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Introduction P77 point in

o solvable models with both continuous and point spectra

o explicit formulas for metric operators

o resolvent criterion for similarity to the self-adjoint
operator is applicable in a straightforward way
2005 Albeverio, Kuzhel
real spectrum is not sufficient for similarity to the

self-adjoint operator (quasi-Hermiticity)
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PT point interactions

o line L?(R) or finite interval (circle) L?(a,b)

2
o H= —[f?
o Dom(H) = AC! + boundary conditions at = 0 or

at x =a,b
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B V1 + beel® b b>0,c>—-1/b
B c V1 + bee ¢ ¢ € (—m, 7]
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Introduction P7 point interactions Surprising case Conclusions

o PT-symmetry: PT Hy) = HPT 1, Vi € Dom(H)
P-pseudo-Hermiticity: H* = PHP
o 7-self-adjointness: H* =THT

©

o 7-complex conjugation, P-parity

o continuous spectrum o.(H) = [0, 00)

o b=#0,c# 0 point spectrum - at most two eigenvalues
real if besin? ¢ < cos? ¢ or besin? ¢ > cos? and cos ¢ > 0

2002 Albeverio, Fei, Kurasov
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o L*(R) o PTHyp = HyPTv
OH¢:—;—;2 OH;;:H_qg
o Dom(Hy) = AC*(R) o Hy =PH,P
o P(0+) = ei%(O—) o H;; =THyT
P (0+) = e %9/ (0-), o Hy is closed
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P(0+) = e¥(0-)
Y'(0+) = e %9'(0-)

o ¢ = 0 - self-adjoint operator, no interaction

P(0+) = 4(0-), ¥'(0+) = ¢'(0-)

Petr Siegl



Introduction P7 point interactions Special cases Surprising case Conclusions

P(0+) = e¥(0-)
Y'(0+) = e %9'(0-)

o ¢ = 0 - self-adjoint operator, no interaction
P(0+) = ¥(0-), ¥'(0+) = ¢'(0-)
o ¢ # +7/2 - continuous spectrum [0, c0), no

eigenvalues, quasi-Hermitian
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Introduction P7T point interactions Special cases Surprising case Conclusions

P(0+) = e¥(0-)
¥'(0+) = e7 %y (0-)

o ¢ = 0 - self-adjoint operator, no interaction
P(0+) = 4(0-), ¥'(0+) = ¢'(0-)

o ¢ # +7/2 - continuous spectrum [0, c0), no
eigenvalues, quasi-Hermitian

o ¢ = £7/2 - SURPRISING CASE
$(0+) = £ip(0-), ¥'(0+) = Fig'(0-)
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o Hy is quasi-Hermitian:

OH; = H;0, 0,071 € B(H), © >0
© O =1 —isin¢gFgmP

(Psign f) (z) = signz f(x), P-parity
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Introduction P7 point interactions Special cases Surprising case Conclusions

o Hy is quasi-Hermitian:

OH; = H;0, 0,071 € B(H), © >0
© = I —isin ¢ PP

(Psignf) (x) = signz f(x), P-parity

©

o spectrum - only two eigenvalues 1 —sin ¢, 1 +sin ¢
0 ©>0, 671 B(H)

©H; = Hy0 is valid

© is not invertible if ¢ = +7/2 !

©

©
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o finite interval (—[,1) - interaction at z = 0, Dirichlet BC at =+
o discrete spectrum A, = (%)2 , n €Ny
= —idy I(— in 2T
o eigenfunctions Yon(@) (e. (z) + 9 ac)) Sm(zrllﬁ)ﬂ
Yoni(®) = (e90(z) — 9(—z)) cos P4V

0 O =s-Nmy_oo Y00 ¢j{($),)¢; = I —isin ¢ PsignP

o ¢n = P, eigenfunctions of H*
o limit [ — oo
0
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o $(0+) = i(0—), ¥/(0+) = —ia'(0—)

o Hy/p is PT-symmetric, P-pseudo-Hermitian, 7 -self-adjoint
o H;/Q = H_; /2, Hyj is closed

° OH7 ) = Hr/o®

0 © =1 —iPyeP, © > 0, O is not invertible !
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o P(0+) = iy(0-), ¢'(04) = —iy)'(0-)

o Hy/p is PT-symmetric, P-pseudo-Hermitian, 7 -self-adjoint
o H;/Q = H_; /2, Hyj is closed

° OH7 ) = Hr/o®

0 © =1 —iPyeP, © > 0, O is not invertible !

