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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

Let Q c R? be a bounded domain with a Lipschitz boundary 99.

Continuous Problem
Find u: Qr =Qx (0, T) — R such that

d ) .
ait’ +divf(u) =0 inQr,

u(x,0)=ud(x), xeQ,

where f = (fi,--- ,fy) and s, s=1,...,d are Lipschitz-
continuous fluxes in the direction xg, s=1,...,d.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

Let .7} be a partition of the closure Q into a finite number of
closed triangles K € 7},
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

Let .7} be a partition of the closure Q into a finite number of
closed triangles K € 7},

@ By .#, we denote the set of all edges.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

Let .7} be a partition of the closure Q into a finite number of
closed triangles K € 7},

@ By .#, we denote the set of all edges.

@ For each I € .7}, we define a unit normal vector nr-. For
each face I € Z/ there exist two neighbours

kB k) e 7,
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

Let .7} be a partition of the closure Q into a finite number of
closed triangles K € 7},

@ By .#, we denote the set of all edges.

@ For each I € .7}, we define a unit normal vector nr-. For
each face I € Z/ there exist two neighbours

KO, K® ¢ 7,
@ Over 7} we define the broken Sobolev space

HK(Q, Th) = {v; vIk € H(K) VK € T}
and for v e H'(Q, 7,) and I € .Z/ we set

v|M = trace of ViwonT, vt = trace of V] onT,
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

Definition
We define the space of discontinuous piecewise polynomial
functions

Sh={v;v|kx € Po(K) VK € G},

where Pp(K) is the set of all polynomials on K of degree < n.
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e S? - finite volume space,
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Space semidiscretization

Definition
We define the space of discontinuous piecewise polynomial
functions

Sh={v;v|kx € Po(K) VK € G},

where Pp(K) is the set of all polynomials on K of degree < n.

e S? - finite volume space,
@ S7 - discontinuous Galerkin space,
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

Definition
We define the space of discontinuous piecewise polynomial
functions

Sh={v;v|kx € Po(K) VK € G},

where Pp(K) is the set of all polynomials on K of degree < n.

e S? - finite volume space,
@ S7 - discontinuous Galerkin space,
@ SN, N > n - Higher order DG reconstructions.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

We integrate over K € .7} and apply Green’s theorem

dt/ dx+/f )-ndS=0.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

We integrate over K € .7} and apply Green’s theorem

dt/ dx+/f )-ndS=0.

T (t) = ‘:q/Ku(t) dx

We define
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

We integrate over K € .7} and apply Green’s theorem

dt/ dx+/ f(u)-ndS = 0.
Tk (t) ::‘1’(’/}<u(t)dx

d_ 1
o)+ m/aKf(u) ndS=0.

We define

and obtain
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

We integrate over K € .7} and apply Green’s theorem

dt/ dx+/f )-ndS=0.

_ 1
T (t) = W/Ku(t) dx
d

_ 1
o)+ m/aKf(u) ndS=0.

We define

and obtain

We assume, that there exists a piecewise polynomial function
UN(t) € SN such that

Ul (x,t) = u(x,t)+ O(MNt1), vxeQ, Vvte (0,T).
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

The boundary convective terms will be treated with the aid of a
numerical flux H(u,v,n):

/r f(u)-ndS ~ /r HUMO UNB n)ds.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

The boundary convective terms will be treated with the aid of a
numerical flux H(u,v,n):

/r f(u)-ndS ~ /r HUMO UNB n)ds.

The averages of the exact solution u satisfy

Z k() +— [ HUNME UM nyds = oM.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

The boundary convective terms will be treated with the aid of a
numerical flux H(u,v,n):

/r f(u)-ndS ~ /r HUMO UNB n)ds.

The averages of the exact solution u satisfy

Z k() +— [ HUNME UM nyds = oM.

@ Lipschitz continuity and consistency of H
e u—UN=0(n).
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

Definition (FV reconstruction problem)

Let v: Q — R be sufficiently regular. Given vy for all K € 7,
find v € SY¥ such that v — v}/ = O(hN+1) in Q.

