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bc def g hi c j g c k dl

•m nop q qrs t nu v nw x qp o y{z | z m xK} n vp ~ ~p ~

•m nop q u n}� w q �� r ns ~ n u � � xK} n� qp � ~

• y� p }� nzp q � ~� r v r � �
• � �o r �� r ns � p �� � } �s ~up }
• � x � vp �s o � r� p o r ~ v}p � r� �� r ns
• � n qw � r ns n u s ns z qr s p �} xK} n� qp � ~
• ��p } �� r �p ~ n qw � r ns n u p � n qw � r ns ~ � ~�p � ~
• � �p } q � x x rs t:� �

• � n� x w �p o }p ~w q� ~

• �p s ~ r � r � r � � �s � q � ~ r ~

• � ns v qw o rs t }p � �}� ~
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ÁÂÁ ÃÂÃ ÄÂÄ ÅÂÅ ÆÂÆ ÇÂÇ ÈÂÈ ÉÂÉ ÊÂÊ ËÂË ÌÂÌ ÍÂÍ

Z

X

weight of the overburden p

initial stress σ0

original temperature of rock T0

surrounding
rocks

zero heat flux

ze
ro

 h
ea

t f
lu

x H(T−T  )0

heat flux

0 e tβ−
heat source

Q

zero heat flux

initial temperature T 0

• y� p }� � q x �} �Î } �o r n � v� r �p Ï � ~�p � ~ � p �� ~ nw } vp Ð� p �� v ns o w v� r ns rs

} n v� Ð� p �� v ns �p v� r ns � n �p s � r q �� r ns � r}
•m p v� �s r v � q x �} �Î r s r � r � q ~� }p ~ ~ q n �o rs t Ð � w s s p qp Ñ v � � �� r ns Ð� p �� q n �o

u } n� � � p �

• Ò } nw s o Ï ��p } Ó n Ï z s n � v ns ~ r op }p o s n Ï /
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conv.

rad.

cond.

NW

• y� p }� � q x �} �Î } �o r n � v� r �p Ï � ~�p � ~ � p �� ~ nw } vp Ð� p �� v ns o w v� r ns rs

} n v� �s o qr s rs t Ð� p �� v ns o w v� r ns � n �p s � r q �� r ns � r} Ð� p �� } �o r �� r ns

•m p v� �s r v � q x �} �Î r s r � r � q ~� }p ~ ~ q n �o rs t Ð � w s s p qp Ñ v � � �� r ns Ð� p �� q n �o

u } n� � � p �
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• y� p }� � q x �} �Î } �o r n � v� r �p Ï � ~�p Ù� p ��p } Ú � ~ � p �� ~ nw } vp Ð� p ��

v ns o w v� r ns r s } n v� Ð � wÛ p } �s o � � v� Ü q q ÙÞÝ� � nop q Ú

•m p v� �s r v � q x �} �Î r s r � r � q ~� }p ~ ~ q n �o rs t Ð � w s s p qp Ñ v � � �� r ns Ð� p �� q n �o

u } n� � � p � ÙÞÝ� � nop q Ú
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à rs o � � p �p � xp } �� w }p τ : Ω × (0, T ) → R �s o � � p o r ~ x q � vp � p s �

u : Ω × (0, T ) → Rd (d = 2, 3) ~w v� � � ��

cρ
∂τ

∂t
=

∑

ij

∂

∂xi

(

kij
∂τ

∂xj

)

+ q in Ω × (0, T ) heat cond.

−
∑

j

∂σij

∂xj
= fi (i = 1, . . . , d) in Ω × (0, T ) balance

σij =
∑

kl

cijkl [εkl(u) − αkl(τ − τR)] in Ω × (0, T ) const. rel.

εkl(u) =
1

2

(

∂uk

∂xl
+

∂ul

∂xk

)

inΩ × (0, T ) small strains

�s r � r � q á � nw s o �} � v ns o r � r ns ~
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τ(x, t) = τ̂ (x, t) on Γ0 × (0, T ) given temperature
∑

ij

kij
∂τ

∂xj
ni = 0 on Γ1 × (0, T ) given heat flux

−
∑

ij

kij
∂τ

∂xj
ni = H(τ − τ̂0) on Γ2 × (0, T ) heat convection

un =
∑

i

uini = 0, σt = 0 on Γ̃0 × (0, T ) symm. cond.