(*]

residual spectrum is empty
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o P(0+) = iy(0-), ¢'(04) = —iy)'(0-)

o Hy/p is PT-symmetric, P-pseudo-Hermitian, 7 -self-adjoint
o H;/Q = H_; /2, Hyj is closed

° OH7 ) = Hr/o®

0 © =1 —iPyeP, © > 0, O is not invertible !

(*]

residual spectrum is empty

o continuous spectrum [0, o)

©

point spectrum C \ [0, c0) !
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kx —kx
e, T < 07 (& , X < 0,
x E €Tr) =
Vil@) { ie=k® >0, #i() { ieks, x>0,
—ikz
e , <0,
X = .
() { ielk‘”, x > 0.

Yr € L2(R) for Rek > 0, o € L*(R) for Rek < 0,
(G € L*(R) for Rek =0 and Imk > 0
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o L(-Ll), H=-%;
o Dom(H) = AC(—1,1)

o 2 interactions - at z =0 and x = £l - 2 BC

©

at x = 0 - P7-symmetric interaction b = 0,¢ = 0

at x = +I - both self-adjoint and P7 -symmetric

©

interactions
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P7T point in ions Surprising case

Let Th, Ty € €(H) have non-empty resolvent sets. Let T, T be
extensions of a common operator Ty, with order of extension for
Ty being finite. Then Ty has compact resolvent if and only if Ty

has compact resolvent.
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(U — U(1) +i Lo(U + DT (1) = 0
l

o wa ion_ [ YO
M‘(w—)) e (—w'(—l>>

U is unitary matrix

»(0+) = e¥(0-)
¥'(0+) = e 799/ (0-)
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o discrete (A = k?) if ¢ # £7/2
cos ¢<P1(U) — 2ikLoPy(U) cos 2kl + k2L2P3(U) sin 2kl) +
+2ik L (U12 =+ w91 + i(u11 — U22) sin (b) =0

0o p==7/2
o empty if ujo + w9y £i(u11 — u) # 0
o entire C if u1g + ugy £i(ur; — uge) =0
Dirichlet U = —I, Neumann U = I, Robin U = al,a € R
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P(0+) = e¥19(0-)
¥'(0+) = e7 19/ (0-)

( () ) :B< (=) )
(1) (=)

B— ( v1+ b202€i¢2 by )

c2 V1 F bocgei¢2
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o discrete (A = k?) if

o ¢1 # ET/2, Py # £7/2
o ¢1 £ E7m/2,¢o = £7/2 and by # 0 or co #0

cos ¢ ((bzk2 — 02) sin 2kl + 2k+/1 + bacy cos ¢ cos le) +
+2k (\/ 1 + baca sin ¢ sin g — 1) =0.

o empty if ¢; = +7/2 and /1 + bacasings — 1 # 0
o entire C if ¢; = +7/2 and /1 + bacasingy — 1 =0
0bp=c=0

o empty if ¢ = +7/2 and ¢o # +7/2

o entire C if ¢1 = ¢o = £7/2
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P7T point in ions S £ Conclusions

o Spectral properties of P7-symmetric operators can be
very rich
o PT-symmetry, pseudo-Hermiticity, J-self-adjointness do
not guarantee non-empty spectrum, countable point
spectrum, spectral decomposition
o Examples of P7-symmetric point interactions
olineR-0=C, 0,=[0,00),0,=C\[0,00)
o finite interval (—I,1) - o0 = 0 versus 0 =0, = C

Petr Siegl



	Introduction
	PT point interactions
	Special cases
	Surprising case
	Conclusions

