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PT -symmetry

Origins

2
® Hamiltonian H = fdd? + iz3 has real, positive, discrete spectrum [BeBoos]
e original hypothesis - the reality of spectrum due to PT-symmetry

o [PT,H]=0

e parity P, (Py)(z) = 1(—2) _
e complex conjugation 7, (Tv)(z) = (z)

[BeBo98] 1998 Bender and Boettcher, Physical Review Letters 80.
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e original hypothesis - the reality of spectrum due to PT-symmetry

o [PT,H]=0

e parity P, (Py)(z) = 1(—2) _
e complex conjugation 7, (Tv)(z) = (z)

Simple observations

® PT-symmetry is not sufficient for real spectrum

® some P7T-symmetric operators are similar to self-adjoint or normal operators
Jo,07 ! € B(H): oHp™ ! is self-adjoint or normal

[BeBo98] 1998 Bender and Boettcher, Physical Review Letters 80.
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Origins

2
® Hamiltonian H = fdd? + iz3 has real, positive, discrete spectrum [BeBoos]
e original hypothesis - the reality of spectrum due to PT-symmetry

o [PT,H]=0

e parity P, (Py)(z) = 1(—2) _
e complex conjugation 7, (Tv)(z) = (z)

Simple observations

® PT-symmetry is not sufficient for real spectrum

® some P7T-symmetric operators are similar to self-adjoint or normal operators
Jo,07 ! € B(H): oHp™ ! is self-adjoint or normal

Aims
? spectrum of PT-symmetric operator?

7 similarity to self-adjoint or normal operator?

[BeBo98] 1998 Bender and Boettcher, Physical Review Letters 80.
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Interpretation of PT-symmetric models

Recent applications in physics

® experimental results in optics [K1GuMo08], [RuMaGaChSeKi10], [Lo10]

® superconductivity [RustMa07], [RuStZu10] , solid state [BeFiKoshos]

® electromagnetism [RuDeMu05], [Mo09], nuclear physics [ScGeHa92]

[BeF1KoSh08] 2008 Bendix, Fleischmann, Kottos, and Shapiro, Physical Review Letters 103,

[Di61] 1961 Dieudonné, Proceedings Of The International Symposium on Linear Spaces,

[K1GuMo08] 2008 Klaiman, Giinther, and Moiseyev, Physical Review Letters 101,

[Lo10] 2010 Longhi, Physical Review Letters 105,

[Mo09] 2009 Mostafazadeh, Physical Review Letters 102,

[RuStMa07] 2007 Rubinstein, Sternberg, and Ma, Physical Review Letters 99,

[RuStZu10] 2010 Rubinstein, Sternberg, and Zumbrun, Archive for Rational Mechanics and Analysis 195,
[RuDeMu05] 2005 Ruschhaupt, Delgado, Muga, Journal of Physics A: Mathematical and General 38,
[RuMaGaChSeKil0] 2010 Riiter, Makris, El-Ganainy, Christodoulides, Segev, and Kip, Nature Physics 6,
[ScGeHa92] 1992 Scholtz, Geyer, and Hahne, Annals of Physics 213.
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Interpretation of PT-symmetric models

Recent applications in physics

® experimental results in optics [K1GuMo08], [RuMaGaChSeKi10], [Lo10]

® superconductivity [RustMa07], [RuStZu10] , solid state [BeFiKoshos]
® electromagnetism [RuDeMu05], [Mo09], nuclear physics [ScGeHa92]

Quantum mechanics: similarity to self-adjoint operator

® let h:=pHo !, h*=h

® quasi-Hermiticity (equivalent to similarity to s-a operator)
30,07 € B(H),0 >0: OH = H*O [pis1

® O = p*p, H is self-adjoint in (-, 0-)

® for operators with discrete spectrum: equivalent to the Riesz basicity of
eigenvectors of H and H*

[BeF1KoSh08] 2008 Bendix, Fleischmann, Kottos, and Shapiro, Physical Review Letters 103,

[Di61] 1961 Dieudonné, Proceedings Of The International Symposium on Linear Spaces,

[K1GuMo08] 2008 Klaiman, Giinther, and Moiseyev, Physical Review Letters 101,

[Lo10] 2010 Longhi, Physical Review Letters 105,

[Mo09] 2009 Mostafazadeh, Physical Review Letters 102,

[RuStMa07] 2007 Rubinstein, Sternberg, and Ma, Physical Review Letters 99,

[RuStZu10] 2010 Rubinstein, Sternberg, and Zumbrun, Archive for Rational Mechanics and Analysis 195,
[RuDeMu05] 2005 Ruschhaupt, Delgado, Muga, Journal of Physics A: Mathematical and General 38,
[RuMaGaChSeKil0] 2010 Riiter, Makris, El-Ganainy, Christodoulides, Segev, and Kip, Nature Physics 6,
[ScGeHa92] 1992 Scholtz, Geyer, and Hahne, Annals of Physics 213.
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Similarity to self-adjoint operator