∑

j

σij nj = gi (i = 1, . . . , d) on Γ̃1 × (0, T ) given pressure

� � p rs r � r � q v ns o r � r ns

τ(x, 0) = τR(x) r s Ω
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y� p ~ r� x qp ~� v � ~p Ù� Ï n x q �s p ~w } u � vp ~ Ð � � p p Ñ �p } s � q r ~ r op � q �� ~ n} �p } Ú

−nTKgrad(τ) = H(τ − τout) + εcSB(τ4 − τ4
out) on ΓR,

Ï � p }p ε r ~ }p q �� r �p p � � r ~ r � r � � Ð cSB r ~ � � p � �p u �s z ä n q� � � �s s v ns ~� �s � /

p �� u n}� w q �� r ns

B(τ, v) = aheat(τ, v) +

∫

ΓR

εcSBτ4v ds

J(τ) = 1

2
aheat(τ, τ) +

∫

ΓR

εcSBτ5 ds − b(τ)

�u Ω ⊂ R2� � p s Î J r ~ Ïp q q op Ü s p o r s H1(Ω) Ð Ïp �� q � ~p � r v ns � rs w nw ~ �s o

~� } ns t q � v ns �p Ñ r s {

τ ∈ H1(Ω) : τ ≥ 0
} / �� tw �} �s �p p ~ � � p p Ñ r ~�p s vp �s o

w s r å wp s p ~ ~ n u � � p Ïp �� ~ n qw � r ns / à n} � � p q rs p �} àæ Ð Ïp tp � � � p v ns �p } tp s vp

�s o u n} � � p }p tKw �} ~ n qw � r ns �s p ~� r� ��p ‖τ − τh‖ ≤ Ch1/4 /
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conv.

rad.

cond.

NW

m n}p tp s p } � q v � ~p Î

• rs s p } � nw s o �} �Î � w s s p q Ï � q q ~ �s o v �s r ~�p } ~w } u � vp

• x �} � ~ n u � � r ~ r s s p } � nw s o �} � ΓR} �o r ��p � n n � � p } ~

• � � p ~w } u � vp �� ~ n} �p ~ εz x �} � �s o }p Óp v� � � p }p ~�

• qp � Zk ⊂ ΓR�p � ns p ~ Ï r � � v ns ~� �s � εk Ð τk

• qp � Skl ⊂ Zk�p x �} � n u Zk � r ~ r � qp u } n� Zl

•� p �� Ó w Ñ q̄lp � r � �p o u } n� Zk� n Zl r ~ q̄l = |Slk|Rlkqk Ð qk = εcSBτ4
k

• Rlk =
∫

Slk

∫

Skl

cos ϑk cos ϑl

rkl
dskdsl Ð R = (Rkl)

• q̄ = E[I − SR(I − E)]−1 SRE Θ(τ) Ð

S = (|Slk|
−1) Ð E = diag(εk) Ð Θk = τ4

k /
r

S12

S21

eta1

eta2
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à æ m Î

τh(x, t) = τ̂ (x, t) +
∑

i

τi(t)φi(x),

uh(x, t) =
∑

i

ui(t)φ̃i(x) ,

Ï � p }p φi, φ̃i �}p � � ~ r ~ u w s v� r ns ~ /� p s n �p τ = (τi) �s o u = (ui)� � p s Î

• u n} p q � ~� r v r � � Ãhu = b̃h , Ã =
[

ã(φ̃i, φ̃j)
]

, b̃ = [b̃(t, φ̃i)]

• u n} � p �� v ns o w v� r ns Mhτ̇ (t) + Kh(t)τ (t) = bh(t) ∀t ∈ (0, T ) ,

Mhτ(0) = τ 0

Ï � p }p Mh = [(cρφi, φj)0] , Kh(t) = [a(t, φi, φj)] /
Mh r ~è é ê éè ëì íïî é ìð ëñ ò Kh r ~ è óôõ öè ì ë÷ ë ì í î é ìð ëñ ò Ãh r ~ø ì ë ù ôú ø ø î é ìð ëñ /
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ûp � 〈0, T 〉 r ~ o r � r op o Î
0 = t0 < t1 < . . . < tj < . . . < tm = T , ∆i = ti − ti−1

� � p s Ïp ~p p � � � p � � qwp ~ τ j
i ∼ τ i(tj), j = 1, . . . ,mu } n�

Mh
1

∆j

(

τ j − τ j−1
)

+ θKh(tj)τ
j + (1 − θ)Kh(tj−1)τ

j−1 = ϕj ,

Mhτ 0 = τ0

Ï � p }p θ ∈ 〈0, 1〉 , ϕj = θbh(tj) + (1 − θ) bh(tj−1) .

