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Abstract

In this paper, we discuss the numerical methods for a class of convex boundary
control problems. The boundary element method is applied for the approximations
of the problems. The a posteriori error estimators for the boundary element approxi-
mations are presented, which can be applied as the indicators of the adaptive mesh
refinement of the related boundary element methods.

1. Introduction

In this paper, we consider the numerical methods for the boundary control prob-
lem governed by the elliptic partial differential equations. It is described as follows:

min 1 @— 2
on qo0

u€eA 2 _1.60

[0
- §HUH3,an} (1)

subject to

—Ay=0 in (1.2)
y= Bu on 0.

Note that the control is applied only on the boundary of domain, and the objective
functional is also only defined by the boundary information of the control and state.
It is reasonable to use the boundary element method instead of the finite element
method to make the numerical approximation for above boundary control problem.

Although the boundary element method and adaptive boundary element method
are useful methods for the numerical approximations of the partial differential equa-
tions and have been investigated deeply (see, e.g., [8], [9] and [15], for more details),
there are only a few work on the boundary element methods for the optimal control
problem governed by partial differential equations (see, e.g., [13]), where the a priori
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error estimates are presented. While there are many work on a priori and a poste-
riori error estimates of the finite element method for the optimal control problem
governed by partial differential equations (see, e.g., [10], [12]), and some related work
on the optimal control problem governed by integral equations (see, e.g., [4]).

In this paper, we provide the boundary element scheme for the the boundary
control problem (1.1)-(1.2). The a posteriori error estimate are presented, which can
be used as the indicator for the adaptive mesh refinement of the boundary element
methods. Note that in this scheme, the control u only belongs to L?(95), then the
condition of smooth boundary instead of piecewise Lipschitz boundary is required.
This restricts the application of the scheme, and more research should be completed
to extend the related results to more practical cases. The techniques on residual
type a posteriori error estimates for boundary element methods on partial differential
equations (see, e.g., [5]) are applied in this paper. But to our best knowledge, this
kind of a posteriori error estimates for boundary element methods on boundary
control problems is new.

The plan of the paper is as follows. In Section 2, the model problem of the
boundary control problem governed by elliptic partial differential equations is de-
scribed, and the boundary element scheme is presented for the model problem. Then
the a posteriori error estimates for the boundary element method are discussed in
Section 3.

2. Boundary control problem and boundary element scheme

Let Q be a bounded open set in R? with smooth (C*) boundary 992. We adopt
the standard notation W™?(2) for Sobolev spaces on 2 with norm || - ||;,40 and
semi-norm | - |;mq0. We denote W™2(Q) by H™(Q), with norm || - |;n0 and semi-
norm | - |- In addition, ¢ and C' denote generic positive constants which can be
different in different places.

Let us consider the convex boundary control problem governed by elliptic partial
differential equation:

Y LN S 2.)
I = — o 5 [1Ulo,00 :
ueA | 2 ||0n ~1,00 2
subject to
—Ay =0 in €,
y=DBu on 09, (2.2)

where B is a linear operator from L?(9Q) to L*(99), qo € H '(99Q) is a given
function, A is a convex subset in the space U := L?(9f2), Q C R? is a bounded
domain, n is the outward normal of 0f). In this paper, let

A={ve L) : v>p},
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where 3 is a constant. Above boundary control problem (2.1)-(2.2) was discussed
in page 77 of [11]. Because we only can apply Bu on the boundary by the control
u € L2(89), we have y € H2() and % € H 1(09). The related regularity can be
found in [11].

Let y(-, ) be the fundamental solution of equation (2.2), such that

1
-1 —ql.
y(x,y) 5 oglz —yl

Moreover, set

Voz) = =2 | o)z a)ds.,

0
Ko(z) = -2 x 2, x)ds,,
6 =2 [ o) ()
, B 0
K'¢(z) = =2 ., (@) 5,1z 2)ds,
Then it is well known (see e.g. [7]) that
Vi H 2(09Q) — H2(9), 2.3
K : Hz(0Q) — Hz(09), 2.4
K': H3(09) — H 2(00) (2.5)

are linear and continuous, K’ is the dual of K, and V' is symmetric.
Setting ¢ = %, the equation (2.2) can be rewritten to the boundary integral
equation:

Vq(z) = KBu(z) + Bu(z) =z € 0. (2.6)

