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Diffusion-Reaction Problem

» Classical —Au+r?u=f inQ, u=0 ondQ
» Weak
ueV=HQ): B(u,v) = (f,v) VveV
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/Vu-Vv—l—/{2uvdx / fv dx
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» FEM

up € Vy C V. B(uh, Vh) = (f, Vh) Vv, € V)




Diffusion-Reaction Problem

Classical —Au+r?u=f inQ, u=0 ondQ
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» Maximum Principle

fF>0in2 = wu>0inf

» FEM

up € Vh CcV: B(uh, Vh) = (f, Vh) Vvh S Vh

v

Discrete Maximum Principle (DMP)

fF>0inQ = u,>0inQ



Discrete Maximum Principle — Lowest-Order FEM
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1D — interval:

2D — triangles:

2D - rectangles:

3D - tetrahedra:

3D - bricks:
3D — prisms:
3D - pyramids:

KZh?2 <6

k2| T| < 6 cot rmax

1/v/2 < a/b<+/2 (nonnarrow, x = 0)

K2aja; < 20 cos(F;, Fj)
cube and Kk =0
today
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Right Triangular Prismatic Element
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Right Triangular Prismatic Mesh

» P=T x|

» 7} ... prismatic mesh



Right Triangular Prismatic Space

» P=T x|
» 7} ... prismatic mesh

3 2
> Vo= {0 e HQ): wlx,y.2)lp =D D ophilx,1)(2)

i—1 j—1
where P € Tj, P = T x I, o5 € R, A € PX(T), (; € IP’l(/)}



Sufficient Condition for DMP
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» Condition (*): d{P) < dP) < dl(JP) for all P € 7j
» Theorem: Condition (x) = DMP



Angle Conditions

» Sufficient
aSnTal < arctan v/7 ~ 69.2952° and k = 0
= 3d(T) : Condition (x)

» Necessary
Condition (x) = aSJ;)X < arctan v/8 ~ 70.5288°
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Angle Conditions

» Sufficient
aSnTal < arctan v/7 ~ 69.2952° and k = 0
= 3d(T) : Condition (x)

» Necessary
Condition (x) = aSJ;)X < arctan v/8 ~ 70.5288°
» Remark
agnzl < arctan /7 ~ 69.2952° and #0
» 37} . Condition () with k =0

Mp_min{6<lﬂ_cotﬂ+wtv), 3<2Cm_\7|>}

v

d? 2 d?
» m? > max k2| T|/Mp
PeT}
» 7,7 ... m-fold uniform refinement of ’Thl

v

prisms in 7, satisfy Condition (x) with x # 0



Another Sufficient Condition
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» Condition (7): EITmax\tan aﬂax < d? < | Toin| tan ai’}n

» Condition (f) = Condition (%)

[ Tmax| _

|Tmin| o

» Condition () =



Idea of the proof

» Theorem: DMP < A" 1>0
Proof:

> up(y /thy

» Gp(x,y) ZZ USOI vi(y) O

i=1 j=1
» off-diag(A”) <0
= off-diag(A) = off-diag (Z AP) <0

PeT,
= A is M-matrix

= Al>0



Numerical Experiments

—Au=fin, u=0o0n0f

Qmin

Condition (1) |
Condition (%) 20|
A_l 2 0 15+
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