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Classical formulation: u € C?(Q) N C°%(Q)

—Au=f inQ
u=0 on 0

Weak formulation: u € H}(Q)
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Galerkin formulation: up, € Vi, C H3(Q)

a(uhp, Vhp) = F(Vhp) Vvhp € Vhp



Galerkin method

Galerkin formulation: up, € Vi, C H3(Q2)
a(uhp, Vhp) = F(Vhp) Vvhp S Vhp

{1,92,...,on} — basis of Vi,



Galerkin method

Galerkin formulation: up, € Vi, C H3(Q2)
a(uhp, Vhp) = F(Vhp) Vvhp S Vhp

{1,92,...,on} — basis of Vi,

N
Upp = E Cipi
i=1



Galerkin method

Galerkin formulation: up, € Vi, C H3(Q2)
a(uhp, Vhp) = F(Vhp) Vvhp S Vhp

{1,92,...,on} — basis of Vi,

N
Upp = E Cipi
i=1

N
a(chwi,wj) = Flg) j=12,...,N
i=1



Galerkin method

Galerkin formulation: up, € Vi, C H3(Q2)
a(uhp, Vhp) = F(Vhp) Vvhp S Vhp

{1, 02,...,¢n} — basis of Vi,
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Galerkin method

Galerkin formulation: up, € Vi, C H3(Q2)
a(uhp, Vhp) = F(Vhp) Vvhp S Vhp

{1, 02,...,¢n} — basis of Vi,
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Upp = E Cipi
i=1
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Finite Element Method

The lowest order approximation
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The second order approximation
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The second order approximation
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Finite Element Method

The third order approximation
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Finite Element Method

The third order approximation
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The variable order approximation (hp-FEM)
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Finite Element Method

The variable order approximation (hp-FEM)

Vip = {Vip € H3(Q) : Viplk, € PPI(K:),i = 1,2,...
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h = maxdiam(K;)
_ <
lu— uppll < C(u)h N = Npor = dim Vi,

Example:  u(x) = sin(77x?)exp(x)  x € (0,1)
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h-FEM convergence history
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p-FEM convergence history
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h-FEM and p-FEM convergence comparison
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Adaptivity

ok wh =

Solve the problem on the given mesh.

Estimate error on each element.

If error tolerance achieved then stop.
Mark elements with big error.

Adapt marked elements.

Go to 1.
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Solve the problem on the given mesh.

Estimate error on each element. A number on each element.
If error tolerance achieved then stop.

Mark elements with big error. If ||eg| > £2VE.

AN

Adapt marked elements.
Split the element into two!!!
—> A

6. Go to 1.
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h-adaptive FEM convergence history
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p-adaptivity {“@/

Solve the problem on the given mesh.

Estimate error on each element. A number on each element.
If error tolerance achieved then stop.

Mark elements with big error. If ||eg|| > £2V&.

o L=

Adapt marked elements.
Increase polynomial degree!!!
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I;| —> Ip—|
6. Go to 1.
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p-adaptive FEM convergence history
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hp-adaptivity

o L=

Solve the problem on the given mesh.

Estimate error on each element. A function on each element!!!
If error tolerance achieved then stop.

Mark elements with big error. If ||eg|| > £2V&.

Adapt marked elements.

Split the element and modify polynomial degrees!!!

p p+1
| P

Go to 1.
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hp-adaptive FEM convergence history
|u— uppl| < Ciexp(—Cov/Npor)
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Adaptive FEM convergence comparison
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Problem with singularity
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Problem with singularity
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Internal layer

u(x) = arctan(100x) — #(x),

where ¢(x) is linear such that u(—1) = u(1) = 0.
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Conclusions

» h-FEM
» Algebraic convergence.
» p-FEM
» Exponential convergence if u is smooth.
» Algebraic convergence if u has singularities.
» hp-FEM
» Exponential convergence even if u has singularities.
» Technically much more involved then h- or p-FEM.
» Open problem: optimal choice of the best adaptive possibility
p p+1
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