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A Posterior Error Estimates (AEE)

Definition
> flefl =7 (orflell <n, orn<]el)
> n:n(uhafagalz-hv'”)

Properties

> efficient and reliable Gy < |le| < Gn

» guaranteed bounds lell <n or n<]|e|
> robust (w.r.t. k?) G # G(x?) G # G(k?)
. n n
» asymptotically exact —— =1, =
h—0 [le]| T el
> local = Z 0

KeT,



Types of AEE

» Explicit residual: efficient, reliable, local
» Implicit residual:
» Hierarchical: lower bound, reliable, (global)
» Local Dirichlet: lower bound, reliable, local
» Local Neumann: efficient, upper bound, local
» Error Majorants: upper bound, global

v

Postprocessing: asymptotically exact, local

v

Quantity of interest: no energy norm



Model Problem

» Classical formulation: x = const. > 0

~Au+r2u=Ff inQCR?
u=0 onof

» Weak formulation:
V =HNQ), B(u,v)= / Vu- Vvdx+/ K2uv dx
Q Q

ueV: B(u,v)—/fvdx VveV
Q

» Linear triangular FEM:
Vi ={v, € V:vlk € PY(K), K cTp}

up € V- B(uh, Vh) —/ fvpdx Vv, € V,
Q




Notation

> e =u-—up

» Residual equation

ecV: B(e,v):/fvdx—B(uh,v) Vv eV
Q

> BK(u,v)—/ Vu-Vvdx—i—/ K2uv dx
K K

> \HVIII? = B(v,v)
Ivllk = Bk(v,v)

» Hi(K)={ve HY(K):v=00n0KNN} KEeT,



Local Neumann Problems

> ek € Hl{:(K) :

Bk(ek, V) _/ fvdx—BK(uh,v)—i—/8 gxvds Vv e H‘{:(K)
K K



Local Neumann Problems

> ek € HE(K) :

Bk(ek, V) _/ fvdx— Bk (up, v)+/ gxvds Vv e H‘{:(K)
K oK
» Remark:

—A(ek +up) + K2(ex +up) = f  in K
V(6K+uh)~nK:gK on aK\GQ
ek +u, =0 on 0KNON



Local Neumann Problems

> ek € Hl{:(K) :
Bk(ek, V) _/ fvdx— Bk (up, v)+/ gxvds Vv e H‘{:(K)
K oK

» Theorem: If gk|y + gk+|y =0 for y = 0K N OK*
then [le* < > flexlk-

KeTy
» Proof: e = u— uy

B(e,v) = Z (/K fvdx — Bk (up, v) + /E)K gdes>

1

= > Bk(ek,v) < (Z |||6K|||?<> vl

KeTy, KeTy

O



Local Neumann Problems

> ek € Hl{:(K) :
Bk(ek, V) _/ fvdx— Bk (up, v)+/ gxvds Vv e H‘{:(K)
K oK

> Theorem: If gic = du/dnk then [le® = D [lexlk-
KeTy
» Proof:

» K2>0 = u=cex+u

~Alex +up) +K%(ex +up) =f  inK
V(ek + up) -ng = g on 9K \ 90
ek +u, =0 on 0K NN

» k2=0 = u=¢cx+up+ Cx and lu— unllk = llexllx
O



Local Neumann Problems

> ek € Hl{:(K) :

Bk(ek, V) _/ fvdx—BK(uh,v)—i—/8 gxvds Vv e H‘{:(K)
K K

» Standard choice of gk:
> 8kly +8k+ly =0

0
> gkly € PY(Y), Yy COK, KETh, gk =~ 8:11’: on 0K

» equilibration condition



Non-robustness

lell> < > llexlix

KeT,
Example (M.A.+1.B. 1999)
—u" 4+ K?u=cosmx in(—1/2,1/2) u(x) = 21X
w2 4+ K2
u(£1/2) =0

£ (g™ l(gle™t)

1 1.00 1.00

10! 1.00 1.00

. 102 1.00 1.00

103 1.03 1.00

104 2.73 1.00

10° 8.08 1.00

100 25.37 1.00




Construction of Fluxes

First order equilibration: 5
ilib
0=/ f@de—BK(Um(Pi)JF/ g Cpids ©1
K oK

@i ... basis of PY(K) N HE(K).