We define the corresponding reconstruction operator
R:S?,—»S,’)’by Rv .= V/IV.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

Definition (FV reconstruction problem)

Let v: Q — R be sufficiently regular. Given vy for all K € 7,
find v € SY¥ such that v — v}/ = O(hN+1) in Q.

We define the corresponding reconstruction operator
R:S0— SNby Rv:= v}

N

Definition (Reconstructed FV scheme)
We seek up(t) € S? such that

Uh K ’K| / RUh) RUh)(R) n) asS=0.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

Definition (FV reconstruction problem)

Let v: Q — R be sufficiently regular. Given vy for all K € 7,
find v € SY¥ such that v — v}/ = O(hN+1) in Q.

We define the corresponding reconstruction operator
R:S0— SNby Rv:= v}

N

Definition (Reconstructed FV scheme)
We seek up(t) € S? such that

Uh K ’K| / RUh) FfUh)(R) n) asS=0.

Lemma
The exact solution u satisfies

T / ((Rm)V), (R)P),n) dS = O(HV),
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

The exact solution u satisfies

d._ 1 _ _
“ o (L) (R) _ N
dtuK(t)+|K| aKH((RU) ,(Ru) ,n) dS = O(h").

@ This indicates, that we may expect
lu(t) = Ran(t)|| = O(hY),
although, in principle, we have only

[u(t) — Un(B)[| = O(h).
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

The exact solution u satisfies

d._ 1 _ _
“ o (L) (R) _ N
dtuK(t)+|K| aKH((RU) ,(Ru) ,n) dS = O(h").

@ This indicates, that we may expect
lu(t) = Ran(t)|| = O(hY),
although, in principle, we have only

[u(t) — Un(B)[| = O(h).

@ This is confirmed by numerical experiments
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

‘Standard’ FV reconstruction operator

Reconstruction stencil

For each K € .9, we choose the reconstruction stencil S C 9},
usually some neighborhood of K.
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

‘Standard’ FV reconstruction operator

Reconstruction stencil

For each K € .9, we choose the reconstruction stencil S C 9},
usually some neighborhood of K.

For each K € .7, we seek a polynomial ps, € PN(Sk), s.t.

VK’ € Sk.

1
|K,/K,PSKdX:Uh K

Finally, we define (Rup)|k := ps, |k for all K € F.
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

Spectral FV reconstruction operator

Spectral and control volumes

Let 7,5 be a partition of Q into simplices S € .7,°, called
spectral volumes. The FV triangulation 7 is formed by
subdividing each S € .7,° into so-called control volumes K C S.
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Finite volume method with reconstruction Continuous Problem
Space semidiscretization

Spectral FV reconstruction operator

Spectral and control volumes

Let 9,75 be a partition of Q into simplices S ¢ 9,75, called
spectral volumes. The FV triangulation 7 is formed by
subdividing each S € .7,° into so-called control volumes K C S.

For each spectral volume S € 7,5 we seek ps € PV(S), s.t.
1
— dx=u VKCS,Ke .
K] /KPS h\K h

Finally, we define (Rup)|k := ps|k forall K C S.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

'Standard’ FV

@ R must be constructed (and stored) for each K € .7},
independently (on unstructured meshes).
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

'Standard’ FV

@ R must be constructed (and stored) for each K € .7},
independently (on unstructured meshes).

@ Stencil size impractical for N > 2.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

'Standard’ FV

@ R must be constructed (and stored) for each K € .7},
independently (on unstructured meshes).

@ Stencil size impractical for N > 2.
@ Construction of stencils near 0€2.

Vaclav Kucera A new reconstruction-enhanced discontinuous Galerkin met



Finite volume method with reconstruction Continuous Problem

Space semidiscretization

'Standard’ FV

@ R must be constructed (and stored) for each K € .7},
independently (on unstructured meshes).

