]

(cf. 1.3).

Endowed with the norm of I?,, D;;? becomes a dense subspace of ¥, and / may
be considered a densely defined operator in L,

3.1. Definition. L is the linear operator with domain D(L) = {ye D}, : Hy =
= 0} in I, and the range R(L) in I, defined by

L:yeD(L)c I, —» ¢tyeL,.
(Lis the restriction of ¢ to D(L) = N(H).)

Since D(L) need not be dense in I, the adjoint L* to Lis in general a linear
relation in I, x I%. To derive its explicit form we examine the expression

1
(3,3) Ly, 2)1» = L 2*(¢y)dt =

i=0 i=0j=1

+ f : 2%(1) (Jl K(t, 5) y™(s) ds> dt

with z € I, and y € D(L).

= Zn: *(A yP)dt + Z Z (J z*C;, dt) YO(t-+) +

3.2. Lemma. Given ze I, ye D;? and i = 0,1,...,n — 1, then

08 5 [ara =55 (L1600 +

+3 J‘ [7= iz 4] y® dt)
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where ' !
ty ty tj .
(3,5) [J’u] (0 =f <J' ( . (j u(t,) dr,) dr,,_1>. . ~)dT1v for te(t;_y,t)
t 1 Tr—1
. and any uel, , r=12,...,
Ju =u.

Proof. BY repeated integration by parts we obtain for any z € I,, y € D};” and

i=01.-n~1 successively
n—1 k& 1y

Z z*A yOde =Y ¥ z*Aiy(” dt =

i=0j=1

k P-1 7] . ty y R
=Y (J‘ | Z*A; dr) YOty +) + J’ <J‘ Z*4; dr) ytD dr =
i=11i=0 _— ty-1 t

ty

n—1 2l tj 1)
=Z (J z*Aid‘c> y("’(tjfl—I-) + (jr (J z*A,-drz) d1'1> YOO (-, +) +
-1 -1 \J 11
ty t; /[t .
+f (J' (j z*Aidrz) d11> yitdt = ... =
tj—1 t Ty
k n-—1 . ty ty .
= Z Z (J. *Aidt) yOt-+) + (J" (f z*Aid7:2> drl) YOOt +) +
ji= ti-1 j-1 7 )
+ q (j ( (f *A,-d't,,-i) dtn_i_l) ) drl) YOOt +) +
1y
+ f (J. (j ( <J Z*A4; dr,,_i) dr,,_i_1> .. ) d‘rl> y®™dt =

k n—1n— n—1 (1
=35 AN (-0 )+ E [ e,
Jj=11i r=i i=

where the notation (3,5) was utilized. Changing the order of summation in the

expression in the brackets we obtain the relation (3,4).

3.3. Lemma. Given z € I, and u € L, then

(3.6) JO (1) ( f : K(t,5) u(s) ds) dr = f ( 01 19| K, ) dt) u(s) ds
Proof. Since for any z e I and u € I?,
[ ([t uolas)ar = ([] 0] 16 ) Pl =

= “z”L" “K”p.q ”u”u < ®©

and the function z*(z)K(1, s)u(s) is certainly measurable on [0,1] x [0,1], the relation
(3,6) follows by the Tonelli-Hobson Theorem ([12], Corollary of Theorem XII1.4.2).
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By virtue of the formulas (3,4)—(3,6) the relation (3,3) will be reduced to

" g <f1z C,;dt +'§O[J""’“(z*A,)] (tj_l)) yO(ti- +) +

(397) <Ly5 Z>LP =

il

1

+ J.O (Jt) 2*(s) K(s, 1) ds +éo[.l""'(z*Ai)] y(n)> de

for all ze L!, and y € D,*.

