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Preliminaries
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Formulation of the problem

Consider the second order elliptic boundary value problem:

Preliminaries V- (a(y)Vu(y)) — f(y), Yy = (yl, yg) e C R2,

@ Formulation of the problem

" qundizra e (1) u = p(y), y€Tlp(meas('p)#0),

elements

® Structure of the stiffness (a/(y)Vu(y)) nm = g(y), Y = FN.

matrix
® \Why nonconforming FEM?

® Background Solution

Pr:lcit:;jioningStrategy f(y)7 ’U/(y)7 g(y) S L2(Q)’ F — aQ — FD U FN!
a(y) = {ai;(y)}7 =

Parallel Implementation

Numerical Tests

ﬂ Discretization (FDM, FEM)

Ax =f

Goal: Scalable Parallel Preconditioner
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Non-conforming quadrilateral finite elements

Y, r
1 4 N
4 - Basis functions ¢; € .S,
. ) Sy = span{l,y1,y2,y? — y3}
= 1y, MP &5@():6%]7 ]:1 4
) S N /qszdy—&,],m—l 4
r |PJ|

3

Reference element E.

Basis MP Basis MV
or(y1,v2) = (1 =20 + (- 93))  d1(y1, ) = £(2 — 41 +3(y7 — 13))
02(y1,92) = 31+ 21 + (U — 93))  P2(yr,92) = g(2+ dy1 +3(3 —13))
?3(y1,y2) = 2(1—2y2 — (y? — 43)) ?3(y1,y2) = (2 —4y2 — 3(y? — ¥3))
Ga(y1,y2) = (1 +2y2 — (vF —¥3))  Pa(y1,y2) = 5(2+ 4y2 — 3(yi — ¥3))
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Structure of the stiffness matrix

Non-conforming quadrilateral elements

Preliminaries

@ Formulation of the problem
® Non-conforming
quadrilateral finite

elements
® Structure of the stiffness
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matrix
® \Why nonconforming FEM?

® Background Solution 4 A
Method

Preconditioning Strategy

Parallel Implementation 3 ®
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Numerical Tests
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a) nodes’ numbering;

n1 X ng mesh, N =nq1(2ns + 1) 4+ ng

b) stiffness matrix Ay« n
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Preliminaries

Why nonconforming FEM?

@ Formulation of the problem
® Non-conforming
quadrilateral finite

elements
@® Structure of the stiffness

matrix
® Why nonconforming FEM?

® Background Solution
Method

Preconditioning Strategy

Parallel Implementation

Numerical Tests

e better approximation for some ill conditioned problems
- Stokes problem (R. Rannacher and S. Turek (1992))
- Elasticity problem in the case of almost incompressible
materials (P. Hansbo and M. Larson (2001))

e reqgular sparsity structure of the stiffness matrix for non-regular
mesh

 specific opportunities for parallel implementation
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Background Solution Method

Preconditioned Conjugate Gradient (PCG) with
Modified Incomplete Cholesky (MIC(0)) Preconditioner

Preliminaries

@ Formulation of the problem

® Non-conforming
quadrilateral finite o o o t L . ( )
elements A_D L L 9 X—dZCLg 2131,...,113]\7

@ Structure of the stiffness

Q\Tv?\t;i)r(lonconformingFEM? L Z O7 AQ 2 O 3 AQ —l_ Ltg > O, 6 == (].7 ¢ 9 ].)t 6 RN 9

® Background Solution _

Method
azkz
Preconditioning Strategy
i = Q45 — E E Akj, Ly > 0.
Parallel Implementation ] k_|_ 1

Numerical Tests

\

Curc)(4) = (X = L)XH(X - L)*

IS stable MIC(0) factorization of A.
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Preconditioning Strategy
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Strategy
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Preliminaries

Preconditioning Strategy

® Preconditioning Strategy

@ Convergence rate

Parallel Implementation

Numerical Tests
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Convergence rate

Theorem
e () the sparse approximation B of the stiffness matrix A satisfies
b econdiionng Stateay the conditions for a stable MIC(0) factorization;
commenene (i) the matrices B and A are spectrally equivalent where the

next relative condition number estimate holds uniformly with
respect to any possible coefficients jumps:

Parallel Implementation

Numerical Tests

r((BME)Y1AMPY <2 for e€ [%,1],
r((BMY)71AMYY <3 for ce [%, 1] .

k(C1A) = O(Nz), where C = Cnirc(o)(B)

M];CG/MIC(O) (A~'b) ~ 34 N
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Parallel Implementation

|
Gergana Bencheva, NM PDE — May 12, 2005 MPI implementation of a PCG solver for nonconforming FEM problems: overlapping of communications and computations - p. 11/20



Parallel implementation

N =ni(2ne + 1) 4+ na, N, — number of processors

Prelmincties 1. Data — the domain is partitioned into NV, horizontal strips
Precondioning Sategy 2. Computations — equally distributed among the processors
sl Inlmeniton e 1 solution of system with Cy«n (~ 11N/N, a. 0.)

@ Parallel implementation

" oaua Paronng 1 matrix vector multiplication with Ay~ (= 13N/N, a. 0.)
® Overlapping of .

commf:icaiionsand o 2 Inner prOdUCtS (4N/Np a O)

computations

e 3 linked vector triads v := av + u (6.N/N, a. 0.)

3. Communications
e inner products — global,

e matrix-vector multiplication — local;
e system with C — local;

Numerical Tests

Each block equation is handled in parallel.

o 2ny + 1
Tit it it gMZn2 D) n
P Np

g + 8nq.ts + 14nq .1y,
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Data Partitioning

Preliminaries
o 19
Preconditioning Strategy ° . ° ° ° ° ° ° .
Oe 18 ° ® ) ) ® ) ® ) ¢ 180
Parallel Implementation A A A A A A A A A
@ Parallel implementation
B FAritsminG Se 17 ) ) ) ] ) (] ) [ e 179 P
@ Communications S s S hd S d S S s 2
® Overlapping of 7e 16 ] ) ® ° ) ] ® (] e 178
communications and ° ° ° T T ° ° ° °
computations 6e 15 ° [ ° [} ° ) ° . e 177
Numerical Tests n e 14 ) ) ) [ ) [ ) ) ) [ ¢ 176 P
2 ® L3 ® ® ® ® ® ® ® 1
4 e 13 ° [ [ ] ° ° ) [ ) e 175
3e 12 ° [ ° [ [ [ ) ° . e 174
20 11 [ ° ° ° ° ) ° [ e 173 P
L 2 L L 2 L @ L L 2 L L O
le 10 [ ] ° [ [ ] ° [ ) ° ° e 172

N=n1(2ns+1)+n2, Ny=3,n1=9,n2=09,
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Communications

Preliminaries
Preconditioning Strategy
L S S S S S G < L S S SR S R < [ Pi+1 ! X X% X X X% X
i | | | | | | f | | | | | | | 1 | | | | | f
Parallellmplementatlor? ARV VSRV IV VI & v b r v 1 & T b v 1
@ Parallel implementation o o o
® Data Partitioning (NI I o I OB O I ) O O O O O O o O O ¢ O O
® Communications S, S & & S ©
® Overlapping of
communications and P P P
computations : : :
|u|u|u|u|u|u| |u|u|u|u|u|u| |u|u|u|u|u|u|
Numerical Tests l<__!<__L__l___!___L__J l<__!___L__l___!___L__J l___!___L__l___!___L_;'
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Overlapping of communications and computations

Preliminaries x *
% % * P0
- ** *
Preconditioning Strategy B .—* ——————— ¥ -~ |- ===7v - - -~
) * % * P1
Parallel Implementation 2] - — — _* i‘ ________ * |- ______L___=_
@ Parallel implementation o *x *
® Data Partitioning * 3: * * * P
@ Communications * * 2
[} Overlapp.ing.of O % Ck
communications and * % * PO
computations - 1 _ 7_k ®e | *x 1 _ Y
* % *
Numerical Tests 2J +1 * i * * Pl
S U A A ®e_ _ |(____**__ | _ _ _Z.
* % *
* % * P
* % * 2

Crcoy(B)w= (X — L)X (X - L)w=v

1) find y from Ly = v, where L = X —L
2) compute y := Xy (no communications are required);
3) find w from 'w = y.
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Numerical Tests
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Parallel computing systems

Thea — cluster of 8 computers, each with 1.5 GB of RAM and a
S single AMD Athlon processor at 1.4GHz
(Institute of Geonics, Academy of Sciences of Czech
Republic, Ostrava, Czech Republic).