@ Stencil size impractical for N > 2.
@ Construction of stencils near 9Q2.
@ Explicit construction in 1D.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

'Standard’ FV

@ R must be constructed (and stored) for each K € .7},
independently (on unstructured meshes).

@ Stencil size impractical for N > 2.

@ Construction of stencils near 9Q2.

@ Explicit construction in 1D.
Spectral FV

@ All spectral volumes are affine equivalent = Ris
constructed and stored only on a reference configuration.
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'Standard’ FV

@ R must be constructed (and stored) for each K € .7},
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@ Stencil size impractical for N > 2.

@ Construction of stencils near 9Q2.

@ Explicit construction in 1D.
Spectral FV

@ All spectral volumes are affine equivalent = Ris
constructed and stored only on a reference configuration.

@ The construction of partitions of spectral volumes into
control volumes is not straightforward for higher N and 3D.
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Space semidiscretization

'Standard’ FV

@ R must be constructed (and stored) for each K € .7},
independently (on unstructured meshes).

@ Stencil size impractical for N > 2.

@ Construction of stencils near 9Q2.

@ Explicit construction in 1D.
Spectral FV

@ All spectral volumes are affine equivalent = Ris
constructed and stored only on a reference configuration.

@ The construction of partitions of spectral volumes into
control volumes is not straightforward for higher N and 3D.

@ No problems near boundaries.
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Finite volume method with reconstruction Continuous Problem

Space semidiscretization

'Standard’ FV
@ R must be constructed (and stored) for each K € .7},
independently (on unstructured meshes).
@ Stencil size impractical for N > 2.
@ Construction of stencils near 9Q2.
@ Explicit construction in 1D.
Spectral FV
@ All spectral volumes are affine equivalent = Ris
constructed and stored only on a reference configuration.

@ The construction of partitions of spectral volumes into
control volumes is not straightforward for higher N and 3D.

@ No problems near boundaries.
@ Explicit construction in 1D.
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Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

@ Discontinuous Galerkin method with reconstruction
@ Formulation
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Definition
Let v € L2(Q). Define by N?v the L2(Q)-projection of v on S7:

pvesSp (Npv—v,ef)=0, VejeS).
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Definition
Let v € L2(Q). Define by N?v the L2(Q)-projection of v on S7:

pvesSp (Npv—v,ef)=0, VejeS).

The basis of the FV schemes consisted of the identity
uK O+ / ((RD)®, (RT)®),n) dS = O(AN)

Since t(t) = N%u(t), we may view this as an identity for N%u(t).
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Definition
Let v € L2(Q). Define by N?v the L2(Q)-projection of v on S7:

pvesSp (Npv—v,ef)=0, VejeS).

The basis of the FV schemes consisted of the identity
uK O+ / ((RD)®, (RT)®),n) dS = O(AN)

Since t(t) = N%u(t), we may view this as an identity for N%u(t).

We shall generalize this relation from MYu(t) to NPu(t). J
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

We multiply our problem by an arbitrary ¢; € S7, integrate over
an element K € .7}, and apply Green’s theorem

dt/ (phdx+/ (u)-nef|, dS— / )-Vep dx =0.

Vaclav Kucera A new reconstruction-enhanced discontinuous Galerkin met



Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

We multiply our problem by an arbitrary ¢; € S7, integrate over
an element K € .7}, and apply Green’s theorem

dt/ (phdx+/ (u)-nef|, dS— / )-Veidx =0.
By summing over all K € .7}, and rearranging, we get

y /Kf(u).Vq)gdx:o.

Ke%,

dt/ Do dx+ ) /rf(U)'n[rpﬁ]dS—

Feﬁh
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

We multiply our problem by an arbitrary ¢; € S7, integrate over
an element K € .7}, and apply Green’s theorem

dt/ (phdx+/ (u)-nef|, dS— / )-Veidx =0.
By summing over all K € .7}, and rearranging, we get

y /Kf(u).Vq)gdx:o.

