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Mathematical modeling

Reality — Math. model — Discrete model — Computerized model
! ! !
Physical assump. Discretization Quadrature error
Simplifications error: Iteration error
e =1u—up Round-off error
. . | el = &
A posteriori error estimator £ :
le|ll £ & guaranteed

Computable and fast



Linear elliptic model problem

-V -(AVu) = f in €,
U = ap on FD,
(.AV’I]) -V = gN on |_|\|.

Notation:

Q C R? ... polygonal domain,

v = v(xq,x2)... unite outer normal to 9052,
D C 0%2 ... Dirichlet part of 0%,
Ny C OS2 ... Neumann part of 0%2.



Model problem — weak formulation

Weak solution © € HY(Q2), @ = v + gp and u € V satisfies

(Avu7 V’U) — (f,’U) — (Anga V’U) + <gN7U> Vo € Va
where

V={veHY(Q):v=0o0n pl,

A€ [LOO(Q)]QXQ. .. symmetric, uniformly positive definite matrix,

gp € Hl(Q) ... prolongation of values on 9l p into interior of €2,
feL?(Q) ... the right-hand side,

gN € LQ(FN) ... the Neumann boundary condition,

[Ny C OS2 ... Neumann part of 0%2.

(AVu, Vo) = /Q (AVW) - Vodz, Yu,v €V,
(fv) = [ foda vf,v € LA(S),

(9N, v / gNnv ds Ygn, v € L2(TN).



Finite element method

Finite element solution:
w, = up, + 9p, up € HH(Q) and uy, € V), satisfies

(Avuha V’Uh) — (fa vh) — (Anga V’Uh) + <gN7 ’Uh> \V/’Uh S Vh

T, ... triangulation of €2,
Vi, C V... finite element space based on Tj,
continuous and piecewise polynomial functions of degree p.

Residual equation:
(AVe,Vv) = R(v) Yv eV,
where
R(v) = (f,v) — (AVauy, Vv) + (gN,v)... residuum, v eV,

Notation: L2-norm: HUH%,Q = (v,v), energy norm: ||v||? = (AVv, V).



The equilibrated residual method

Notation: (AVu, Vo) = /K(AVu) .Vodz, Yu,ve HY(K),

(fo) = [ fode vf,v e L2(K),
(9K V)oK = /aK grvds Ygi,v € L?(9K).
Error estimator:
Eq= Y lI®kl%, where ||v]|% = (AVo, Vo) k.

KETh

Local Neuman problems on triangles: &, € V(K),

(AV®g, Vo) = (f,v)k — (AVuy, Vo) g + {9k, v)ox Vv € V(K),

RERQ(v)

Upper bound |le|| < Eeq. V(K) = {fu e HY(K) :v =0 on I’D}



Boundary fluxes g

9K ~ (.AV’I]) VK, ON oK.

If K and K* denote two adjacent elements then

9K+9K* :O on 8Kﬂ(9K*, E
B — RO = Y REX().
JdJK = gN on OK Nal y, KeT,
g € PP(v) ...polynomials of degree p on edges ~ of elements K
If Y ¢ I_N'

p-th order equilibration condition:

E _
RE2(0k) = (f,0k) Kk — (AViip, VOR) i + (95, 0K )ox = O
for all polynomials 6 of degree p from V(K).

Boundary fluxes g can be computed quickly.



T he equilibrated residual method — summary
e Compute boundary fluxes g — fast algorithm.

e Find approximate solutions to the local residual problems

(AVDy, Vo) g = (f,v)xk — (AVuy, Vo) g + (9, v)or Vv € V(K).
e Evaluate the estimator:  |e[|? < Y ||[®xl% .
KeTy,

Trouble: This a posteriori error estimator is locally computable, but
it is not guaranteed upper bound.



