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Abstract

Adaptive finite element method based on multilevel correction scheme is proposed
to solve Steklov eigenvalue problems. In this method, each adaptive step involves
solving associated boundary value problems on the adaptive partitions and small
scale eigenvalue problems on the coarsest partitions. Solving eigenvalue problem in
the finest partition is not required. Hence the efficiency of solving Steklov eigenvalue
problems can be improved to the similar efficiency of the adaptive finite element
method for the associated boundary value problems. The efficiency of the proposed
method is also investigated by a numerical experiment.

1. Introduction

The main goal of this paper is to present a multilevel correction type of adap-
tive finite element method (AFEM) for Steklov eigenvalue problems. These type of
eigenvalue problems arise in a number of applications (see, e.g., [1, 6, 7, 10, 11, 15]).
The analysis of finite element methods for Steklov eigenvalue problems have been
given in [2, 3, 8, 9, 14, 16, 17] and the references cited therein.

In this paper, we are concerned with the following model problem

{—Au+u = 0 inQ,

% = Au on 0f, (1)

where  C R? is a bounded polygonal domain and % the outward normal derivative
on 0f).

As we know, the AFEM is a very useful and efficient way for solving eigenvalue
problems. Recently, one active topic is to use AFEM to solve the Steklov eigenvalue
problems (see, e.g., [4, 13, 21]). The purpose of this paper is to propose and analyze
a multilevel correction type of AFEM to solve Steklov eigenvalue problems based on
the recent work on multi-level correction method (see [18, 23]). In the new scheme,
the cost of solving eigenvalue problems is almost the same as solving the associated
boundary value problems.
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The corresponding weak form of the problem (1) is:
Find A € R and u € H'(Q) such that [Jul|, = 1 and

a(u,v) = Ab(u, v) Vv € HY(Q), (2)
where

a(u,v) = /Q (VuVv + uv)dQ, (3)

b(u,v) = /BQ uvds, ||ully = b(u,u)%. (4)

Evidently the bilinear form af(-,-) is symmetric, continuous and coercive over the
product space H'(Q2) x H ().
From [5], we know the eigenvalue problem (2) has an eigenvalue sequence {\;} :

0< A < A< -- <A<+, lim A\, =00,

k—o0

and the associated eigenfunctions
U, U, * -+ 7uj7"' )

where b(u;,u;) = ;5. In the sequence {)\;}, the \; are repeated according to their
geometric multiplicity.

An outline of the paper goes as follows. In section 2, we introduce finite element
method for the Steklov eigenvalue problem and the corresponding error estimates.
A multilevel correction type of AFEM for Steklov eigenvalue problems is given in
section 3. In section 4, a numerical example is presented to demonstrate the efficiency
of the AFEM and some concluding remarks are given in the last section.

2. Discretization by finite element method and error estimates

In this paper, the letter C' (with or without subscripts) denotes a generic posi-
tive constant which may be different at different occurrences. For convenience, the
symbols <, 2 and ~ will be used in this paper. That x; < y1, 22 2 y2 and x3 = ys,
mean that x; < Ciyp, T2 > coys and c3rg < y3 < Cszxz for some constants C4, ¢, c3
and C3 that are independent of mesh sizes.

Set V := H'(Q). Let us define the finite element approximation of (2). First we
generate a shape-regular decomposition of the computing domain Q € R? (d = 2, 3)
into triangles for d = 2 (tetrahedrons for d = 3). The diameter of a cell T' € 7T}, is
denoted by hr. The mesh diameter h describes the maximum diameter of all cells
T € 7T,. Based on the partition 7,, we construct the linear finite element space
denoted by V;, C V. Let &, denote the set of interior faces (edges or sides) of Ty,
and Eyq the faces on the boundary 0f).

Therefore we can define the approximation of eigenpair (A, u) of (2) by the finite
element method as:
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Find (Ap,upn) € R x V3, such that b(up,u,) = 1 and
a(up,vp) = Apb(up,vy) Yoy, € Vi, (5)
Similarly, we know from [5] the eigenvalue problem (5) has eigenvalues
O<Mp<Ap<- - < A< - < AN, hs

and the corresponding eigenfunctions

UL by U2 by """ 3 Ukhy " 5 UNp by
where b(w;p,wjn) = 65,1 < 1,7 < Nj (Nj is the dimension of the finite element
space Vj,).
Let P, be the finite element projection operator of V' onto V}, defined by
a(w— Pyaw,v) =0 VYw eV and Vv € V},. (6)
Obviously
[Pawlly < flwlly  VweV. (7)
Define 7,(h) as
na(h) = sup inf [[Kf —wvll, (8)

FEH2(09),|fl11/2,00=1 "€V
where the operator K : H='/2(9Q) + V is defined as
a(Kf,v) = b(f,v) VfeH Y*0Q)andVveV. (9)

For the aim of convergence analysis by the finite element method, we introduce the
following regularity result for the boundary value problem (9).