Ke%,

dt/ Do dx+ ) /rf(U)-n[q),Q’] ds—

Feﬁh
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

We multiply our problem by an arbitrary ¢; € S7, integrate over
an element K € .7}, and apply Green’s theorem

dt/ (phdx+/ (u)-nef|, dS— / )-Vep dx =0.

By summing over all K € .7}, and rearranging, we get

dt/ Mpu(t)ofdx+ Y /rf(u)-n[(p,’,’]dS— Y /Kf(u)-V(p,’,’dx:O.

re#, Ke,
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

We multiply our problem by an arbitrary ¢; € S7, integrate over
an element K € .7}, and apply Green’s theorem

dt/ (phdx+/ (u)-nef|, dS— / )-Vep dx =0.

By summing over all K € .7}, and rearranging, we get

dt/ﬂ fofdx+ ¥ /rf(u)-n[(p,’,’]dS—K;%/Kf(u)-V(p,’,’dx:o.

Fef/‘h

We assume, that there exists a piecewise polynomial function
UN(t) € SN such that

UN(x,t) = u(x,t)+ O(hV*"), vxeQ,Vte(0,T).

Vaclav Kucera A new reconstruction-enhanced discontinuous Galerkin met



Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Again, we introduce a numerical flux H(u, v,n):

[f(w)-nigfids ~ [ Hu®,u®).n)igflas.
r r
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Again, we introduce a numerical flux H(u, v,n):

[f(w)-nigfids ~ [ Hu®,u®).n)igflas.
r r

Definition

bu(u.9) = [ HW®O,uP miglds— ¥ [ f(u)-Veax
Fh Keg, K
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Formulation
Theoretical results and numerical experiments

Discontinuous Galerkin method with reconstruction

Again, we introduce a numerical flux H(u, v,n):

[f(w)-nigfids ~ [ Hu®,u®).n)igflas.
r r

Definition

bi(u, @) = /ﬁj H(u®, u® n)[g] dS — / )-Vodx.
h Ke9,

Lemma
The projections Myu(t) of the exact solution satisfy

| A\

o}
5 (Mhu(®), 07) +bn(U5 (D), 07) = O(H"* D197l (), Ver € S

4
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Definition (DG Reconstruction problem)

Let v: Q — R be sufficiently regular. Given M7v € Sy, find
vl € SN such that v — vV = O(hN+1) in Q.

We define the corresponding reconstruction operator
R:S!— SN by RMJv :=v).
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Definition (DG Reconstruction problem)

Let v: Q — R be sufficiently regular. Given M7v € Sy, find
vl € SN such that v — vV = O(hN+1) in Q.

We define the corresponding reconstruction operator
R:S!— SN by RMJv :=v).

Definition (Reconstructed DG scheme)
We seek uj € Sf such that

d
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Definition (DG Reconstruction problem)

Let v: Q — R be sufficiently regular. Given M7v € Sy, find
vl € SN such that v — vV = O(hN+1) in Q.

We define the corresponding reconstruction operator
R:S!— SN by RMJv :=v).

Definition (Reconstructed DG scheme)
We seek uj € Sf such that

d

Lemma
The exact solution u satisfies

d
o (Mhu(?), 08) + ba(RMFu(1), @) = O(W 1) [ @7l 2(c-
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

The exact solution u satisfies

d
o (Mhu(?), 05) + b (RMRu(1), @) = O(W 1) @7l 2(c-

Vaclav Kucera A new reconstruction-enhanced discontinuous Galerkin met



Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

The exact solution u satisfies

d
o (Mhu(?), 05) + b (RMRu(1), @) = O(W 1) @7l 2(c-

@ This indicates, that we may expect
lu(t) - Rup(t)l| = O(hV),
although, in principle, we have only

lu(t) = ur(D)]| = O(h").
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The exact solution u satisfies

d
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@ This indicates, that we may expect
lu(t) - Rup(t)l| = O(hV),
although, in principle, we have only

lu(t) = ur(D)]| = O(h").

