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Outline

» Primal problem:
—Au+r’u=f inQ, u=0 ondQ
» Dual problem:
—Vdivy+k’y=VFf inQ, —divy=Ff ondQ
» Error estimate:
lu = unll < n(un,yn) Yup €V Vy, € H(div,Q)

n*(un,yn) = ||s7H(F — K2up + divyp) Ho +llyn — Vunl3
» Case k=0

» Numerical examples



Primal Problem

Strong form.: —Au+r’u=f inQCR?
u=0 on o

Weak form.: wve V: B(u,v)=F(v) YveV
Lemma: f € L?(Q) = Vu € H(div,Q)

Notation:
- V= Hi()

> B(u,v):/Vu-Vvdx+//€2uvdx
Q Q

> F(v) :/ fv dx
Q
> IvI® = B(v, v)



Derivation of the estimate (x > 0)
Divergence theorem: v € HY(Q) y € H(div,Q)

/vdivydx+/y~Vvdx—/ vy -ndx =0
Q Q oN

B(u—uh,v):/fvdx—/Vuh-Vvdx—//-ﬁ2uhvdx veV
Q Q Q

+/vdivydx+/y-Vvdx
Q Q

= / e nzuh+divy)/<cvdx+/(y — Vup) - Vvdx
Q Q
< |[7HF = K2up + divy) g lkvilo + ly = Vusllo [V
B _ 1/2
< (HFL (f — K2up + divy) HO+ lly — Vg ) vl

Ju = unl < (72 = K2up + divy)[fg + lly = V| )



The estimator (x > 0)
— _ , 2
Definition:  17%(up,yp) = IE Y(f — K2up + div yh)HO + llyn — VuhHg

Theorem:  |Ju — up|| < n(up,yn) Yup € V. Vy, € H(div, Q)

Dual problem:

(A) Findy € W : n(up,y) < n(up,w) YweW

(B) Findy e W : B*(y,w) = F*(w) YweW
» W = H(div, Q)

> B*(yaw):/ﬁ2dlvydIVWdX—|—/yWdX
Q Q

> F(w) = —/ k2 f divw dx
Q

> Iwlf = B*(w, w)



Properties

> (A) = (B)
» Jly e W
»y=Vu
> 1(un,y) = llu = unll

v

n(u,yn) = ly — yall«

v

n?(un,y) +n?(u,yn) = 7%(un, yn)

v

llu — unll® + lly = yallZ = n*(un, yn)

u is primal solution; 'y is dual solution; wup € V;, y,eW



Method of hypercircle (x > 0)

Theorem: If
» u € V is primal solution
> up €V, y, € W arbitrary
> Oy = [k72(f + divys) + up]/2
> Gup = (yn+ Vup)/2
Then

_ _ 1
94— Ganl3 + sl — Bo)I3 = 7 (un,yi).



Poisson problem (x > 0)

|. Error majorants (Friedrichs’ inequality)

[I. Complementary approach (dual finite elements)



. Error majorants (k > 0)

Friedrichs’ inequality: ||v||, < Cq[|VVv|l, Vv eV

1/ 1 1\ 2
Remark: CQ§<+"'+> , QCax--xay
7\ |a| |ad|

B(u—uh,v):/(f—/<a2uh+div§)vdx+/(§—Vuh)-Vvdx
Q Q

< (Ca|f = K2up +divylly + Iy = Vuallo) IVl
lu = unll < 7(un,y) vy eW
M(un,y) = Cal|f - K2 up + diVyHO + 1y = Vsl

. - 12 -
7 (up,y) < 2C3 Hf — K2up + dlvyH0 + 2y - Vuh||8



Il. Complementarity approach (x > 0)

Definition:

Q(f,up) = {y e [L2(Q)]?: / y-Vvdx = /(f— K2up)vdx Vv e V}
Q Q

Definition:  7(un,Yn) = [[yn — Vupllg  for yn € Q(f, un)

Theorem:  |Ju — up|| < 17(up,yn)

Dual problem:
(A) Findy € Q(f, up) = 7(up,y) < n(up,w) Yw € Q(f, up)

(B) Findy € Q(f, un) : [lyllp < lwlly Yw € Q(f, up)
(C) Find § € Q(, up) : /'y-de:o Wi € Qo
Q

> Qo = Q(0,0)



Il. Complementarity: Properties (k > 0)

> (A) = (B) & (O
» Jly € Q(f, up)

» y=V2Z, where
eV /VE-Vvdx—/(f—nzuh)vdx Vv eV
Q Q

> [I9n — Vullg + llu — unll2. = 7% (un, ¥n)