Other symmetries

® PT-symmetric operators: often P and 7 -self-adjoint
H*=PHP H*=THT
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Similarity to self-adjoint operator

Other symmetries
® PT-symmetric operators: often P and 7 -self-adjoint
H*=PHP H*=THT

“Metric” and C operator

® metric operator ©: OH = H*O, 0,071 € #(H),0 > 0.
® operators with discrete spectrum:
N
O = s-lim cn{Pn, ) Pn,

N—+oo
n=1

with H*¢n = Enthm, ||én]l = 1, 0 < m < cn < M < +00.
® C operator: C € B(H),C> =1, PC >0, and HC =CH

® PC is a metric operator

N
o C = /3;1}:29 Z dn<¢n~, '>wn:
n=1

with Hip, = Entbn, ||tn]| = 1, dy, restricted by C? = I.
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Perfect transmission
Scattering, perfect transmission

® scattering on real line, potential V' with support in (—a, a)
® solutions of Schrédinger equation

eitke Re*”“, < —a
1/1(!1)) = Teike
et r>a

® we look for such k that R = 0, i.e. perfect transmission
® inside (—a,a)

=" (@) + V(2)¥(z) = K*¢(z), z € (~a,a)
¢'(+a) — ikip(+a) =0
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Perfect transmission
Scattering, perfect transmission

® scattering on real line, potential V' with support in (—a, a)

® solutions of Schrédinger equation

eithr 4 Re*”“, < —a
¢(Z) = Teike
et r>a

® we look for such k that R = 0, i.e. perfect transmission

® inside (—a,a)
=" (@) + V(2)¥(z) = K*¢(z), z € (~a,a)
P/ (+a) —iky(+a) =0

® nonlinear problem — spectral problem

{w”(m) + V(2)¥(z) = p(a)y(z), z€ (—a,a)
P (+a) —iay(+a) =0

® perfect transmission energies (PTEs) pu(ax)

plaw) = a2

Conclusions
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Perfect transmission - examples

Square well

® V(JS) =V X[fa,a](‘z)a

— a2
® cigenvalues of associated operator: Ho(@)  =a”+ V072
pn(@) = (nm/20)? + Vo

e PTEs: k2 = (nn/2a)? — Vo
e if Vg =0, then PTEs: k2 € Rt

Conclusions
[e]
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Perfect transmission - examples

Two § potentials
® V(z) =pB(6(z + a) +6(z — a))

® definition of Hamiltonian via boundary conditions:

P(£a—) = P(fa+t) = ¢(+a)
P'(ta+) — ¢/ (fa—) = By (+a)

® can be approximated by

U Res

Ve(z) = (X[—a,—a-&-s](m) + X[a,,a—a](m))

® associated spectral problem:
¢ () = p(e)y(z), € (-a,a)
¥'(+a) — (ia+ B)P(£a) =0

o) = of

Conclusions
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Two 0 potentials

B8>0
® FEigenvalue equation

(k% — a? — $%)sin 2ka — 28k cos 2ka = 0

® all eigenvalues are real [Krsi10]
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B8 <0
® FEigenvalue equation

(k? — o? — B?) sin 2ka — 2Bk cos 2ka = 0

® one or zero pair of complex conjugated eigenvalues [Krsi10]

Conclusions
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Interpretation of complex EVs
Three steps potential

AV

Spectral picture

a=m/4, ] = 0.2, e3 = 0.5, B = —90, B3 = —100
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Interpretation of complex EVs
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Three steps potential
lU ' 'U
4k

a=m/4, 1 =0.2, e3 = 0.5, 1 = —90, B3 = —100

Spectral picture
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Interpretation of complex EVs
PTE as a function of the potential
a=rm/4,e1 = 0.2, e3 = 0.5, B3 = —100, and By = 0

I ————

Transmission coefficient

B1 = —120 (cont. red), and 81 = —200 (dashed blue)
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Three steps potential - animations
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Inverse problem

Addition of constant potential
® what can we say about the spectrum of

¢ (z) + V(z)¢Y(z) = p(a)(z), =€ (—a,a) ?
P/ (+a) —iay(+a) =0

addition of constant potential Vj

—¢"(z) + (V(2) + Vo)¥(z) = u(Vo, a)¥(z), =€ (—a,a)
P (£a) —iap(+a) =0
/J'(V07a*) = az

® V) shifts the eigenvalues up and down, the parabola determining perfect
transmission energies is not shifted

® appearance of complex conjugated pair can be traced e.g. as a loss of two
close perfect transmission energies
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Conclusions

Summary
® introduction to P7T-symmetry
e metric and C operators - more details in talk of J. Zelezny
® perfect transmission scattering - P7T-symmetric spectral problem
® interpretation of complex eigenvalues
® inverse problem
e framework for arbitrary V: perturbation theory for spectral operators

Conclusions
o
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