The method of hypercircle

: o _ 2
Notation: ||q||?4_179=(A lq,q);  H(div,Q) C |L2(Q)]

Q(fa gN) — {q S H(dl\/aQ) : (qa V’U) — (fav) +<gN7U> Vo € V}

I
la— AV 516 = lla— AValZ 1 o+ a—aull>  VaeQ(f,on)
U
lell < lla—AVup| 4-1 ¢ Vg € Q(f, 9n)
I
lell < 1P 4 curly — AV, 416 vy € W,

where
Q(f,gn) =D+ curlW  and p e Q(f,gn) fixed
W={w€H1(Q):w=O on I‘N}
curl = (8/0xp, —0/8x1) "



The method of hypercircle — first ||

Substituting v = e = u — uy, into the weak formulation we get:

_ (AaHVQ) — = (f?e) — <gN7€> .
Let us compute for any q € H(div,2):

— 112
Hq — AVUhHA—l,Q

(A—lq—va _Via4Vi, q—AVi —Avah+Ava>
2
A-1.Q

=|lq— AVu il’Q-l-Q(q,Ve)—Q(f,e) — 2 (9N, €) —I—||ﬂ—ﬂh H2

—|lq— AVa +2(q—AVE, Vi - Vi, ) + | g -, |

Q(f,gn) = {a € H(div,Q) : (q,Vv) = (f,v) + (9n,v) Vv eV}
I
la— AVL|51 o = lla— AVE|5 1 o+ 1@ —@nll?,  Vae QUf,an).



The method of hypercircle — computation

lell <[P+ curly — AVap|| 4-1. Yy e W

p is explicitly computable:

T T
p = F + curlw, where F(xq1,xo) = <_/O ' f(s,x5) ds,O) :

curlw-v=Vw-r=gy—F-v on [y,
T
T = (—v2,v1)

Replace W by a finite dimensional subspace W;, C W.
The optimal choice y;, € W; minimizes the estimator over Wy:

(A1 curl yp, curlv,) = (Vuy, — A~ 1p, curl vy) Yo, € Wy

Trouble: it involves solution of a global problem,
i.e., the estimator is not local — not fast.



THE COMBINED METHOD

e Compute boundary fluxes gy by the equilibrated residual method.

e Apply the method of hypercircle to the local residual problem

(AVP, Vo) = (f,v)k — (AVuy, Vu) g + (9, v)ox Vv € V(K).



T he combined method

Qi (f:9x,1p) = {a € H(div,K) :
(4, V)i = (f,0)k — (AViay, Vo) + (g5, v)ar Yo € V(K)}

J
2 2 2 _
lally—1 g = la = AVPk|y-1 g + |[PrllEx  Va € QxS 9k, un)
J
[Pl <lldll g1 g Vae Qr(f, 9k, up)
J
2 2 2 _ 2
lell©< > lexlzx < 3 llalg-1 = 2. [IPx +curlyglly-1 4
KGTh KET}L KETh

Vyr € W(K) with q = pg + curl yx

Qi (f,9K,up) = Px + curl W(K),
W(K) = {'v c HY(K) :v =0 on aK\rD},

Pr € Q(f, 9K, up) is fixed.



The combined method — computation

lel* < > Pk +curlyglld 1 Vyx € W(K)
KETh

P explicitly computable: pg = F + curlwy — AVuy,, where

F(ag,22) = (= [ f(s,2) ds,o)T,

0
wr € HY(K) and  curlwg - v = YK

B :gK_F'VK onaK\I‘D,
TK

.
Tk = (VK2 VK1) -

Finite dimensional subspace: Wj,(K) C W(K).
Minimizer yg, € Wi(K), over W, (K) satisfies

(A_l curl y gy, curl ’U)K = — (A_lf)K,curlv)K Vv € Wi, (K).



The combined method — construction of wyg

GwK
OTK

=g — F -vg oné?K\I‘D =

values of wy are given by primitive function to g — F - vg.