Similar to (2.3), we have V : H1(0Q) — L*(09Q). Then, noting that V¢, K Bu,
Bu € L*(09Q), the equation (2.6) can be rewritten to the standard Galerkin formu-
lation:

(Vq,¢) = (KBu,$) + (Bu,¢) V¢ € L*(99).
Moreover, we can use |V (g—0) 2 to replace [lg—aol%1 g0, = 1122 ~aol1%1 e in (2.1
Therefore, the control problem (2.1)-(2.2) can be rewritten to

1
min{ [V (g = ) [ o0 + 5 [l o0} (2.7)
subject to
(Vq.6) = (KBu.¢) + (Bu,6) V6 € L*(99), (2.8)

where (-, -) presents the inner product in L?*(99).
Using the standard method in [11], it can be proven that the problem (2.7)-(2.8)
has a solution (g,u) € H™1(9Q) x L*(99), and that the pair (g,u) is a solution
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of (2.7)-(2.8) if and only if there exists a co-state p € L*(9f2) such that the triple
(q, p, u) satisfies the optimality condition:

(Vq,¢) = (KBu, ¢) + (Bu,¢) V¢ € L*(09) (2.9)
(P, Vi) = (V(g — ), V) Vo € H'(99) (2.10)
(cu+ B*K'p+ B*p,v —u) >0 Yv e AC L*09), (2.11)

where B* is the adjoint operator of B.

Next, let us consider the boundary element approximation of the control prob-
lem (2.7) and (2.8).

Let T" be a partitioning of 9 into disjoint segmental arc 7, so that 9Q = Urern 7-
Set W" C H'(09) to be a finite-dimensional subspace related on the partition 7"
such that x|, are polynomials of order m (m > 1) for all Yy € W" and 7 € T" (see,
i.e., [15] and [16]). It is easy to see that Wh c HY(9Q) C L?(9Q) Cc H-1(99).

Similarly, let T} be a partitioning of 9 into disjoint segmental arc 77, so that
=1, e TU- Again, set U" C L*(99) to be another finite-dimensional subspace

related on the partition T}, such that y|,, are polynomials of order m (m > 0) for
all y € U" and 7y € T}, Note that there is no continuity requirement for U". Tt is
easy to see that U" C U = L?*(99).

Let h; (h;,) denote the maximum length of the element 7 (777) in T" (T}). Let
h = max,ern he (hy = max,, cqn hry,). Let A" = AN U" be a close convex set. Note
that the regularity of the optimal control  is limited. It is only in H'(92) in general,
because of the structure of A and the inequality (2.11). Therefore, there will be no
advantage in considering higher-order finite element spaces for U". We only consider
the piecewise linear and piecewise constant finite element spaces for W" and U", i.e.,
Wh={we HY(I9Q) : w|, € P,} and U" = {w € L*(09) : w|,, € Py} in this paper,
where P; denotes the linear function space, and F, denotes the O-order polynomial
space.

Using above boundary element space, the boundary element approximation of
the control problem (2.7) and (2.8) is defined by

. (1 N
uneAn {5 IV (an = 90)l5.00 + ) HuhHaag} (2.12)

subject to
(Van, 6n) = (K Bun, én) + (Bun, ¢n) Yoy, € W (2.13)

Similar to the continuous problem (2.7)-(2.8), the control problem (2.12)-(2.13) has

a solution (g, up), and that a pair (s, up) is a solution of (2.12)-(2.13) if and only if

there exists a co-state p, € V" such that the triple (g, pn, up,) satisfies the following
optimality conditions:

(Vign, ¢n) = (K Bup, ¢n) + (Bun, o) Vo, € W" C L*(99) (2.14)

(o Vo) = (V(gr — o), Vibn) Vb, € W C H1(09) (2.15)

(qup, + B*K'py, + B*pp,vp, —up) >0 Yo, € A" C A c U = L*(09). (2.16)
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3. A posteriori error analysis

In this section, we will discuss the a posteriori error estimates of the boundary
element methods provided in the last section. In order to do it, let us divide 92 into
three subdomains:

o ={xe€d: (B'K'p, + B*py)(x) < —af},

00" {x €00 : (B*K'p, + B*py)(x) > —af, uy > B},

o0 {x € 0Q: (B*K'py + B*pp)(x) > —af, u, = B}.
Then we have the following a posteriori error estimates:

Theorem 3.1. Let (y,p,u) and (yn,pn,un) be the solutions of the systems
(2.9)-(2.11) and (2.14)-(2.16), respectively. Then,

g — %H%,ag + [Ip —ph”g,ag + [lu — Uh”g,ag < C(nf 45 +n3), (3.1)
where
nt = |B*K'pn + B*pr + ounl|g po-Lsa+»
15 = IVan — K Bup, — Bug|[§ o0
15 = llpn = V(an — 00) 15, 90-
Proof. Let q(uy) and p(uy,) be the solutions of the auxiliary equations:
(Va(un),¢) = (K Bun, ¢) + (Bun, ¢) Vo € L*(99) (3-2)
(p(un), Vi) = (V(q(un) — @), V) V¢ € H(9Q). (3.3)
It follows from (2.11) that
allu — uh||378§2 =(au,u — up) — (up, u — up)
< — (B*K'p+ B*p,u — up) — a(up, u — up)
=(B"K'(p = p(un)), un — u) + (B*(p = p(un)),un —u)  (3.4)
+ (B"K'(p(un) — pn), up, — ) + (B*(p(un) — pr), un — u)
+ (B*K'py, + B*pp, + aup, up, — u).
It follows from (2.9)-(2.10) and (3.2)-(3.3) that
(B*K'(p = p(un)),un — u) + (B*(p — p(un)), un — u)
= (B"K'(p — p(un)) + B*(p — p(un)), un — u)
= (p — p(un), KB(up, — u) + Bup, — u))
= (V(q(un) = q),p = p(un)) = (p = plun), V(g(un) = q)) (3.5)
= (Vg — ), V(g(un) — ) = (V(g(un) — ), V(q(un) = q))
= (Vg = q(un)), V(q(un) — q)) <0.
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Hence, (3.4) and (3.5) imply that
allu—unllg o0 < Cllp(un)=prlloocllu—unlooo+(B*K'pyt B pptoun, up—u). (3.6)

Note that
(B*K'py, + B*pp, + aup, up — u) :/ (B*K'py, + B*py, + aup)(up — u)
89~ UIO+
+ /aQO(B*K’ph + B*pp, + aup)(up —u),  (3.7)
and

/ (B*K'ph—i—B*ph—i—ozuh)(uh—u) S ||B*K'ph+B*ph+Ozuh||07397U59+||u—uh||ag.
o0~ UoNt

(3.8)
Moreover, note that B*K'py, + B*pp + a8 > 0 and u, = S on 0Q°, and u > 3 on
whole 0. We have that

/ (B* K pn+ B*pp + aun) (1 — 1) = / (B K'pn+ Bpn+aB)(B—u) < 0. (3.9)
o000 500

Summing up, it follows from (3.7)-(3.9) that
(B*K'pp + B*p + aup, up, — u) < || B*K'pp, + B*pp, + aunllo.s0-veo+ (v — usllaq
= mllu — unlloq- (3.10)
Thus, (3.6) and (3.10) lead to
[l = unllope < Cllp(un) = pallose + Cm- (3.11)
Next, let us consider the estimate of ||p(up) — prllosq. Let Vb = pr, — p(us). It

follows from (2.15) and (3.3) that
lpn = p(un)l§ 00 = (pn — p(un), Vib) = (V(pr — p(un)), )
= (Vpn¥) — (V(g(ur) — ), V)
= (pn = Vian — @), V) + (V(an — q(un)), V)
< (llpn = V(an — @)llo.00 + [V (an — a(un))llo.00) IV |0,00
= (13 + [V(an — a(un))llo.02) [Pn — p(un)lo,00-

Then, we have that

Ipn = p(un)llope < (13 + [V (an — q(un))llo.00)- (3.12)
Similarly, let ¢ = V(gn — q(up)). It follows from (2.14) and (3.2) that
IV (an — alun)) 1500 = (V(an — a(ur)), ¢)
= (Van, ») — (K Buy, — Buy, ¢)
< Van — K Buy, + Buy||o00||¢|0,00
= 1l[V (ar — q(un))llo.00;

305



and hence,
1V (gn = q(un))llo.on < 2. (3.13)
It can be deduced from (3.12) and (3.13) that
lpn — pun) 15,00 + IV (an — a(un)) 5 00 < C'(n2 +113). (3.14)
Then, (3.11) and (3.14) lead to
lu = unlls 00 < Cln + 15 +n3)- (3.15)
Let Vi = p — p(uy). It follows from (2.10) and (3.3) that
lp = p(un)ll5 00 = (p = p(un), Vo) = (Vg — q(un)), V)

