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1d examples

PT-symmetry

d2
 dz?

o bounded perturbations: bounded potentials

o H= +V(z), V(z)=V(-x)

PT-symmetric square well: V(z) = iZsgnz
2001 Znojil, 2001 Znojil and Lévai, ...
e non-perturbative approach: unbounded potential
V(z) = iz®
1998, Bender, Boettcher, 2003 Dorey, Dunning, Tateo, ...
o relatively (form) bounded perturbations: P7T-symmetric point
interactions (boundary conditions)
two d potentials with complex coupling, PT-symmetric Robin
boundary conditions

2002 Albeverio, Fei, Kurasov, 2005 Albeverio, Kuzhel, 2005 Jakubsky, Znojil,
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Introduction
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Reality of the spectrum and metric operator

PT — symmetry (PT)H C H(PT) } S A€ o(H) X € o(H)

pseudo — Hermiticity H* = n~1Hp

(]

pseudo-Hermiticity < self-adjointness in Krein space

©

not sufficient for real spectrum, only complex conjugated pairs

(]

1D systems: the crossing of real eigenvalues is necessary to

produce complex conjugated pair

7c

6L
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Introduction C d examples

0000

Metric operator

e OH =H"©

0 0,07 ¢ B(H)
e O =0
e ©>0

@ necessary condition: o(H) C R

@ H possesses a metric operator ©
@ H is self-adjoint in (-, ©-)

H is similar to a self-adjoint operator h = p ' Hp = h*, © = go*

©

@ H possesses a C-symmetry: C*> =1, nC >0, CH = HC
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1d examples

Metric operator

o H with discrete spectrum: eigenfunctions {¢,} form a Riesz basis

0 O =s-limn—oo X1, ¢i{5, )85,

where ¢; are eigenfunctions of H* and m < ¢; < M

©

existence results: perturbation theory for spectral operators

(]

few explicit examples:

e point interactions
2005 Albeverio, Kuzhel, 2008 Siegl

e PT-symmetric Robin b.c.
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roduction Classes and examples Irregular P7 BC

Classes of operators

o LHv = LHv for all ¢ € Dom(H)

@ L is antilinear bounded operator with bounded inverse
@ spectrum: \ € oy (H) iff X € 0p ¢ (H)

o example: L =PT, H = f% +V(x), V(—z) = V()

@ weak pseudo-Hermiticity:
o H=n"'H™p
o n,n ' € B(H)
@ pseudo-Hermiticity: n = n*
@ pseudo-Hermiticity < self-adjointness in Krein space

o spectrum: op e r(H) = op,cr(H")
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Introduction Classes and examples

C-symmetric operators

Let A € Z(H) be densely defined. Let C' be an antilinear isometric
involution, i.e. C% =T and (Cz,Cy) = (y,z) for all z,y € H. A is called
C-symmetric if A C CA*C. A is called C-self-adjoint if A = CA*C.

Let A be a C-self-adjoint operator. Then
(i) dim(Ker(A — \)) = dim(Ker(A4* — X)),
(i) or(A) = 0.
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Classes and examples

000000

Finite dimension

Every A € £ (V,) is similar to the C-self-adjoint operator, i.e. there exists
invertible X € .Z(V;,) such that X AX ! is C-self-adjoint.

Let A € Z(V,). Then A is pseudo-Hermitian if and only if it possesses an

antilinear symmetry.
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Classes and examples
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Antilinear symmetry without pseudo-Hermiticity

o {en}nZ; standard orthonormal basis of H = l2(N), en(m) = dmn
@ Te,:=en—1, n€N, e :=0

e T en :=€ent1, NEN

01 00 O
0010 0
oT—| 000 1 o0
0000 1
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Classes and examples
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Antilinear symmetry without pseudo-Hermiticity

o antilinear symmetry 7

every |A| < 1 is in the point spectrum o, (1), zx = Y o0 A" e

©

(]

op(T*) = 0, point spectrum of T is empty

(]

{X € C||\| < 1} C 0. (T™), residual spectrum is non-empty

©

T is not pseudo-Hermitian, o,(T") # op(T")
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Classes and examples
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Pseudo-Hermiticity without antilinear symmetry

o {e;}>_ orthonormal basis of H = *(Z), e (m) = mn
Aoei+ei+1, 1> 1,
0, i=0,
Xoefl, = —1,
Xoei+ei+1, i< —1,

o Te,- =

0)\06@, Im>\0>%
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Classes and examples
[e]e]e]e] Je]

Pseudo-Hermiticity without antilinear symmetry

XN 0 0 0 O
1 X% 0 0 0
°oT= 0 0 0 0 0
0 0 0 X O
0 0 0 1 X
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Classes and examples

00000e

Pseudo-Hermiticity without antilinear symmetry

o T is pseudo-Hermitian, Pe; :=e_;, T = PT*P

® o € 0p(T) = 0p(T*)
@ )\ € UT(T) = O’T(T*)

@ T has not any antilinear symmetry, A € 0,(T) < X € 0, (T*)
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and examples Irregular P7 BC

Irregular PT-symmetric boundary conditions?