@ This is confirmed by numerical experiments.
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Analogy of 'standard’ FV reconstruction operator

Reconstruction stencil

For each K € .9, we choose the reconstruction stencil S C 9},
usually some neighborhood of K.
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Analogy of 'standard’ FV reconstruction operator

Reconstruction stencil

For each K € .9, we choose the reconstruction stencil S C 9},
usually some neighborhood of K.

For each K € .7, we seek a polynomial ps, € PN(Sk), s.t.

VK’ € SK.

(MAPs,) [ = Uhl o

Finally, we define (Ruy)|k := ps, |k for all K € .
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Analogy of 'spectral’ FV reconstruction operator

Spectral and control volumes

Let .75 be a partition of Q into simplices S € .7,°, called
spectral volumes. The DG triangulation .7 is formed by
subdividing each S € 7,5 into so-called control volumes K C S.
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Formulation
Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Analogy of 'spectral’ FV reconstruction operator

Spectral and control volumes

Let .75 be a partition of Q into simplices S € .7,°, called
spectral volumes. The DG triangulation .7 is formed by
subdividing each S € 7,5 into so-called control volumes K C S.

For each spectral volume S € 7,° we seek ps € PN(S), s.t.

VK CS,Ke .

(NAps) | = uhlx

Finally, we define (Ruy)|x := ps|k for all K C S.

Vaclav Kucera A new reconstruction-enhanced discontinuous Galerkin met



Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

'Standard’ FV

@ Stencil size need not be increased! To obtain higher orders
we simply increase n.
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'Standard’ FV

@ Stencil size need not be increased! To obtain higher orders
we simply increase n.

@ R must be constructed (and stored) for each K € 7},
independently (on unstructured meshes).
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Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

'Standard’ FV

@ Stencil size need not be increased! To obtain higher orders
we simply increase n.

@ R must be constructed (and stored) for each K € 7},
independently (on unstructured meshes).

@ Construction of stencils near 91.
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'Standard’ FV

@ Stencil size need not be increased! To obtain higher orders
we simply increase n.

@ R must be constructed (and stored) for each K € 7},
independently (on unstructured meshes).

@ Construction of stencils near 092.
Spectral FV

@ The number of control volumes need not be increased! To
obtain higher orders we simply increase n.
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Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

'Standard’ FV

@ Stencil size need not be increased! To obtain higher orders
we simply increase n.

@ R must be constructed (and stored) for each K € 7},
independently (on unstructured meshes).

@ Construction of stencils near 092.
Spectral FV

@ The number of control volumes need not be increased! To
obtain higher orders we simply increase n.

@ All spectral volumes are affine equivalent = Ris
constructed and stored only on a reference configuration.
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'Standard’ FV

@ Stencil size need not be increased! To obtain higher orders
we simply increase n.

@ R must be constructed (and stored) for each K € 7},
independently (on unstructured meshes).

@ Construction of stencils near 092.
Spectral FV

@ The number of control volumes need not be increased! To
obtain higher orders we simply increase n.

@ All spectral volumes are affine equivalent = Ris
constructed and stored only on a reference configuration.

@ No problems near boundaries.
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Reconstructed DG vs Standard DG
@ Test functions only of order n as opposed to N.

Vaclav Kucera A new reconstruction-enhanced discontinuous Galerkin met



Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Reconstructed DG vs Standard DG
@ Test functions only of order n as opposed to N.
@ Fewer quadrature points, flux evaluations.
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Reconstructed DG vs Standard DG
@ Test functions only of order n as opposed to N.
@ Fewer quadrature points, flux evaluations.

@ CFL condition permits larger time steps. Mass matrices of
order nx ninstead of N x N.
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Reconstructed DG vs Standard DG
@ Test functions only of order n as opposed to N.
@ Fewer quadrature points, flux evaluations.

@ CFL condition permits larger time steps. Mass matrices of
order nx ninstead of N x N.

