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ntroduction ro-mode problem
00

Motivation

@ corresponds to the experimental observation of accelerated

expansion of the Universe
@ approximates the inflation period in the early Universe
@ positive cosmological constant
@ maximally symmetric solution

@ SOy (1,4) invariance

@ quantum elementary systems are associated with unitary

irreducible representations of SOq(1,4)
o classification of UIR 1961 Dixmier, 1963 Takahashi

@ unsolved problem - quantization of fields for II, o
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Structure of the talk

@ some de Sitter basics

(]

origins of “zero-mode problem” and possible ways out

(]

Gupta-Bleuler like quantization

e indecomposable representations on Krein space
o Gupta-Bleuler triplet in the standard form
o G-R-T construction

o description of cohomology

©

generalization of method to “higher” representations
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de Sitter basics >-mode problem
@®0000

de Sitter basics

@ hyperboloid embedded in a 4+1-dimensional Minkowski space M

My ={x € Ms; 2° =2 - & = nop z°2° = —H 2},
a,8=0,1,2,3,4, (nag) = diag(l,—-1,-1,-1,-1),

0 » 4 . .
z:= (z",Z,z") ambient coordinates
@ conformal coordinates

x=(H "tanp,(Hcosp) 'u), pe]— [ ues®

w\:}

il
2’
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de Sitter basics
(]

De Sitter group SOq(1,4)

©

SOp(1,4) (or Sp(2,2)) - ten parameters

o classification of representations using Casimir operators
@ in Dixmier notation, parameters p, q:

Co=(-plp+1) - (¢+1)(¢-2))L,
Cs= (—p(p+ (g — 1)I

@ p, q represent spin and mass

@ our interest - discrete scalar representations II, o p € N
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de Sitter basics A -mode problem

O@0C

Wave equatlon and modes

@ scalar representation g =0 = Cs =0

@ wave equation C2 = —p(p + 1)I

C» is proportional to Laplace-Beltrami operator on dS space

@ in conformal coordinates:

1
0= —0,,/g9" 8, = H” cos” pagp(cosf2 g) — H?cos® p As

Nz Pop
0? ) 1 0 1 9 1 92
A3 = —— +2cota— t 60 — —_—
27 da2 +aco *Ba tia sin? o 962 teo sin?a 09  sin? asin® 6 O¢?

Aj is Laplace operator on S°

@ solutions of wave equation - carrier space of the representation
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Introduction de Sitter basics Zero-mode problem

sle] lo

Wave equatlon and modes

@ separation of variables

[As+ L(L+1)]D(u) = 0,

d d
(cos* pd— cos” an + L(L+1)cos® p+ (p+2)(1 —p))x(p) = 0.

® D(u) = Yrim(u) = Cri 2k (sin oz)l ClL’Hl (cos @) Yim (0, ¢)
for (L,l,m) € Ng x Ng x Z with 0 <! < Land -l <m <.

X(p) = e PP (cos )Py F1 (1 — p, L — p+ 1; L + 2; —e~2%)
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de Sitter basics
[

Klein-Gordon inner product

@ solutions of wave equation ¢, (z) = X% (p)YLim (u)

@ Klein-Gordon inner product

@182 = 15 [ Bp0) B, alpu) du,
p=0

2 o sin@ da df d¢ is the invariant measure on S*

where du = sin
@ Klein-Gordon inner product is dS invariant (7 (g)-, 7(g)-) = (-, )

o we need (o7, , &7, ) =0 0w Spums

@ orthogonality is satisfied, normalization?
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Introduction « Sitter basics Zero-mode problem

Normalization

16| _» I'L+p+2)
Emf T H2 (D(p+2))°T(L —p— 1)
o forp=0and L =0: ||#Joo] =0

(]

o for p > 1 we have p(p + 1)(2p + 1)/6 zero norm solutions
@ origin of so-called “zero-mode” problem
@ no-go result by Allen, 1985

@ we need non-degenerate, SOy(1,4)-invariant set of modes
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Zero-mode problem
L]

Set of modes

(]

for p = 0: ¢ooo = g = const.

©

{bLim }L>0 is not dS invariant

(]

{éLim }L>0 is degenerate (for K-G product)
@ possible ways out:

o only O(4)-invariance aien 1985

o Gupta-Bleuler like quantization cazeau, Renaud, Takook 2000
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Introduction de Sitter basics mode problem izati Summary

Construction of carrier space

@ to obtain zero mode with non-zero K-G norm - add the second

solution of wave equation (L = 0)

H
Vg =5
. H 1 .
Ps = —io- (p+ 551n2p)

(]

¢() = ?,Z)g +ws/27 <w97w5> =1 = ||¢OH =1

{bLim}r>0 U {po} is non-degenerate and orthonormal

(]

©

{éLim}r>0 U {¢o} is not dS invariant!
@ it is necessary to include {¢rim}r>0 U {po}

Hd’leH < 07 H%H <0

(4

@ we change the notation {¢rim}tr>0 — {¥n}neng
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Introduction de Sitter basics Zero-mode problem G-B quantization