Simba — separate domain of a Sun Fire 15k server with 36

Preconditioning Strategy

Parallel Implementation

Numerical Tests

o Paralcl compuing systems UltraSPARC llI+ CPUs at 900 MHz and 36 GB of RAM
Syl (Department of Information Technology, Uppsala University,

Sweden)
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Algorithm MP

Thea

Simba

noverlap

overlap

noverlap

overlap

1ter

cpu

Sn, En,

cpu

Sn, En,

Ccpu SNp ENp

cpu

SN

p

EnN

p

256
71

9.16
9.55
11.51
11.20

0.96 0.48
0.80 0.20
0.82 0.10

9.21
8.10
7.41
6.47

1.14 0.57
1.24 0.31
1.37 0.17

16.36
7.97
3.39
2.48
3.24

2.05
4.83
6.60
5.05

1.03
1.21
0.82
0.32

16.36
7.71
3.20
2.43
2.88

2.12
5.11
6.73
5.68

1.06
1.28
0.84
0.36

012
104

54.11
41.91
41.35
36.47

1.29 0.65
1.31 0.33
1.48 0.19

54.22
33.88
24.97
20.65

1.60 0.80
2.17 0.54
2.63 0.33

108.11
94.57
29.06
15.38
11.10

1.98
3.72
7.03
9.77

0.99
0.93
0.88
0.61

108.07
53.46
29.13
14.86

0.84

2.02 1.01
3.71 0.93
7.27 0.91

10.98 0.69

1024
148

= = =
NOANR[HosrNvR | Hosrne |2

286.91
212.41
155.52
125.01

1.35 0.68
1.84 0.46
2.30 0.29

287.51
192.32
107.49

71.09

1.49 0.75
2.67 0.67
4.04 0.51

646.95
325.05
170.77 3.79 0.95
88.85 7.28 0.91
52.37 12.35 0.77

1.99 1.00

647.40
323.91
167.87
86.49
51.95

2.00 1.00
3.86 0.96
7.49 0.94
12.46 0.78
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Algorithm MV

Thea

Simba

noverlap

overlap

noverlap

overlap

1ter

cpu

Sn, En,

cpu

Sn, En,

Ccpu SNp ENp

cpu

SN

p

EnN

p

256
81

10.43
10.89
13.10
12.70

0.96 0.48
0.80 0.20
0.82 0.10

10.47
9.23
8.42
7.73

1.13 0.57
1.24 0.31
1.35 0.17

18.65
8.97
3.73
2.83
3.68

2.08
5.00
6.59
5.07

1.04
1.25
0.82
0.32

18.63
8.78
3.73
2.82
3.35

2.12
4.99
2.82
5.56

1.06
1.25
0.83
0.35

212
119

61.70
47.96
47.27
41.31

1.29 0.65
1.31 0.33
1.49 0.19

61.88
38.77
28.65
23.61

1.60 0.80
2.16 0.54
2.62 0.33

123.59
61.78
33.84
17.35
12.77

2.00
3.65
7.12
9.68

1.00
0.91
0.89
0.60

123.59
61.16
33.21
16.83
10.99

2.02
3.72 0.93
7.34 0.92
11.25 0.70

1.01

1024
167

= = =
NOANR[HosrNvR | Hosrne |2

323.42
239.60
175.52
140.60

1.35 0.68
1.84 0.46
2.30 0.29

323.77
216.89
121.26

80.06

1.49 0.75
2.67 0.67
4.04 0.51

729.48
366.47
196.10 3.72 0.93
97.74 7.46 0.93
58.47 12.48 0.78

1.99 1.00

729.87
365.30
189.57
101.75

58.33

2.00 1.00
3.85 0.96
7.17 0.90
12.51 0.78
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