@ The reconstruction procedure is problem-independent.
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Reconstructed DG vs Standard DG
@ Test functions only of order n as opposed to N.
@ Fewer quadrature points, flux evaluations.

@ CFL condition permits larger time steps. Mass matrices of
order nx ninstead of N x N.

@ The reconstruction procedure is problem-independent.
The von Neumann neighborhood allows us to reconstruct:

e 1D: S"2 from S].

@ 2D: S2™1 from SJ.
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@ Discontinuous Galerkin method with reconstruction

@ Theoretical results and numerical experiments
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Definition (Reconstructed DG scheme)

We seek u € SJ such that

,<p/:) T by(RUM @) =0, Vel € SL.
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Definition (Reconstructed DG scheme)

We seek u € SJ such that

Un,k+1 _ Un7k
(.08 +bu(RUF o) =0, vofeSh

Definition (Auxiliary DG scheme)

We seek u* € SN such that

Nk+1 . Nk

o) + bn AT gt =0, vl e S

A
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Definition (Reconstructed DG scheme)

We seek u € SJ such that
up upy

n,k+1 n,k
<1_kh7q)ll77> +bh(Rug7k7(Plr77) — o, V(P/q € S,,;

A\

Definition (Auxiliary DG scheme)

We seek u* € SN such that

u,”  —uy’

N, k+1 N.k
( Tk

,<th) +by(RMAuN o) =0, Vol e SY.

Lemma

| \

nhuh

\
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Therefore, error estimates for the reconstructed DG scheme
may be derived from estimates for the auxiliary problem
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Discontinuous Galerkin method with reconstruction

Therefore, error estimates for the reconstructed DG scheme
may be derived from estimates for the auxiliary problem

Definition (Auxiliary DG scheme)

We seek u)* e SN such that

N, k+1 N,k
u,’ —u,’
(hrkh"f’/vv> +bn(RMAup " @) =0, Vo e S).

Vaclav Kucera A new reconstruction-enhanced discontinuous Galerkin met



Formulation

Discontinuous Galerkin method with reconstruction Theoretical results and numerical experiments

Therefore, error estimates for the reconstructed DG scheme
may be derived from estimates for the auxiliary problem

Definition (Auxiliary DG scheme)

We seek u)* e SN such that

Nk+1 . Nk
(Uh — Uy

U gf) + (TR o) =0, vl e Sf.

This is similar to the standard DG scheme
Definition (Standard DG scheme)

We seek " € SN such that

NKk+1 =Nk
(Uh — Uy

Tl ) + on % ot =0, vl e S
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Therefore, error estimates for the reconstructed DG scheme
may be derived from estimates for the auxiliary problem

Definition (Auxiliary DG scheme)

We seek u)* e SN such that

N, k+1 N.k
ug T —uy
(Lol + on AR ) =0, vl

This is similar to the standard DG scheme
Definition (Standard DG scheme)

We seek " € SN such that

NKk+1 =Nk
(Uh — Uy

Tl ) + on % ot =0, vl e S
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Therefore, error estimates for the reconstructed DG scheme
might possibly be derived from standard DG estimates and a
thorough understanding of the operator RMY : L2(Q) — S}.
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Therefore, error estimates for the reconstructed DG scheme
might possibly be derived from standard DG estimates and a
thorough understanding of the operator RMY : L2(Q) — S}.

Lemma

Letv e HN*'(Q),v, € SN. Then

lv—ROAV| 20y < CHN V] i gy,

: N
IVh — RMpVa|l 20 SCWE,J{,'L(Q) (M Wl s ) + [V = Wl 20 )
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Therefore, error estimates for the reconstructed DG scheme
might possibly be derived from standard DG estimates and a
thorough understanding of the operator RMY : L2(Q) — S}.