Construction of carrier space

@ dS invariant, non-degenerate carrier space H = Hy ® H_

He = { D entha| Y lenl < 00}

n€ENg n€&Ng
Ho={ > dutu| Y |dn|® < oo}
n€ENg n€ENg
@ subspaces
N = Crhg, g =1/2(xho +%)a llvgll = 0,
S = Cips, s = 1/(24) (3o — o), [4s]| = 0,
Kii={)_cathn| D> len|® < oo}, ln]l >0, n €N,
neN neN
Ko :={> dntn| > |dn|* < o0}, lvnl <0, neN
neN neN
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G-B quantization
o

Construction of carrier space

@ H is a Krein space

an o= ?/)n, ’I’LEN, Jqu = 7/)5
JPn = —¢n, neN, JPs 1= 1q

o P=I VY, €M, (¥, Jp) = (Jy,¢)

(-,+) == (-, J') is a positive inner product on H

e H=N@®;SBKsBsK_=(N+8)dKs dK-_
n.b. (g, vs) = 1

(]

(]
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Introduction de Sitter basics mode problem izati Summary

Gupta-Bleuler triplet

@ Gupta-Bleuler triplet

w3 —» T2 —> M1
Hs D He D Hi

@ Indecomposable representation

mi(g) ci2(g) cis(g)
m(g9) = 0 m(g9) coa(g)
0 0 m3(g)

o 7; is a representation on R; := H;y1/H,;

Hsz :=H and R1 := H1

Petr Siegl



Introduction basics Zero-mode problem G-B quantization

G-B triplet in the standard form

o definition by Araki (1985)

ﬂ'ft—>ﬂ'2—>ﬂ'1 }

Hz D Ha2 D Ha
@ 73 is a conjugate of m
Vg€ G, d€HT, ¥ € Hu, (af (97 )¢, ) = (b, m(9)¥)
o for mmcf

Hi=N, Hao=Hi =N®K_ Ky, H=Hs=N+S)dK_d Kk
R1 :N, RQZHQ/leKf@’Cﬁ», R3:H3/H2§S

@ ’one particle sector’ (R2) contains also modes with negative norm
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Intro

Modified G-B triplet

»>-mode problem

@ structure of the G-R-T construction

T3 —» Ty —» 1
Hsz D Ha2 D Ha

@ 73 is not a conjugate of m

o N @ K4 is an invariant subspace

Hi=N, Ho=N®KyCH, H=Hs=N+S)dK_dK4
R1=N, RQZ/HQ/H12]C+, RQ,:/H?,/’HQZS@IC,

@ only modes with positive norm in ’one particle sector’ (R2)
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Introduction de Sitter basics mode problem izati Summary

Cohomology - definition

A representation 7 on H is called irreducible if there is no non-trivial closed

invariant subspace.

WCH, n(GIWCW = W=Ho W=0.

7 is called topologically indecomposable if there are no non-zero closed
invariant subspaces U and V of #H such that (U +V)1)r =H andUNV =0
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Introduction -mode problem G-B quantization Sumr

Cohomology - definitions

Let m1, w2 be representations on Hi, Hz. A function c¢(g1, ..., gn) of g € G
with values in .Z(H1, Hz), i.e. in the set of everywhere-defined linear
mappings from H; into Has, is called n-cochain. The set of all n-cochains is
denoted by C™ (71, m2).

The coboundary operation & (satisfying 62 = 0)

(0cn) (g1, -y gnt1) :=m2(g1)cn (g2, -, gn) + Z(‘U"Cn(gh vey §iGit 1 ooy Gnt1)
i=1

+ (_1)n+1c’n(g17 000y gn)ﬂ'l (gn+1),

where ¢, € C"(m1,m2),01,...,9n € G.
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Introduction de Si - basics Zero-mode problem izati Summar;

Cohomology - definitions

Cocycle:

Z™(m1,m2) == {cn €C™ ’567, =0}
Coboundary:

Bn(7T177T2) E= 50”71(71‘1,#2), BO(TI’177T2) =0
Cohomology:

H"(m1,7m2) := Z"(m1,72)/B" (71, 72)

Let ¢1 € C™ (w2, m3) and ca € C™ (w1, m2) we define X operation as

(c1 X c2)(g1, ooy Gmtn) = C1(g1, ..., gm)C2(Gmt1, e, Gmtn)

Petr Siegl



Introduction de Sitter basics c izati Summary

Cohomolo

o 5612 = 5623 =0

(] (5013 = —C12 X C23

@ H; does not have any invariant complement iff cio ¢ B (w2, m1).

o the existence of G-B triplet implies H' (w2, m1) # 0, H* (73, m2) # 0
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Introduction e Sitter basics Zero-mode problem 3 quantization Summary

Summary

@ Zero mode problem can be solved by Gupta-Bleuler like quantization
@ G-R-T construction is not Gupta-Bleuler triplet in the standard form

@ the existence of Gupta-Bleuler triplet can be formulated in

cohomological conditions

o the second solution (construction of ¢o)

o relation of G-R-T construction and Gupta-Bleuler triplet in the

standard form

@ can be the method for p = 0 extended to higher representations?
dim(N) > 1
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