-

The couple (v, z) € I4, x L%, belongs to the graph of the adjoint relation L*
if and only if

1
Ly, z20pp = (Y, p» = j v*yde forall yeD(L).
(V]

Similarly as the relation (3,4) was derived in Lemma 3.2 we may derive that

n—1 k

1
(3’8) Y Ve = Z ; [JHIU*] (tj—l) y(i)(tj—-x"‘) + J‘ [Jn?*] y® dy

holds for all y € D;* and ve L}, This together with (3,7) yields that (v z)e L* if
and only if

69
PR ST A Eage G0 [OM R A IO SRR

i=0 j=1 (Jo

+ f: {,ﬁ 2*(s) K(s, 1) ds +r; [ 4)] - [ J"v*]} S di = 0

holds for every y € D(L). Now, we can make use of the Linear Dependence Principle

(81, p- 7):

Suppose 4, ¥4, Y5, ..., Yy is a finite collection of linear functionals (possnbly
unbounded) defined on a linear space X and such that

Yix)=0, j=1,2,..,N implies A(x)=0
({I!) N(¥;) = N(4)). Then on X A is a linear combination of the functionals ¥, V5, ...
.{.z,lnlzN (i.e. there are @1, ¢, ..., @y € R such that
Mx) = @1 ¥1(X) + @2 Y2(x) + ... + @y Ya(x) on X).

From the definition of D(L) and from the Linear Dependence Principle it is clear
that (3,9) may occur if and only if there exists ¢ € R, such that the relations

1 i
G10) [ arCusds S AN (-0 = [0 (5m0) = oMy
i=0,1,..,n—1; j=12,...,k
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and
(3,11) J: z*(s)K(s, 1) ds + Z":O[J""(z*A,)] (1) = [J"v*](r) = * Q(¢) a.e.on[0,1]
hold. In particular, if we denote
13(z ) = —n‘;:[J""(A:"z)] + o,
then ¢ (z, ¢) is absolutely continuous on every (t;_y, t;),j = 1,2...., k and

(312)  45(z,9) = Ayz + Jl K*(t,5) z(s)ds — Q*¢ ae.on [0,1].
o

Let us notice that for a given u € I1,, [Ju]' = —u a.e. on [0,1] and
[Ju] = =[], r=23,... oneach (t;_,,t;), j=12,....k.
Hence

n—2
[46(z @) = Ay 1z + Y [ 17"(4Fz)] — [J""'v] ae.on [01].
i=0
Denoting

4i(z ) = "ZZ [=1r(ar2)] + [ 5],

we obtain
(3.13) 43(z,0) = —[¢5(z, 9)] + 471z ae.on [01],

with ¢7(z, ¢) absolutely continuous on every (-, t;). In general, we denote for
i=01,..,n-1

n—1-—j

- (314) tHz )= — Y [I(Ar)] + [
: &,
Thus every ¢; (z, ), i =0,1,...,n — 1 is absolutely continuous on each interval

(tj—l’ rj), j=1,2,..., k. Moreover,

(B15)  ti(ze)= ~[tii(z @)] + Ar_iz ae.on [01],

i=12,..,n—1
and
4 1(z, )] = A5z + v ae.on [0,1].

It means that the relation (3,1‘1) is equivalent to

v=—[¢"1(2 0)] + 45z ae.on [0,1].
In particular,

(3.16) 01 0)i= ~[a(z )] + Az,
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By (3,14) we have
(3,17)  [4f(z )] (1;—)=0 forall i=0,1,...,n—1; j=12,..,k.

Furthermore,
(o) () = = 3 [ AN] (mn) + 0776 (-0).

By virtue of this identity the relation (3,10) becomes

1
(3,18) 47 (=, )] (t,_1+)=J. Cr_y_izdt — My_,_, ;¢ forall
0
i=01,...,n—1 and j=12,..,k.

To summarize:

3.4. Theorem. Let us assume 2.1 and (3,2) and let us denote by D* the set of all
couples (z, ¢) € I%, x R, such that there exist functions ¢{ (z, ), i = 0,1,...,n — 1,
absolutely continuous on every interval (t;_y,t;), j =1,2,...,k, and fulfilling
(3.12), (3,15), (3,17) and (3,18).