Lemma

Letv e HN*'(Q),v, € SN. Then

lv—ROAV| 20y < CHN V] i gy,

: N
IVh — RMpVa|l 20 SCWE,J{,'L(Q) (M Wl s ) + [V = Wl 20 )

@ Holds for the "spectral volume” construction of R.
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Therefore, error estimates for the reconstructed DG scheme
might possibly be derived from standard DG estimates and a
thorough understanding of the operator RMY : L2(Q) — S}.

Lemma

Letv e HN*'(Q),v, € SN. Then

lv—ROAV| 20y < CHN V] i gy,

: N
IVh — RMpVa|l 20 SCWE,J{,'L(Q) (M Wl s ) + [V = Wl 20 )

@ Holds for the "spectral volume” construction of R.

@ Holds for the "standard” construction of R for special
(trivial) cases.
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Therefore, error estimates for the reconstructed DG scheme
might possibly be derived from standard DG estimates and a
thorough understanding of the operator RMY : L2(Q) — S}.

Lemma

Letv e HN*'(Q),v, € SN. Then

lv—ROAV| 20y < CHN V] i gy,

: N
IVh — RMpVa|l 20 SCWE,J{,'L(Q) (M Wl s ) + [V = Wl 20 )

@ Holds for the "spectral volume” construction of R.

@ Holds for the "standard” construction of R for special
(trivial) cases.

@ Based on a very general Bramble-Hilbert lemma.
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Therefore, error estimates for the reconstructed DG scheme
might possibly be derived from standard DG estimates and a
thorough understanding of the operator RMY : L2(Q) — S}.
Lemma

Letv e HN*'(Q),v, € SN. Then

v —RNRV] 20y < CAN |V o Q)

: N
IVh — RMpVa|l 20 SCWE,J{,'L(Q) (M Wl s ) + [V = Wl 20 )

@ Holds for the "spectral volume” construction of R.

@ Holds for the "standard” construction of R for special
(trivial) cases.

@ Based on a very general Bramble-Hilbert lemma.
@ Estimate #2 nice, but useless.
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Numerical experiments

| N [ llenll=@y @ |llenllizey @ |lenlmz) @
4 9.30E-01 — 6.23E-01 — 4.05E+00 —

8 2.22E-01 2.07 | 1.55E-01 2.00 | 1.29E+00 1.65
16 | 3.25E-02 2.77 | 2.21E-02 2.81 | 2.47E-01 2.38
32 || 4.09E-03 2.99 | 2.82E-03 297 | 4.63E-02 2.41
64 | 5.07E-04 3.01 | 3.53E-04 3.00 | 9.46E-03 2.29
128 | 6.31E-05 3.01 | 4.41E-05 3.00 | 2.10E-03 2.17
256 || 7.86E-06 3.00 | 5.50E-06 3.00 | 4.91E-04 2.10

Table: 1D advection of sine wave, P° elements with P2
reconstruction.
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Numerical experiments

| N [ Tlenlli= @ [llenllize) @ |[lenlwz «
4 | 5.82E-03 - 3.49E-03 - 3.65E-02 -
8 || 753E-05 6.27 | 4.43E-05 6,30 | 1.06E-03 5,11
16 | 9.07E-07 6.38 | 5.95E-07 6,22 | 3.58E-05 4,89
32 || 1.82E-08 5.64 | 8.70E-09 6,10 | 1.16E-06 4,95
64 | 3.41E-10 5.74 | 1.33E-10 6,03 | 3.67E-08 4,98

Table: 1D advection of sine wave, P! elements with P°
reconstruction.
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Numerical experiments

| N | Tlenlli=y @ [llenlliziey @ [lenlwoz «
4 || 2.90E-03 — 1.85E-03 — 1.63E-02 —

8 || 7.75E-06 8.55 | 3.56E-06 9.02 | 1.03E-04 7.30
16 | 2.10E-08 8.53 | 6.64E-09 9.07 | 4.34E-07 7.89
32 || 7.21E-11  8.18 | 4.02E-11 7.37 | 1.76E-09 7.94

Table: 1D advection of sine wave, P2 elements with P8
reconstruction.
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Thank you for your attention |
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