2 2 2
IVIZ = IvI? + llsvlig = IV vl +2lkvily Vv eV

u is primal solution; 'y is dual solution; wup € V; yh € Q(f, up)



Il. Complementarity: Properties (k = 0)

v

z=u, |vl~=lvl

Vu

v
I

> (un,y) = [lu— sl

> 1(u,yn) = Iy = ¥allo

> ¥ = YI5 + lu— unll® = 77(un,¥)  Vyn € Q(F)
> 77(u,¥n) + 77 (un, ¥) = 17(un Y)Y € Q(f)

u is primal solution; Yy is dual solution; u, € V; Yy, € Q(f)



Il. Complementarity: Method of hypercircle (x = 0)

Theorem: If
» u € V is primal solution
> up € V, yp € Q(f) arbitrary

Then v v .
+ Vu ~
O L
0 —_—_—
1.
*U(Uth)

2



Galerkin solutions

Approx. primal: up € Vi, @ B(up, vp) = F(vp) Vvp € Vj
Approx. dual 1: yb* € WP* = B*(yb*, wp) = F*(wp)  VYwp, € WP
Approx. dual 2: yb* € WP - g*(?ﬁ*,wh) = ]?*(wh) Ywp, € WP
» V,={veV:v|lkecPYK), KecT,}
» Wi = {we W:wlk € [PP(K)9 KeT}

> g*(y,w):C%/divydivwdx—i—/y-wdx
Q Q

F*(w) = —q%/ﬂ f divw dx



Galerkin solutions

Dual problem 3: y =q+ curlz € Q(f, up) :
/y-de:o W € Qo
Q

ze HY(Q) : /curlz-curlvdx:—/q-curlvdx Vv € HY(Q)
Q Q

Approx. dual 3: yb = q+ curl z, :

thVf: /Vzh-Vvhdx:/q'curlvhdx VvaV,f
Q Q

> q:—F—i—/<52Uh: divq:—f—i—/ﬁ2uh
» Q(f,up) =q+Qo, Qo =curl HY(Q), curl=(8,,-01)"
> VP ={veH Q) : vk € PP(K), K € T}



Test 1

—Au+ru=Ff inQ
u=0 on o

> Q=(-1/2,1/2)?

05

> f = cos(mxy) cos(mxz)

cos(7xy) cos(mxz)
72 + K2

> Co = (1v2)™!

> U=

-0.5
-0.5 0 0.5




Test 1: [ withp, =1, p=1

K n(un,yt) 7 (uny3) 7 (unyp) 0™
0 — 1.782 1.410 1.782
1073 | 3.513-103 1.782 1.410 1.782
1072 | 3.513-10%> 1.782 1.409 1.782
1071 | 3.514-101 1.782 1.429 1.782
1 3.650 1.784 5.041-10' 1.784
10 1.058 1.889 5.343.10% 1.058
102 | 1.001 2.219-10' 9.066-10* 1.001
103 | 1.000 2.292.10% 1.458-10° 1.000
10* | 1.000 2.293-10% 1.705-107 1.000
10° | 1.000 2.293-10* 1.359-10% 1.000
10 | 1.000 2.293.10° 1.112-10° 1.000

ncomb _ min{”(“haYh)aﬁ(”thh)} for C§22f§2 > 1,
min{n(un, ¥n), 7(tn, Yn)} otherwise,



Test 1: I with p, =2, p=2,3

K n(uny2) 7 (uny2) 7 (uny2) 7 (unyi) npemP
0 — 1.161 1.008 1.000 1.161
1073 | 4.937-10° 1.161 1.008 1.000 1.161
1072 | 4.939-10' 1.161 1.009 1.000 1.161
1071 | 5.038 1.161 1.036 1.000 1.161
1 1.115 1.166 4.496-10' 1.003 1.166
10 1.001 1.640 4.763-103 1.131 1.001
102 | 1.000 1.732-10' 8.082-10* 5.752 1.000
103 | 1.000 1.771-10% 1.300-10° 5.744-10' 1.000
10* | 1.000 1.771-10% 1.520-107 5.744-10%> 1.000
10° | 1.000 1.771-10* 1.212-108 5.744-10% 1.000
10° | 1.000 1.771-10° 9.908-10% 5.744-10* 1.000



Test 2

“Au+ru=Ff inQ
u=0 onof2

> Q= {(x1,x):r <1}

» f=1 r=./x?+x3

1 / !
> u:<1— 0(m)> fork >0

K2 lo(k)
0.5
22
u=-"027"2 g0
4 0
» Cq = 1/71'

