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For the the differential equations with deviating arguments

m

u™(t) = ij(t)u(j_l)(Tj (t)) +q(t) for a<t<b (1)

j=1
with the two-point boundary conditions
wa)=0 (j=1,...,m), w1 (b)
ua)=0 (i=1,...,m), w1 (b)

0 (j=1,...,n—m), 2)
0 (J=m+1,....,n). 3)

We are proved the Agarwal-Kiguradze type theorems which guarantee Fredholm'’s property
for problems (1), (2), and (1), (3). Moreover, we establish in some sense, the optimal sufficient
conditions of the solvability for problems (1), (2), and (1), (3).

Here n > 2, m is the integer part of n/2, —00 < a < b < 409, p;,q € Lis(|a,b]) (7 =
1,...,m), and 7;: |a,b[— ]a,b| are measurable functions. By uY~Y(a) (u"=1) (b)) we denote
the right (the left) limit of the function uU~V at the point a (b).

We use the following notations:

La,s(]a,b]) (L2 5(]a,b])) is the space of integrable (square integrable) with the weight (¢ —
a)*(b — t)? functions y: ]a, b| — R, with the norm

i = [ =00~ o) (HyHL;ﬂ = ([s-ar0-srie) 1/2) ;

M(Ja, b]) is the set of the measurable functions 7: ]a, b — ]a, b[;
L2 5(Ja, b)) (LZ(]a,b])) is the space of functions y € Lio(]a,b[) (Lioc(]a, b])) such that j €
Lo s(Ja, b)), where y(t) = fct y(s)ds,c = (a+b)/2 (y € Lao(Ja,b]), where y(t) = ftb y(s)ds);



I 1Iz2 ’B (Il - Iz2) denote the norm in Eg 5(]a, b)) (L2 (Ja, b)), and are defined by the equalities

s, s [ 6o [ wene) ] “aso <y
sos{[ fo-or( [ o] "2 ek

lylizz = maX{ {/at(s - a)“(/:y(é)dfde} " ra<t< b} :

C"=1m(la, b[) (C™=1™(]a, b])) is the space of functions y € C~*(Ja,b]) (y € C-'(Ja,b])) such
that [ [u™(s)[2ds < +oo.

When problem (1), (2) is discussed, we assume that when n = 2m, the conditions p; &
Lipe(Ja,b]) (j = 1,...,m), are fulfilled, and when n = 2m + 1, along with p; € L;..(]a, b]), the

conditions
a+b
< +00 t1 = 9

lim sup
t—b

-0t [ s

t1

are fulfilled. Problem (1), (3) is discussed under the assumptions p; € Lj..(]a,b]) (j =1,...,m).
A solution of problem (1), (2) (1), (3)) is sought in the space C"-™(]a, b[) (C"™(]a, b])).

By h;: Ja,b[ x]a,b[— Ry and f;: R x M(Ja,b]) = Cis(Ja,b] x]a,b]) (j = 1,...,m) we
denote the functions and operator, respectively defined by the equalities

ha(t, s) = / (€ — )™ 2 (—1)" ™y (€] dé |
s | [ <s—a>"—2mpj<§>d§\ G=2....m),
and
file,m)(t, s) = / t(& —a)" " |p; (§>|‘ / o (& — ¢)*mI)dg, mdf .
s ¢

1. Fredholm type theorems

Deﬁniiion 1. We s~aid that problem (1), (2) ((1), (3)) has the Fredholm’s property in the
space C"*(Ja, b[) (C"*(Ja, b])), if the unique solvability of the corresponding homogeneous
problem in this space, implies the unique solvability of problem (1), (2) ((1), (3)) for every

qc L%n—2m—2,2m—2(]a’ b)) (¢ € Z%n—Qm—2Ga7 b]))-

Theorem 1. Let there exist ay €|a,b], by € ag, b[, numbers l;; > 0, v; > 0, and functions 7; €
M(]a,b[) (k=0,1, 5 =1,...,m) such that