Lemma 2.1. (/9, (4.10)], [7, Proposition 4.4]) For the Steklov type boundary value
problem (9), if f € L*(09), then K f € H'™/2(Q) and

S fllaar2 < Cli fllo, (10)

where v = 1 if Q is convex and v < T (with w being the largest inner angle of Q).
Furthermore, if f € H2(09), we have K f € H(Q) and

K f iy < Clif 1 j2.00 (11)

In order to derive the error estimate of eigenpair approximation in the norm
| - |-1/2,00, we need the following error estimate of the finite element projection
operator P, in the norm || - ||_1/2,00-
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Lemma 2.2. (/5, Lemma 3.3 and Lemma 3.4/, [3, Proposition 3.1])

na(h) = o(l) ash—0, (12)

and
o= Pacll-rjoon S mu(h)w— Paols  Vwe V. (13)
Proof. In order to obtain the error estimate in || - ||_1/290, We chose a function

¢ € HY2(0Q) such that lell1/2.00 =1 and |lu — Pyul|—1/200 = b(u — Pyu, ¢). Then
we have

|lu — Ppul|—1/200 = by, u— Pyu) = a(Kp,u— Pyu)
= a(Kp—vp,u— Pwu) Y, € V. (14)

This means we obtain the desired result (13) and the proof is complete. O

From the minimum-maximum principle [5], the following upper bound result
holds
)\ig)\i,ha i:1727"'7Nh-

Let M()\;) denote the eigenspace corresponding to the eigenvalue \; which is defined
by

M(X\;) = {w eV :wisan eigenfunction of (2) corresponding to \;
and [|wll, = 1}. (15)

Then we define

On(N) = sup inf ||lw—o;. (16)
weM(\;) YEVh

For the eigenpair approximations by finite element method, there exist the fol-
lowing error estimates.

Proposition 2.1. ([5, P. 699/, [3] and [7])
(i) For any eigenfunction approzimation u;p, of (5) (i = 1,2,---,Ny), there is an
eigenfunction u; of (2) corresponding to \; such that ||u;|l, =1 and

lui —winlls < Cidp(N). (17)
Furthermore,
| — wipl|—1/2,00 < Cina(h)||w; — wipl)r- (18)
(i1) For each eigenvalue, we have

i < Ain < N+ Cidr(N). (19)
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3. Adaptive multilevel correction algorithm for eigenvalue problem

In this section, we present a residual type of a posteriori error estimate and give
the multilevel correction type of AFEM for Steklov eigenvalue problems.

We follow the classic routine to define an a posteriori error estimator for (5)
(see [4, 13]). Let us define the element residual R (up,)

Ri(up) :=up in T € T, (20)
and the jump residual Jg(uy) by

WVuf v+ Vuy, - v7) = 3[[Vupllp -ve for E€&,
- 2 h h 2 ’
T (un) = { Vuy, - v — A\pup for E € Eyq,

where E is the common side of elements 7+ and T~ with outward normals v and v,
vg =v,and wg ;=TT NT~ that share the same edge FE.
For the element T' € T;,, we define the local error indicator ny,(up, T) by

1/2
i (un, T) = (hQTHRT(uh)Hﬁ,TJr > hEHJE(uh)Hﬁ,E> : (21)

Ee&,  ECoT

and the error indicator for a subdomain w C €2 by

1/2
1 (un, w) :=< > ni(uh,T)> : (22)

TeT,, TCw

Thus 7y, (up, 2) denotes the error estimator of w;, with respect to Ty,.
Now we summarize the reliability and the efficiency of the a posterior error esti-
mator (see, e.g., [4, 13]):

Lemma 3.1. ([4, 13]) The error estimator (22) has the reliability

A+ A,
2

= wnlly S {mCun, @) + 22w = o |- (23)

Furthermore, the error estimator has the efficiency

a) ForT € Ty, if Er NOQ =)
i (un, T) S llu = unl¥ (24)

where wp contains all the elements that share at least a side with T .

b) ForT € Ty, if Er N O #

m(uns T) S {llu=wnlhr + Y- halldu = Mo }. (25)
EcErnof
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The adaptive procedure consists of loops of the form
Solve — Estimate — Mark — Refine.