< V(g — Q(Uh))Ho,aQHVwHo,aQ (3.16)
= |[V(qg - Q(Uh))Ho,aQHP - p(uh)Ho,aQ-

Similarly, let ¢ = V(¢ — q(up,)). It can be deduced from (2.9) and (3.2) that
V(g = a(un))lg.00 = (V(a — a(un)), ¢) = (KB(u —un) + B(u — un), ¢)

< || KB(u —up) + B(u — up)l|osll¢lo00 (3.17)
< Cllu — upllo,00lV (g — q(un))lo.00-

Then (3.16) and (3.17) imply that

Ip = plun)llosa < V(g = q(un))lloon < Cllu = unlloo0- (3.18)

Moreover, note that

lan — qll-1.00 < llgn — q(un)||-1.00 + |lg(urn) — q||-1.00, (3.19)
1P — plloae < [Ipr — p(un)llo.o0 + [[p(un) — pllosq- (3.20)

Therefore, it follows from (3.14)-(3.15) and (3.18)-(3.20) that

Ipn — plg.00 + 1V (an — )00 < C0i + 15 +n3)- (3.21)

Then, (3.1) is the direct result of (3.15) and (3.21).

Acknowledgements

The research was was supported by the National Natural Science Foundation
of China under Grant 11171337 and the National Basic Research Program under
the Grant 2010CB731505. Moreover, the authors would like to thank Professor
C. Carstensen in Humboldt University of Berlin for his fruitful discussion. She also
wish to acknowledge the referee and editor for their careful reviews and many valuable
suggestions on this paper.

306



References

1]

2]

[10]

[11]

[12]

[13]

Ainsworth, M. and Oden, J.T.: A posteriori error estimators in finite element
analysis. Comput. Methods Appl. Mech. Engrg. 142 (1997), 1-88.

Babuska, I. and Aziz, A.K.: The mathematical foundations of the finite element
method with applications to partial differential equations. Academic Press, New
York, 1972.

Becker, R., Kapp, H., and Rannacher, R.: Adaptive finite element methods for
optimal control of partial differential equations: Basic concept. SIAM J. Control
Optimization. 39 (2000), 113-132.

Brunner, H. and Yan, N.: Finite element methods for optimal control problems
governed by integral equations and integro-differential equations. Numer. Math.
101 (2005), 1-27.

Carstensen, C. and Stephan, E.P.: A posteriori error estimates for boundary
element methods. Math. Comp. 64 (1995), 483-500.

Ciarlet, P. G.: The finite element method for elliptic problems. North-Holland,
Amsterdam, 1978.

Carstensen, C. and Gwinner, J.: FEM and BEM coupling for a nonlinear trans-
mission problem with signorini contact. STAM J. Numer. Anal. 34 (1997), 1845
1864.

Erath, C., Ferraz-Leite, S., Funken, S., and Praetorius D.: Energy norm based
a posteriori error estimation for boundary element methods in two dimensions.
Appl. Numer. Math. 59 (2009), 2713-2734.

Ferraz-Leite, S. and Praetorius, D.: Simple a posteriori error estimators for the
h-version of the boundary element method. Computing. 83 (2008), 135-162.

Hinze, M., Pinnau, R., Ulbrich, M. and Ulbrich, S.: Optimization with PDE
constraints. MMTA 23, Springer, 2009.

Lions, J.L.: Optimal control of systems governed by partial differential equa-
tions. Springer-Verlag, Berlin, 1971.

Liu, W. and Yan, N.: Adaptive finite element methods for optimal control gov-
erned by PDFEs. Science Press, Beijing, 2008.

Of, G., Xuan, T. and Steinbach, O.: Boundary element methods for Dirichlet
boundary control problems. Mathematical Methods in the Applied Sciences. 33
(2010), 2187-2205.

307



[14] Verfurth, R.: A review of a posteriori error estimation and adaptive mesh re-
finement. Wiley-Teubner, 1996.

[15] Yu, D.: Natural boundary integral method and its application. Math. Appl. 539,
Science Press/Kluwer Academic Publishers, 2002.

[16] Zhu, J.: Boundary element method for elliptic boundary problems. Science Press,
1991 (in Chinese).

308