-—

Ty
Robust fluxes:

0%/ fe,-dx—BK(u,,,e,-)+/ g/ePusty; ds
K oK

0; =~ Epj; ... approximate minimum
energy extension of ;

Ev € HY(K):

Ev=vonodK

Bk(Ev,w) =0 Vw € H}(K) T




Estimation of Local Errors
ex € HE(K), v € HL(K),

Bk(ek,v) = / fvdx — Bk(up, v)
K

—i—/ gxvds
K



Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

k(ek, v /fvdx—BK Up, V)
K

—i—/ gxvds
K

+/d|vydex+/yK-Vvdx—/ YK -ngvds
K oK

=0




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

k(ek, Vv / fvdx — Bk (up, v)
K

—i—/ gxvds
K

+/d|vydex+/yK-Vvdx—/ YK -ngvds
K K oK




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

k(ek, Vv /fvdx/Vuh~Vvdx//<;2uhvdx
K JK K
—i—/ gxvds
oK

+/d|vydex+/yK-Vvdx—/ YK -ngvds
K K oK




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

k(ek, Vv /fvdx/Vuh~Vvdx//<;2uhvdx
K JK K
—i—/ gxvds
oK

+/d|vydex+/yK-Vvdx—/ YK -ngvds
K K oK




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

Bk(ek,v) = / fvdx—/Vuh~Vvdx//<;2uhvdx
K K K
—i—/ gxvds
oK

—I-/ divydex+/yK-Vvdx—/ YK -ngvds
K K oK

r=1f—Kup




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

Bk(ek,v) = / (r+divyK)vdx—/Vuh-Vvdx
K K

—i—/ gxvds
K

—i—/yK-Vvdx—/ YK -ngvds
K oK

r=1f—Kup




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

Bk(ek,v) = / (r+divyK)vdx—/Vuh-Vvdx
K K

+ / grkvds
JOK

—i—/yK-Vvdx—/ YK -ngvds
K oK

r=1f—r2up

Yk Nk =gk on 0K\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

Bk(ek,v) = / (r+divyK)vdx/ Vup - Vvdx
K K

+ / yk - Vvdx
K

r=1f—r2up

Yk Nk =gk on 0K\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

1
Bk(ek,v) = / —(r +divyk)rvdx
K

K

+ /(yK — Vup) - Vvdx
JK

r=1f—r2up

Yk Nk =gk on IK\ 0Q



Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

1 .
Bk(ek,v) < H (r+divyk)

K

[[#vlo,x
0,K

+ /(yK —Vup) - Vvdx
K

r=1f—r2up

Yk -k =gk on IK\ 0Q



Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2 1 ,
+ 5 Ikvilo

141 .
Bk(ek,v) < = H(r + divyk)
2k 0.K

+ /(yK — Vup) - Vvdx
K

r=1f—r2up

Yk Nk =gk on IK\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2 1 ,
+ 5 Ikvilo

141 .
Bk(ek,v) < = H(r + divyk)
2k 0.K

+llyk = Vunllok IVl k

r=1f—r2up

Yk Nk =gk on IK\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2 1 ,
+ 5 Ikvilo

141 .
Bk(ek,v) < = H(r + divyk)
2k 0.K

1 2 1 2
+t5 lyk — Vunllo x + 5 IVviio k

r=1f—r2up

YKk Nk =gk on IK\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2 1 ,
+ 5 kv o,k

141 .
Bk(ek,v) < = H(r + divyk)
2k 0.K

1
+§”YK VUhHOK+ HVVHOK

r=1f—r2up

yK nK—gK on 8K\6Q

1
HF&VIIOK+ HVVIIOK SVl




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2

141 .
Bk(ek,v) < = H(r + divyk)
2k 0.K

1 , 1
T3 lyk — Vunllo x + §\HV|||%<

r=1f—r2up
yK nK—gK on 8K\6Q

HRVIIOK+ HVVIIOK H\Vllli




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2

11 .
Bk(ek,ek) < 5 Hﬂ(r—l—dlvyK)