Now we state our adaptive finite element method to compute the Steklov eigen-
value problem (5) in the multilevel correction framework.

Adaptive Algorithm C

1. Pick up an initial mesh 73, with mesh size hg.

2. Construct the finite element space V}, and solve the following eigenvalue
problem to get the discrete solution (A, un,) € R X Vi, such that ||up,l|ls = 1
and

a(uho, Uho) = )\hob(uho,vho) \V/Uho S Vho. (26)
3. Let k=0.
4. Compute the local error indicators ny, (up,,T).
5. Construct 7A71k C Ty, by Marking Strategy E and parameter 0.
6. Refine 7j, to get a new conforming mesh 73, , by procedure Refine.
7. Solve the following source problem on 7y, , for the discrete solution wy,,, €
th+12

a<ﬂhk+17vhk+1> = )‘hkb(uhwvth) vvhk € th' (27>

8. Construct the new finite element space Vi pn,,, = Vi, +span{ty, , } and solve
the eigenvalue problem to get the solution ()\hkﬂ,uhk“) € R X Vig i, such that
[hy iyl =1 and

a(uhk-H’ Uhho,hk+1) - )\hk+1b(uhk+17 Uh07hk+1) vthahk+1 € Vho7hk+1' (28)

9. Let K=k + 1 and go to Step 4.

Here we use the iterative or recursive bisection (see, e.g., [19, 22]) of elements
with the minimal refinement condition in the procedure REFINE. The Marking
Strategy adopted in Adaptive Algorithm C was introduced by Dérfler [12] and
Morin et al. [20] and can be defined as follows.

Marking Strategy F
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Given a parameter 0 <6 <1:
1. Construct a minimal subset 7, from 7, by selecting some elements in 7, such
that

Z anL(uhaT) > eni(uhaQ)'

TeT;

2. Mark all the elements in 7A71

Now we state some convergence results of this type of AFEM for Steklov eigen-
value problems.

Lemma 3.2. ([18]) Assume the current eigenpair approzimation (Ap, , up,) € RXVj,
has the following error estimates

lu—un i S en(N), (29)
||U_Uhk||—1/2,89 S Na(ho)llu — up, ||y, (30)
A=l S en (V) (31)

Then after one adaptive step in Adaptive Algorithm C, the resultant approrima-
tion (Any,,sUng,,) € R X Vi, has the following error estimates

”U — Uhy Hl ~ ghk+1()\)7 (32>
lu =ty ll-1200 < Nalho)llu — un, |1, (33)
|)\ - )\hk+1‘ SJ g%l,k+1()\)7 (34>

where ep,.,, (A) = Na(ho)en, (N) + €5, (A) + ey (V).

Theorem 3.1. ([18]) Assume na(H) 2 0p,(N) > Opy(A) > <o > 6, (N). The
obtained eigenpair approximation (A, ,un,) aftern adaptive steps in Adaptive
Algorithm C' has the error estimate

[un, —ully S
M = Al S &, V), (36)

where 5, (A) = 3 na(ho)" "6, (N).
k=1

4. Numerical results

In this section, we give a numerical example to illustrate the efficiency of the
Adaptive Algorithm C' for the model Steklov eigenvalue problem. We set the
computing domain as the L-shape one 2 = (—1,—1) x (—1,1)/[—1,0] x [—1,0] and
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Initial mesh

Mesh after 10 iterations

Figure 1: The initial triangulation and the one after 10 adaptive iterations.

Eigenfunction errors of Adaptive Algorithm C
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—¥—the 1-st eigenfunction
—©-the 2-en eigenfunction
—+—the 3-rd eigenfunction
—9—the 4-th eigenfunction
—B-the 5-th eigenfunction
‘=~ slope=-1/2

10

Figure 2: The a posteriori error estimates of eigenfunction approximations by Adap-
tive Algorithm C' and standard AFEM.

compare the accuracy with the standard AFEM in [13]. Figure 1 shows the initial
mesh and the mesh after 10 adaptive iterations of Adaptive Algorithm C. In order
to check the efficiency of Adaptive Algorithm C', we compare the numerical re-
sults of Adaptive Algorithm C' with those of standard AFEM. The corresponding
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numerical results are shown in Figure 2.

From the results presented in Figure 2, we find the accuracy of Adaptive
Algorithm C' is almost the same as the standard AFEM.
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Eigenfunction errors of standard AFEM
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5. Concluding remarks

In this paper, we propose a type of AFEM for Steklov eigenvalue problems based

on multilevel correction scheme. An numerical experiment is provided to demonstrate
the efficiency of the AFEM. The convergence and optimality analysis should be the
topic in our future work.
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