(t —a)*™ 7 hi(t,s) <ly; fora<t<s< a,

1 5
limsup(t — a)™ 2% f;(a, 7;)(t, s) < 400, ©)

t—a



(b—t)*" T hi(t,s) <ly; forby<s<t<b,

6
lim sup(b — t)m_%_mfj(b, 7;)(t, s) < 400, ©)
t—b
and
m )22m j+1
l 1 (k=0,1). 7
Z2m—1”2m 2]+1)'kj< ( 0.1) @)

Jj=1

Then problem (1), (2) has the Fredholm’s property in the space C™™(|a, b[) and exists the constant

' (m) ~
r, independent on q, such that ||u'™|| 2 < 7“Hq||L%n72m72’2m72.

Theorem 2. Let there exist ag € |a, b[, numbers ly; > 0, vo; > 0, and functions 7; € M(]a,b]) such
that condition (5) is fulfilled and
)22m Jj+1

2 2m—1” (2m —2j 4 1)!

]=1

T l()] < 1.

Then problem (1), (3) has the Fredholm’s property in the space C"~"™(]a, b]) and exists the constant

r, independent on q, such that ||u™ || < rllallz: .

2. Existence and uniqueness theorems

Theorem 3. Let there exist numbers t* €|a,b[, {;; > 0, ij >0,and y,; >0(k=0,1; 5=1,--+),
such that along with

i 2m—1 11( 2m—2]+1) (2m —2j = DNE2m = 3)!1\/2, ) 2
Y (G ikl PR il Uk A Y <1 ©)
—\ (2m - 1) 2m =27+ DIl (2m — 25 — DIN(2m — 31, /27y 2"

the conditions
(t —a)®™Ih,(t,s) <lo;, (t—a)" 9 V2f(a,7)(t,s) <oy fora<t<s<t

(b—t)>™Th,(t,s) <y, (b—t)" V2, 7;)(t,s) <1y; fort* <s<t<b

hold. Then for every q € f%nﬁmfl am—az(]a, b[) problem (1), (2) is uniquely solvable in the space
Cr=1m(la, b]).

Theorem 4. Let numbers {y; > 0, Zoj > 0,and vo; > 0 (j = 1,...,m) be such that conditions
(t —a)®™Ih(t,s) <loj, (t—a)™ 0 Y2f(a,7;)(t,s) <lo; fora<t<s<b,

and

m 2m J)22m J+1 l 22m—j—1(t* _ a)'yoj ZOj
Z + ; <1
(2m — )( 2m—2j+1) (2m — 25 — DH(2m — 3)!I1\ /27y,

Jj=1

hold. Then for every q € L2, ,,. ,(a, b]) problem (1), (3) is uniquely solvable in the space C"~%™(]a, b)).



To illustrate Theorem 3, we consider the second order differential equation with a deviat-
ing argument
u”(t) = p(t)u(r(t)) + q(t) (10)
under the boundary conditions
u(a) =0, wu(b)=0. (11)

Corollary 1. Let function T € M(]a, b]) be such that

26 b
0<7(t)—t < (t—a) fora<t<® 2
(b—a)s 2
26 a+b (12)
7
_(b—a)@'(b_t) <t—7() <0 for <t<b.
Moreover, let function p: |a, b — R and constants ko, k, be such that
272(b — a)?ko 277(b — a)bky
— <pi(t) < t<b 13
e—oi-op ="V = GonE—ap OS0E (1)

and 4kg + k1 < 3. Then for every q € zao(]a, b[) problem (10), (11) is uniquely solvable in the space
" (Ja, b))

Corollary 2. Let functions p: |a,b|— R, 7 € M(Ja,b]) and constants ko > 0, Ky > 0 be such that
along with (12) and (13) the inequalities

a0~ ) (22 20 pracics

and 4ky + k1 < 1 hold. Then for every q € an(]a, b[) problem (10), (11) is uniquely solvable in the
space C-*(Ja, b]).
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