Prolongation of these values into the interior of K:
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The combined method — properties of the prolongation

o If w € CO(OK) and w|y € PP(y) for all edges v C OK
then the prolongation & € PP(K).

e Derivatives of the prolonged wy — explicitly computable.

o If up €V}, is exact and A is constant
then px + curlyy = 0 (estimator is exact).

Notation: PP(©®) — polynomials of degree p defined on the set ©.



The combined method — summary

Compute boundary fluxes g using residual equilibration method.
Construct for all triangles K in T} vector

pr = F 4 curlwy — AVuy,

where construction of wy employs the prolongation shown above.

Find solution yy;, € W, (K) of the finite dimensional local problem

(A_l curl yx,, curl U)K = — (A_lf)K,curlv>K Vo € Wp(K).

Evaluate estimate

2 _ 2
lell© < > Pk + curlygpllg-1 -
KeTy,



NUMERICAL EXPERIMENTS

e Finite element method:
Vi, ... continuous and piecewise quadratic functions
with zero on ' p.
e Equilibrated residual method:

V3, (K) ... cubic polynomials with zero on Ip.

e [ he method of hypercircle:
W3, ... continuous and piecewise quadratic functions
with zero on [ y.
e T he combined methods:

Wy (K) ... cubic polynomials with zero on 0K \ I p.

Remark: If we consider interior element K, then dimV},(K) = 10 and
dimW;,(K) = 1. Thus, the combined method performs faster.



Data:
Q= [-1,1]%
I’D:@Q,
N =20,
(10
=[5 1)
gp = 0,

f(x1,20) = 2(2 — 23 — 23),

u(zy,22) = (a7 — 1) (a5 — 1).

Example 1

Exact solution:

ol RS R ) R

oW



Comparison of effectivity indices Ilqir = £/ ||€]|

equilibrated | method of | combined

Niri residua hypercircle | method
2 1.43 1.11 1.06
4 1.23 1.25 1.01
8 1.34 1.20 1.00
16 1.30 1.30 1.16
32 1.39 1.23 1.29
64 1.32 1.32 1.27
128 1.41 1.25 1.52
256 1.33 1.34 1.33
512 1.41 1.25 1.64
1024 1.33 1.34 1.36
2048 1.41 1.26 1.71
4096 1.33 1.34 1.38
8192 1.41 1.26 1.74
16384 1.33 1.34 1.38
32768 1.41 1.26 1.75

First five meshes:




Example 2

Data: Exact solution:
D 3

Q = [0,1]%,
o = DAU AB,
'y = BCUCD,

(10
=(s1)

9p =0,
gNn, f = such that
w(z, o) = sin(17z1x,)e*1 T2




Comparison of effectivity indices Ilqir = £/ ||€]|

equilibrated | method of | combined

Niri residua hypercircle | method
2 0.37 1.93 1.86
4 0.29 1.70 1.71
3 0.49 1.65 1.69
16 0.94 1.51 1.19
32 1.11 1.56 1.37
64 1.06 1.51 1.29
128 1.14 1.68 1.37
256 1.17 1.48 1.28
512 1.30 1.52 1.58
1024 1.22 1.49 1.35
2048 1.34 1.50 1.67
4096 1.24 1.50 1.38
8192 1.35 1.49 1.70
16384 1.25 1.51 1.39
32768 1.35 1.49 1.71

First five meshes:




Adaptivity

Relative error > 10% on a triangle = refine it.
Relative error < 10% on all triangles = stop.

equilibrated residua hypercircle method combined method

D) )

7 refinement steps 8 refinement steps 8 refinement steps

Iogp = 0.37, 0.49, Iy = 1.93, 1.65, Ip= 1.86, 1.69,
1.11, 1.14, 1.30,  1.56, 1.68, 1.54,  1.37, 1.37, 1.58,
1.30, 1.30 1.45, 1.37, 1.37  1.56, 1.57, 1.56
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