Let ¢, (z, ¢) be defined for (z, o) € D* by (3,16). Then the graph of the adjoint
relation L* to L consists of all couples (¢, (z, @), z) with (z, ¢) € D*, i.e.

L* = {(¢5(z,90),2) : (z, 9) e DT} .
In particular, the domain D(L*) of L* is the set of all z eI, for which there

exists ¢ € Ry, such that (z, )€ D*.

The ‘“only if” part of Theorem 3.4 also follows from the following “Green’s
formula™ which is easy to verify (cf. [1]).

3.5. Proposition. Given y € D,;? and (z, ¢) € D*, then

(3.19) s 63 (2 @D re = {09, 2> 10 — 0*(HY).

Remark. If 1 < p < oo, then by [7], Theorem 11.6 the operator K given by {2,3)
is compact. This enables us to show analogously as in [16] V.2 the closedness of the
range R(L) of the operator L. In fact, according to the variation-of-constants formula
(1,3), for a couple (f, r) € I, x R, there exists y € D};? such that £y = fand Hy = r
if and only if for some d = (¢;;)i=0,1,...n—1 j=1.2,... k € Rumis

y=Ud+ V(f—Cd—Ky) and H(U — VC)d — HVKy = r,

where C : R, — 2.,
k n—1

(cd)(v) :=j;1 iZ‘oCi’j(t) ¢;; ae.on [0,1]
for

d= (ci,j)i=0,1 ..... n=1j=1,2,uk € Rumi +
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In other words, (f, r) € I, x R, belongs to the range R(&) of the operator

\ ¢
(3,20) L iyeDh? o (Hyy> eI’ x R,

if and only if (V/, r) belongs to the range R(T) of the operator

y— (U —VC)d + VKy

T:(y,d)e D) x ank—>< )eD;',,”’ x R,.

H(U - VC)d — HVKy

Since all the operators U — VC, VK, H(U — VC) and HVK are compact and
0:(f,r)eLl, x R, — (Vf, r)e D);? x R, is bounded, the closedness of the range
R(Z) = 0_,(R(T)) of & follows from the following lemma.

3.7. Lemma. Let X be a Banach space. Let the operators Q : X > X, P:X - R,
A:R, - X and B:R, — R, be linear and bounded. Then, provided that Q is
compact, the operator
x — Ad — Qx

W:(x,d)eX XR"'*’(Bd+Px

)eX X R,

has closed range in X X R,.

Proof. a) If m < h, let us put for d = (dc,) €R,, ceR,

Ad := AceX, Bd:= BceR,
and for xe X

~ . Ad + Qx
W(x, d) := ((—I+§)d + Px)eX X Ry,

where I stands for the identity operator on R, (the identity h x h-matrix). Clearly,
W is linear, bounded and compact and consequently the range R(W) = R(I — W)
(1 the identity operator on X x R,) of both Wand I — Wis closed in X x R,.

b) If m > h, we put

- Bd - Px
Bd.—<0>eRm, Px.—<0>eR,,,

for d e R,, and x € X. Then (y, u) € R(W) if and only if (y, v), where v = (g) €R,,

belongs to the range of the operator

- x Ad + QOx
]—-W.(x,d)eXxRma(d)—((_l_*_g)d_i_P-x)eXme.

Again W is compact and consequently R(I — W) is closed in X x R,,. Now it is
easy to verify that also R(W) is closed in X x R,.

¢) The case m = h is obvious.

194



3.8. Corollary. The operator & given by (3,20) has closed range in L, x R,
Since f € I%, belongs to the range of Lif and only if (f, 0)e I, x R, belongs to
the range of %, the closedness of the range of Lin IZ, follows immediately from 3.8.