-1 -0.5 0 0.5 1



Test 2: [ withp, =1, p=1

K n(unyt) 0 (un,y3) 7 (unyp) 0™
0 — 1.092 1.708 1.092
10-3 | 1.000 1.092 1.708 1.092
10—2 | 1.000 1.092 1.708 1.092
10~ | 1.001 1.092 1.711 1.092
1 1.086 1.166 7.789 1.148
10 1.223 3.712 7.051-10' 1.223
102 | 1.021 2.641-10' 4.406-10% 1.021
10% | 1.000 2.579-10% 6.811-10% 1.000
10* | 1.000 2.579-10® 6.739-10* 1.000
10° | 1.000 2.579-10* 9.389-10° 1.000
10° | 1.000 2.579-10° 8.363-10° 1.000



Test 2: I with p, =2, p=2,3

K n(uny?) 0 (uny2) 7 (unys) 7 (unyp) npeom®
0 — 1.083 1.000 0.978 1.083
1073 | 0.978 1.083 1.000 0.978 1.083
1072 | 0.978 1.083 1.000 0.978 1.083
1071 | 0.978 1.083 1.002 0.978 1.083
1 0.976 1.093 6.642 0.978 1.049
10 1.013 1.674 6.098 - 101 1.402 1.013
102 | 1.011 9.805 3.821-102 8.219 1.011
103 | 1.000 9.539-10' 5.906-10% 7.996-10! 1.000
10* | 1.000 9.539-10% 5.845-10* 7.996-10% 1.000
10° | 1.000 9.539-10% 8.100-10° 7.996-10% 1.000
106 | 1.000 9.539-10* 7.250-10% 7.996-10* 1.000




Postprocessing: local algorithm for yy,

B(u—uh,v)—/(f—nzuh+divy)vdx+/(y—Vuh)-Vvdx
Q Q

= Z [/ kL (f—/{Zuh—I—divyK)/{vdx—l—/(yK—Vuh)-Vvdx
K

KeT, K

Nu = unl® < (" (un, v ) > i (un.yk)
KeTy,

7}2 (un, yk) = Hff f*ﬁ up + divygk) H0K+||YK VUhHg,K

> Yk Nk +yk- Nk =0 for KNK* =7
> yx constructed form Vuy, by

» equilibration of residuals (x small)
» robust modification (k big)



Test 1: Lg nvs. nlec

loc ( loc (

K n(un,yt) 1 (un,yk) | m(uny32) 0" (uny%)
0 N I I —
1073 | 3.513-10% 3.513-103 4.937-10% 4.937-107
1072 | 3.513-10%2 3.513-102 | 4.939-10' 4.939-10!

107! | 3.514-10* 3.516-10% | 5.038 5.12
1 3.650 3.78 1.115 1.46
10 1.058 1.60 1.001 1.49
102 | 1.001 1.52 1.000 1.24
10 | 1.000 1.37 1.000 1.17
10* | 1.000 1.35 1.000 1.17
10° | 1.000 1.35 1.000 1.17

10° | 1.000 1.35 1.000 1.17



Test 2: Lg nvs. nl°c

k| n(unyp) 1 (unyi) | 0 (unyg) 7" (un yi)
0 —_ N J— J—
10~3 | 1.000 1.05 0.978 1.05
10~2 | 1.000 1.05 0.978 1.05
1071 | 1.001 1.05 0.978 1.05
1 1.086 1.14 0.976 1.05
10 1.223 1.85 1.013 1.54
102 | 1.021 1.64 1.011 1.37
10 | 1.000 1.66 1.000 1.41
10* | 1.000 1.67 1.000 1.42
10° | 1.000 1.67 1.000 1.42
10° | 1.000 1.67 1.000 1.42




Conclusions

—Au+ru=Ff inQ
u=0 onoN

_ . 2
12 (un,yh) = || (F — 52up + divyn) ||+ llys — Vuslly  Vys € W
ﬁ(uh,%) = Cq Hf — R2Uh + div?hHO + H/y\h — VUhHO Yy, € W

1(un,Yn) = Ilyn — Vunllg  Vyn € Q(f, up)

» Guaranteed upper bounds

> Yn, Yh Yh approximations of dual problems

» Postprocessing: fast algorithms for y,, yn, ¥

» Efficient and robust (for kK — oo, Kk — 0, h — 0)

» up € V arbitrary (including algebraic error)
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