• θ = 0 t r �p ~p Ñ x qr v r � æ w qp } ~ v� p � p Ð ~� �� qp ns q � u n} ∆t < h2/c

• θ = 1 t r �p ~ r� x q r v r � æ w qp } ~ v� p � p Ð w s v ns o r � r ns � q q � ~� �� qp Ð

• θ = 1

2 t r �p ~ � } �s � z � r v n q ~ ns ~ v� p � p /
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y r� p ~�p x �o � x � �� r ns v �s �p � � ~p o ns

• � �} r �s vp ρk(x) = |τk(x) − τk−1(x)|

• ~ r� x qr Üp o v n� x �} r ~ ns n u � � p ä � v� Ï �} o æ w qp } �s o � } �s � � r v n q ~ ns ~�p x ~

� � ~p o ns � � p }p ~ r o w � q Ù ~w � ~� r � w � r ns ä æ ~�p x rs � n � � p � �p å w �� r ns Ú

rk = (Mh + 0.5∆tkKh)τk − (Mh − 0.5∆tkKh)τk−1 − 0.5(ck
h − ck−1

h Ú /

y� p s � v v n} o r s t � n � � p v n� x �} r ~ ns
η∗ ≤ ηk ? Ð ηk ≤ η∗ ?

Ï � p }p ηk = max ρk(x)/τk(x) n} ηk =
∥

∥rk
∥

∥ / ‖τk‖ Ð

� � p � r� p ~�p x v �s �p ø ü óð ìú ôú õ �s o }p xp ��p o

n} � � p s p Ñ � ~�p x v �s �p êð óý óô þ é ìú õ /
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û :; u0 < : =?> @ :A B

C 4D i = 0, 1, . . . E .1 FG HI A @ :J = :A H : , 4

HIK LNM ; : vi : DF (ui)vi ∼ b − F (ui)

ui+1 = ui + λi vi, λi ∈ (0, 1〉

* . , C 4D

λi = max{λ ∈ (0, 1〉 : ϕ(λ) ≤ 0},

ϕ(λ) = ‖ b − F (ui + λvi) ‖ − (1 − αλ) ‖ b − F (ui) ‖ (Armijo)

ϕ(λ) = ‖ F (ui+λvi)−F (ui)−λDF (ui)vi ‖ −βλ ‖ DF (ui)vi ‖ (Byczanski)

OP :J : α Q A R β Q J : L Q J QK :; :J ST
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[ > A R u(t) : F (u(t)) = (1 − t)b0 + tb ∀t ∈ 〈0, 1〉, u(0) = u0, b0 = F (u0)

\ I A ; > A M Q ; > I A S; : L S] (ti, u
i) 7→ (ti+1, u

i+1) B ti+1 = ti + τ, ui+1 = ui + wT

^_ τ > S =?> @ :A B ; P :A w H Q A < : HI K L M ; : R < ` ; P :a > A : Q J >b Q ; > I A ]

c , ' )1 F d* 0 4 .1 F . E '1 F 4 . ' G e 4D F1 5 (

f > @ :A u0 , b0 = F (u0), t0 = 0

C 4D i = 0, 1 . . . E .1 FG ti = 1 , 4

HI K L M ; : z : DF (ui)z = (1 − ti)(b − b0)

g A R : κi = max{κ ∈ (0, 1〉 : ϕ(κ) ≤ 0}

a : ; : τ = κi(1 − ti), ti+1 = ti + τ

w = κiz, ui+1 = ui + w

* . , , 4 h ϕ(κ) = ‖ F (ui + κz) − F (ui) − κDF (ui)z ‖ −βκ ‖ DF (ui)z ‖8
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Z

X

weight of the overburden p

initial stress σ0

original temperature of rock T0

surrounding
rocks

zero heat flux

ze
ro
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t f
lu

x H(T−T  )0

heat flux

0 e tβ−
heat source

Q
zero heat flux

initial temperature T 0

[¡ ¢ R > S HJ :; >b Q ; > I A > A

S L Q H : B [£ R > S HJ :; >b Q ; > I A

> A ; >K : ] ¤¦¥§ ¥¨ § ©ª «¬ ®

¯ ¬° © «± ° ¬² τk ©¥§ ¥¨ § ©ª

§ ³² ¯ ª ©´ ¬ ¬ ¥ «² uk ³¥ « ³ ¬

² «¬ ¯² tk

µ ¶· k = 1,¸ ¸ ¸ ¹»º

¼½ ¾ τk : Bkτ
k = c

k (1)