@ parametrization of PT-symmetric b.c. 2002 Albeverio, Fei, Kurasov

@ PT-symmetric b.c. are strongly regular except one case (irregular)

2

d
o H= —@ on LQ(—l,l)

P(=1) =9(1) =0, ¢(0+) = €79(0—) and ¢'(0+) = e~ "’ (0-)
@ irregular for 7 = i7r/2: O'(H) = C 2005 Albeverio, Kuzhel
o for 7 # +m/2: o(H) = {(%F)*}

o © =1—1isin7PsgnP 2009 siegl
o dimKer(0) = oo for 7 = £7/2

@ can we approximate irregular case with regular ones?

o resolvent does not exists
o strong graph limit: H, , = str. gr.lim H,
e str. gr. limit preserves PT-symmetry and P-self-adjointness
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PT RBC
®00000

o H=L((—a,a),dz)

d2

da?

e Dom(H) = W*?((—a,a)) + boundary conditions
P'(—a) + (ia — B)Y(—a) =0, ¢'(a)+ (ia + B)¢(a) =0
a,BeR

e H=—

(]

©

Vi) € Dom(H), ¢ € Dom(H) < PT € Dom(H)
Vip € Dom(H), HPT+ = PTH

H(a,f)" = H(~a,B)

o H=PH*P,H=TH*T

(]

©
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C and examples ‘re PT RBC
s 0®0000

Introduction

PT-symmetric Robin boundary conditions

o ¢'(—a) +ia(—a) =0, '(a)+icp(a) =0
o o(H)=o04(H) C R, crossings

A
20 U(H) = {OCQ} U {(%)Q}nEN
15 /// w()(x) _ efiaz
1 / V() = cos(2Ex) — ia 2% sin(2rx)
/////
5 -
0 1 2 3 4 5
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Introduction C and examples

PT RBC

PT-symmetric Robin boundary conditions

e OH=H"©
e 0= [+¢0<¢0,-> + O + 1O, +(¥2@2,

where

o ¢o =4/5€x p(1o¢x)
o (©o¥)(z) = — 3, (J¥)(2a)
° (€1¢)(2) = ( )( ) — 32(J¥)(2a) — 5(J*9)(2a),
o (©29)(x) = —(J*)(x) + 55 (J*9)(2a),

o with (Jv)(z) f 1. 2006 Krejcitik, Bila, Znojil

(2

e 0O=I1+K,
where K is an integral operator with kernel
K(z,y) =
io(z—y) _ _ —ia+a’z, x<
e 1+ia(y x)fazﬂJr Yy
2a 2a 2a ia+ay, y<uz
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examples egular P7T BC PT RBC
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PT-symmetric Robin boundary conditions

o 3 =0 and « small, notation H, = H(a,0)
@ approximative formula for p ~ v/©
o equivalent self-adjoint Hamiltonian HE = pHup™*

W = =" + Ja*($(~a) + ¥(a)) + O(a)
o Dom(HY) = {$ € W**((~a,a))[¢/(a) = —¢/(~0) = 3a? [*, ¥(y)dy}

©

Fistthee eigenvaluesof H, and HE

a
ar?

120 161
—equs ot

0 1 2 3 a 5 6
a
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Introduction C and examples Irregular P7 BC PT RBC
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PT-symmetric Robin boundary conditions

o ¢'(=a) + (ia = B)Y(-a) =0, ¥'(a) + (ia + B)Y(a) =0
e o(H)=o04(H) CR, (k*—a®— ?)sin2ka — 28k cos 2ka = 0

@ metric operator exists for every «, 8, no crossings

Rea
40 ,‘J
30-
201
10 ‘/—
. . . —
0 2 4 6 8
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Introduction C and examples Irregular P7 BC PT RBC
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PT-symmetric Robin boundary conditions

o Y'(—a) + (ia — B)ip(—a) =0, ¥'(a)+ (la + B)Y(a) =0
o o(H) =o4(H), (k* — o® — $%)sin2ka — 28k cos 2ka = 0
@ ecither one or any complex conjugated pair

o known localization: R\ in neighborhood of o + 2

@ metric operator exists if o(H) C R
Rea Ima
40 6
B /
30
/ ’ /—\
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