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Diffusion-Reaction Problem

I Classical −∆u + κ2u = f in Ω, u = 0 on ∂Ω

I Weak
u ∈ V = H1

0 (Ω) : B(u, v)︸ ︷︷ ︸∫
Ω
∇u · ∇v + κ2uv dx

= (f , v)︸ ︷︷ ︸∫
Ω

fv dx

∀v ∈ V

I FEM

uh ∈ Vh ⊂ V : B(uh, vh) = (f , vh) ∀vh ∈ Vh

I Discrete Maximum Principle (DMP)

f ≥ 0 in Ω ⇒ uh ≥ 0 in Ω
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Diffusion-Reaction Problem

I Classical −∆u + κ2u = f in Ω, u = 0 on ∂Ω

I Maximum Principle

f ≥ 0 in Ω ⇒ u ≥ 0 in Ω

I FEM

uh ∈ Vh ⊂ V : B(uh, vh) = (f , vh) ∀vh ∈ Vh

I Discrete Maximum Principle (DMP)

f ≥ 0 in Ω ⇒ uh ≥ 0 in Ω
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Discrete Maximum Principle – Lowest-Order FEM

I 1D – interval: κ2h2 ≤ 6

I 2D – triangles: κ2|T | ≤ 6 cotαmax

I 2D – rectangles: 1/
√

2 ≤ a/b ≤
√

2 (nonnarrow, κ = 0)

I 3D – tetrahedra: κ2aiaj ≤ 20 cos(Fi ,Fj)

I 3D – bricks: cube and κ = 0

I 3D – prisms: today

I 3D – pyramids: future
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Right Triangular Prismatic Element

A B

C

α β

γ

D E

F

d

I P = T × I

I Th ... prismatic mesh

I Vh =
{
ϕ ∈ H1

0 (Ω) : ϕ(x , y , z)|P =
3∑

i=1

2∑
j=1

σijλi (x , y)`j(z),

where P ∈ Th,P = T × I , σij ∈ R, λi ∈ P1(T ), `j ∈ P1(I )
}
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Right Triangular Prismatic Mesh

I P = T × I

I Th ... prismatic mesh

I Vh =
{
ϕ ∈ H1

0 (Ω) : ϕ(x , y , z)|P =
3∑

i=1

2∑
j=1

σijλi (x , y)`j(z),

where P ∈ Th,P = T × I , σij ∈ R, λi ∈ P1(T ), `j ∈ P1(I )
}
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Right Triangular Prismatic Space

I P = T × I

I Th ... prismatic mesh

I Vh =
{
ϕ ∈ H1

0 (Ω) : ϕ(x , y , z)|P =
3∑

i=1

2∑
j=1

σijλi (x , y)`j(z),

where P ∈ Th,P = T × I , σij ∈ R, λi ∈ P1(T ), `j ∈ P1(I )
}
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Sufficient Condition for DMP

A B

C

α β

γ

D E

F

d

I d
(P)
L =

(
2 cotα

(T )
max

|T |
− κ2

3

)−1
2

I d
(P)
U =

(
cotα

(T )
med + cotα

(T )
min

2 |T |
+
κ2

6

)−1
2

I Condition (?): d
(P)
L ≤ d (P) ≤ d

(P)
U for all P ∈ Th

I Theorem: Condition (?) ⇒ DMP
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Angle Conditions

I Sufficient
α

(T )
max ≤ arctan

√
7 ≈ 69.2952◦ and κ = 0

⇒ ∃d (T ) : Condition (?)

I Necessary

Condition (?) ⇒ α
(T )
max ≤ arctan

√
8 ≈ 70.5288◦

I Remark
α

(T )
max ≤ arctan

√
7 ≈ 69.2952◦ and κ 6= 0

I ∃T 1
h : Condition (?) with κ = 0

I MP = min

{
6

(
|T |
d2
− cotβ + cot γ

2

)
, 3

(
2 cotα− |T |

d2

)}
I m2 ≥ max

P∈T 1
h

κ2|T |/MP

I T m
h . . . m-fold uniform refinement of T 1

h
I prisms in T m

h satisfy Condition (?) with κ 6= 0
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Angle Conditions

I Sufficient
α

(T )
max ≤ arctan

√
7 ≈ 69.2952◦ and κ = 0

⇒ ∃d (T ) : Condition (?)

I Necessary

Condition (?) ⇒ α
(T )
max ≤ arctan

√
8 ≈ 70.5288◦
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α
(T )
med = π − α(T )

max − α(T )
min

(i) d
(P)
L ≤ d

(P)
U

(ii) α
(T )
med ≤ α

(T )
max

(iii) α
(T )
min ≤ α

(T )
med

I Remark
α

(T )
max ≤ arctan

√
7 ≈ 69.2952◦ and κ 6= 0

I ∃T 1
h : Condition (?) with κ = 0

I MP = min
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6

(
|T |
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− cotβ + cot γ

2

)
, 3

(
2 cotα− |T |

d2

)}
I m2 ≥ max

P∈T 1
h

κ2|T |/MP

I T m
h . . . m-fold uniform refinement of T 1

h
I prisms in T m

h satisfy Condition (?) with κ 6= 0
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Another Sufficient Condition

I Condition (†):
1

2
|Tmax| tanα

T Gh
max ≤ d2

i ≤ |Tmin| tanα
T Gh
min

I Condition (†) ⇒ Condition (?)

I Condition (†) ⇒ |Tmax|
|Tmin|

≤ 2
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Idea of the proof

I Theorem: DMP ⇔ A−1 ≥ 0
Proof:

I uh(y) =

∫
Ω

Gh(x , y)f (x) dx

I Gh(x , y) =
N∑

i=1

N∑
j=1

(A−1)ijϕi (x)ϕj(y) �

I off-diag(AP) ≤ 0

⇒ off-diag(A) = off-diag

∑
P∈Th

AP

 ≤ 0

⇒ A is M-matrix

⇒ A−1 ≥ 0
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Numerical Experiments

−∆u = f in Ω, u = 0 on ∂Ω

α

γ
α

γ

1 Condition (†)

2 Condition (?)

3 A−1 ≥ 0

4 no DMP

1

2
3

4

αmax

αmin
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