¼½ ¾ uk : Au
k = b

k (2)

• > A ; P : :a Q S; > H> ; ` L Q J ; ¿ÁÀ Â] ; P : S ` S; :K O > ; P HI A S; Q A ; K Q ; J >Ã > S SI a @ : R B

• > A ; P : P : Q ; L Q J ; ¿ÁÄ Â O > ; P < Q HÅ O Q J R ¡ M a :J ] ; P : S ` S; :K K Q ; J >Ã

Bk = M + ∆tkK R I : S A I ; HP Q A = : > _ ∆tk> S A I ; HP Q A = : R
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µ ¶ · k = 1,¸ ¸ ¸ ¹º
¼½ ¾ τk : Bkτ

k = c
k (1)

¼½ ¾ uk : Au
k = b

k (2)

ÕÖ× ØÙÚ Ö ½Û ÜÞÝ ß ε = 0.01 ¹ ÜÞà ß ½ Ö Ùá × âá ã Õ
A ¹ Bk = M + ∆tkK ¼ä å ¾

æ çÛ xk+1,0 = xk

æ ç èéê Û xk+1,0 = xk +
P 〈rini,vi〉

〈Avi,vi〉
vi ¹

vië Ö ½ ì Ø íá Ù å ¾Úî åë ÙÚ Ö ½ Õïî Öð Ùñ å

ÕÖ× ØÙÚ Ö ½ Ú ½ òî åó Ú Ö Ø Õ ÙÚ ð å ÕÙ å ò

ôõ Û xk+1,0 − xk = xk − xk−1 ¹

é æ ç Ü í å½ åî á × Úö á ÙÚ Ö ½ Ö ï ôõ ßÛ

ÕÙ Öî á í å òî åó Ú Ö Ø Õ {(rhs, sol)j} ¹

½ å âî ñ Õø÷ ë Öð ùÚ ½á ÙÚ Ö ½ûú ü ÕÖ× Ø ÙÚ Ö ½

Ú ½ Ú Ù ¸ í Ø å Õ Õ τ : ∆tj = 0.25 u : ∆tj = 0.25

ε = 0.01 0.001 0.01 0.001
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DpV (point, time) =

V1.01p−Vp

0.01p � ò ¼ � � � Ã � � ó½ Ãõô � �  ¼ �½ �

τ [deg] σvol [MPa] σ̄shear [MPa]
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 α � � � � � 	 � � � � � � � � �� � � �


 ý � � � � � 	 � � � � � � � � �� � � �


 ν � � � � � � � � � � � � � � � � � � � � �

�� �ù � � ú �� � ûù � A(p)u(p) = b ⇒ A(p)Dpu(p) = −DpA(p)u(p)
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= ´ ¹ 8½ ó? :¼ 7 4 A9 :4 ó 6 ¼ º Ã Ã 9 :L ? KNM H » Ã 9 ½ K GH

• ® ¼ ;¼ : ó 8 7 ¼ 6 Ã ó 2 D « ¹ À 4 ó 2ÃO 9 ½ ¼ ó 2 Ã B ¼ ·6 4 Ã ¾Ã 3 Ã ¼ ó 2 D ¼ ó6 ¾Â 4 A4 ó : ;¼ ½ 4 P

; ¾4 39 : ¾Q9 Ã ¾ ó6 ¼ ÃÂ H G

• ¹ ó 5 ¼ : : ¾6 < ó 2½ 9 5 ¾9 Ã ¾ ó6 9 6 5 Â ó 6 ;¼ Â Ã ¾ ó 6 ó 2 B ¼ 9 Ã ¾6 ;¼ 6 Ã ¾ :9 Ã ¾ ó 6 9 ¾½ ¾6 À ® H

•E Â Â 3½ 9 Â K ó 2 Ã B ¼ 5 ¾4 Â ½ ¼ Ã ¾Q9 Ã ¾ ó6 H

• R 6 Â ¼ ½ Ã 9 ¾6 Ã K ¾6 ¾6 8 3 Ã 59 Ã 9 9 6 5 ¼ ;9 : 39 Ã ¾ ó 6 ó 2 ¾Ã 4 ¾6 S 3 ¼ 6 Â ¼ H

• F ó 3 8 :¼ 5 7 ó 5 ¼ : ¾6 < O ¾Ã B <½ ó 3 6 5O 9 Ã ¼ ½ S óO H
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