3.9. Theorem. Let us assume 2.1 and (3,2) and let 1 < p < oo. Then the operator L
(defined in 3.1) has closed range in L,

References

[1] R. C. Brown and A. M. Krall: n-th order ordinary differential systems under Stieltjes bounda-
ry conditions, Czech. Math. J. 27 (102) (1977), 119—131.

[2] R. C. Brown and M. Tvrdy: Generalized boundary value problems with abstract side con-
ditions and their adjoints I, Czech. Math. J., 30 (105) (1980), 7—27.

[31 R. N. Bryan: A nonhomogeneous linear differential system with interface conditions,
Proc. AMS 22 (1969), 270—276.

[4] E. A. Coddington and A. Dijksma: Adjoint subspaces in Banach spaces with applications to
ordinary differential subspaces, Annali di Mat. Pura ed Appl., CXVIII (1978), 1—118.

[5]1 R. Conti: On ordinary differential equations with interface conditions, J. Diff. Eq. 4 (1968),
4—11.

[6] A. Gonelli: Un teorema di esistenza per un problema di tipo interface, Le Matematiche, 22
(1967), 203—211.

[7]1 K. Jorgens: Lineare Integraloperatoren, B. G. Teubner Stuttgart, 1970.

[8] J. L. Kelley and I. Namioka: Linear Topological Spaces, Van Nostrand, Princeton, New
Jersey, 1963.

[91 A. M. Krall: Differential operators and their adjoints under integral and multiple point
boundary conditions, J. Diff. Eq. 4 (1968), 327—336.

[10] V. P. Maksimov: The property of being Noetherian of the general boundary value problem
for a linear functional differential equation (in Russian), Diff. Urav. 10 (1974), 2288—2291.

[11] V. P. Maksimov and L. F. Rahmatullina: A linear functional-differential equation that is
solved with respect to the derivative (in Russian) Diff. Urav. 9 (1973), 2231—2240.

[12] 1. P. Natanson: Theory of Functions of a Real Variable, Frederick Ungar, New York.

[13] J. V. Parhimovié: Multipoint boundary value problems for linear integro-differential equa-
tions in the class of smooth functions (in Russian), Diff. Urav. 8 (1972), 549—552.

[14] J. V. Parhimovié: The index and normal solvability of a multipoint boundary value problem
for an integro-differential equation (in Russian), Vesci Akad. Nauk BSSR, Ser. Fiz.-Mat.
Nauk, 1972, 91—93.

[15] St. Schwabik: Differential equations with interface condtions, Casopis pést. mat. 105
(1980), 391—408.

[16] St. Schwabik, M. Terdy and O. Vejvoda: Differential and Integral Equations: Boundary
Value Problems and Ajoints, Academia, Praha, 1979.

[17] F. W. Stallard: Differential systems with interface conditions, Oak Ridge Nat. Lab. Publ.
No. 1876 (Physics). -

[18] M. Tvrdy: Linear functional-differential operators: normal solvability and adjoints, Col-
loquia Mathematica Soc. Jinos Bolyai, 15, Differential Equations, Keszthely (Hungary),
1975, 379—389.

[19]1 M. Tvrdy: Linear boundary value type problems for functional-differential equations and
their adjoints, Czech. Math. J. 25 (100), (1975), 37— 66.

195



[20] M. Tuvrdy: Boundary value problems for generalized linear differential equations and their
adjoints, Czech. Math. J. 23 (98) (1973), 183—217.

[21] A. Zettl: Adjoint and self-adjoint boundary value problems with interface conditions, SIAM
J. Appl. Math. 16 (1968), 851 —859.

Authors® addresses: R. C. Brown, Department of Mathematics, Thc"University of Alabama,
Alabama 35486, U.S.A., M. Tvrdy, O. Vejvoda, 115 67 Praha 1, Zitna 25, CSSR (Matematicky
ustav CSAV).

196



		2010-05-30T21:31:21+0200
	CZ
	DML-CZ