0,K
1 , 1
+ 5 llyk = Vunllg x + Q\HWW%

r=1f—r2up

Yk -k =gk on IK\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2

111 .
lewl < 5 2+ vy

0,K
1 , 1
T3 lyk = Vunllg x + §“|5K|H%<

r=1f—r2up

Yk Nk =gk on IK\ 0Q



Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2

1 11
Yjewtz < X H(r+divyf<)
2 2l K 0.K

1
3 lyx — VUthQJ,K

r=1f—r2up

Yk Nk =gk on IK\ 0Q



Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

2

1 .
lewli < |2+ civye)

0,K

+ [lyk — VUhHg,K

r=1f—r2up

Yk Nk =gk on IK\ 0Q



Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

» Local estimate

2

+ llyk — Vunllp x = nk(yk)

1 .
lewl < | 2+ divy)
0,K

r=rf—r2up

YKk Nk =gk on IK\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

» Local estimate

2

+ llyk — Vunllp x = nk(yk)

1 .
Jexl? < H (r + divyx)
0,K

K
» Global estimate

llell? < > llexliic < D nik(yx)

KeT, KeT,

r=rf—r2up

YKk Nk =gk on IK\ 0Q




Estimation of Local Errors
ek € HE(K), v e HLK), yk € H(div,K),

» Local estimate

2

+ llyk — Vunllp x = nk(yk)

1 .
lewl < | 2+ divy)
0,K

> Theorem: If yx = V(up + ek) then [lex|lk = nk(yk).
» Proof:
» f— K2up +divyk = f — K2up + A(up + ek) = K2ex
> YK — Vuh = V&K
r=1f—r2up
YK - Nk = 8K onaK\aﬂ




Choice of yk: (i) Minimization
Minimize 0% (yx) over WP(K) C H(div, K)
WP(K) = {y € [PP(K)]* 1y - nk = g }
Wo(K) = {y € [PP(K)]*:y - nk =0}

yk =YX + ¥k, ¥% € WH(K)
¥k € [PYH(K)]? N WP(K) uniquely given

Find y% € WH(K) :

/divyoKdivwdx+/ r2y9w dx
K K

_—/ fdivwdx—/divyKdivwdx—/ k2§ w dx
K K K
Yw € W{(K)




Choice of yk: (ii) Explicit

» 0<rpk <1:  yik=¥k ¥k €[PHK)? ¥k nk =gk
> kpk > 1:

g (MY (x) (n = cot Tt + g, (xa)Ay(0n, x e T

. 8Ky (xa + xt)(1 = ky)n, xeQ
yk(x) = (R) WR (R)
gk ~(XR)AR (%) <n + cot 7t> + 8k ~(xB)Ag ' (x)n, x€ Tg
0, xe Ty

PRGN

/// TU \\
( . - S| PK
FwL FWR Il
K

/A1 ﬁ




On Robustness (k — o0)

» Robustness of ex (M.A.+1.B. 1999): lekllk < Gilellx

> Need:  mi(y) < Galleln, e,
2

% 1 .
lyk — V“h”(z),K + ”m(f — nzuh +divyk)

0,K
2 2
< & (IVexllyx + Inerld i)

> Yk =~ V(ek + up)
—divyy ~ —A(ek + up) = f — K%(ex + up)

fr~Ink in layer at 9K N OQ
> V(ek +up) =< gknk in layer at 0K \ 0Q
0 in T,




Numerical examples
—Au+rKu=f inQ

u=0 on0RQ
Example (A) Example (B)
Q=(-1/2,1/2)2 Q={(x,y):r<1}
f = cos(mx) cos(my) f=1 r=+/x2+y?

72 + K2 T Io()

_ cos(x) cos(ry) 1 ( L /o(m))




Results

nk(¥k)
Example (A)

K

lese

0
1073
1072
1071

2.76471
2.76471
2.76471
2.76480
2.77374
3.14938
1.39897
1.00964
1.00060
1.00006
1.000006

Example (B)

K lese

0 J—
1073  4.08953
1072 4.08952
1071 4.08838
1 3.95899
10  2.39917
10° 1.07185
103 1.00210
10*  1.00018
10° 1.000018

10°

1.0000018




Conclusions

—Au+r’u=Ff inQCR?
u=0 on 9o

2

1 o
TETTEDY (Hm(rm.vm

KeTy

+ llyx — VUhH%,K)
0.k

No constants
Completely computable
Guaranteed upper bound
Elementwise local
Robust for k2 € (0, 00)

vV v . v. v .Y
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